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The Behavior of the Free Boundary
for the Dam Problem (*).

HANS WILHELM ALT - GIANNI GILARDI

1. — Introduction.

In this paper we study the behavior of the free boundary for the dam
problem near the given boundaries to reservoirs, atmosphere, and impervious
layers, where we restrict ourselves to the two dimensional homogeneous case.
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- - > v’
impervious < Y 7

Mw®) ;= {ve H'3(2): v =u, on 8, and »<0 on Sa’ir}'.
(1.1) ue M(u,) with >0, and y € L®(Q) with z,.n<y<1.

(1.2) For every v e M(u,)

[V(v — w)(Va + ye) >0 .

2
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AN ABSTRACT EXISTENCE THEOREM FOR PARABOLIC
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(Commumicated by Bernd Kawohl)

AETRACT. In this paper we prove an abstract existence theorem which can
be applied to solve parabolic problems in & wide range of applications. It also
appliss to parabolic wariational inequalities. The abstract theorem is based
on a Gelfand triple (1, i, V*), where the standard realization for parabolic
svstems of second order is I:H-’l'z(ﬂ},Lzl:ﬂ},ﬁ-’i'zl:ﬂ}'}. But also realizations
to other problems are possible, for example, to fourth order systems. In all
applications to boundary value problems the set M C V is an affine subspace,
whereas for variational inequalities the constraint M is a closed conwvex set.

The proof is purely abstract and mew. The coresponding compactness
theorem is based on [5]. The present paper is suitable for lectures, since it
relavs on the corresponding abstract elliptic theory.

1. Introduction. In this paper we give an abstract existence proof for parabolic
systems. The abstract theorem has been applied to many boundary value problems.
Among other things it includes also cases in which the parabolic part is degenerat-
ed, therefore it contains elliptic-parabolic problems. It also includes the case of a
convex constraint, therefore it contains variational inequalities. The proof for the
combination of both effects & new, and has been presented by me in the lecture
about partial differential equations in 2003.

H.W. Alt
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PDE system given by:
8tvk+ddik=ng=’l“k-|—fk fOI’k:=1,...,N

Multiply equations by A, and add them:

Z MO | + Z Adivgy — Z ATk = Z Mt
2 2 ) 2

(*) ———— h ~~
= Orw = div(z AkQk) — Z VAL Gy,
k k

If (%), then this is

Orw + diV(Z Akqr) H ( Z VAre(—aqr) + Z Ak(—7%) ) = Z DA
k: k k

- 4

=:D>0 E)rissipation

Free energy inequality (physical interpretation):

Ow + div(Y_ Aear) < Y Mifi
k k

H.W. Alt Cortona (Arezzo), Italia 17.-21.09.2012 6



o+ div(Y_ M) + (D Vel + 3 M=) ) =Y M
k _k k k

7

=:520

A-priori estimate (mathematical interpretation):

t1 t1
/ /@del dLs + / > VAwe(—ar) + Y A(—ri) dLndL
Q  Jt B to JQ L B

-~

integrate in ¢ — D>0

t1 t1
=—/ /dlv(Z)\qu)dLn dLi + / /ZAkfdendLl

to Q . to JQL

boundg?y data externgT terms
leads to
t
/w(tl,:c)da:+/ / > Vare(—aqr) + ) Ai(—ry) dL,dLy
Q to JQ k
— D>0

-~ k
Initial data boundary data
Multipliers )\, = u,, as independent variables u = (uk)k:l,...,N

A\

t
= /w(to,a:) dz —|—/ / (ZAkfk)wdHn_l dL; 4+ (external terms)
Q ) . Joo

7
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atka—l-ddik:gk fork=1,...,N
Multipliers \, = uy: (*) Orw = Zk: UL Oy,

If multipliers u; or parabolic terms v, are independent variables:

Proposition (%) is satisfied, if and only if
= B(u) =Y, (u), w=f(u), w1y =muev

Proof: Y fubu = 0w =) |, updvp = Y, upfu, Oy & fry = Y, wukBuy (= Br = )
<~ fruy = (u@B —P)ny,
Proposition (x) is satisfied, if and only if & f=ueB — + const

— /BZ(/U) 9 w — w*(")) ’ /Bk; ’vk
Proof: Zk Y7, O, = op*(v) = Qw = Zk upOpv = Zk Bi(v)owr, & ¢Tvk(7)) = B;(v)

Conclusion (%) is equivalent to

V¥ (v) + ¥(u) = uev

Under convexity assumption: v conjuate variable of u,
Y* is the conjuate convex function to ¥

and vy = Y, (u) = Br(u) ,  up = ¥i, (v) = B;(v)
Remark

o p+f=op (popressure, f= f(o) free energy, pu:= fi,)
e 1+ %f = %e (6 temperature, e internal energy)

thatis f=¢e—0n (n =mn(e) entropy, f = f(6) free energy, ne =%, fi9g = —n)

H.W. Alt Cortona (Arezzo), Italia 17.-21.09.2012



Oy, + divgy, = g for k=1,..., N, multipliers u;: (x) dw = >, ur0vy
v = Y, (u) = Be(u), up =17, (v) =p6(v), w=f(u)=1v"(v)

Hence the parabolic system reads fork=1,...,N
0B (u) + divg,(u, Vu) = gy
that is in a domain ]0,T[x<2 for ¢ € CF°

T
/ / Z G (881 (u) + divgy,(u, V) — g;) dedt = 0
0 QL

or in a weak version

T
/ ( — / Z 0eCrPBr(u) dx 4+ / Z (VCk.(—qk(u, Vu)) — g‘kgk) dx> dt = 0
0 Q7 Q%

6.3 Existence theorem. Let H be a Hilbert space and V' a separable reflexive

Banach space as in (6.1) and with a compact embedding Idy : V' — H. Further,
let M C V be a nonempty closed affine set, M and A as in (6.3) and (6.5), and
b:H — H as in (6.4), with the assumptions 6.2(1)-6.2(3).

Then there exist solutions of the “evolution equation”, that & if uy € closg (M)
there is a v € L*{[0,T]: V) with

u(f) e M for almost all ¢,

[ (= (o), bute) — b))

1

=1
|

(6.8)
FLE), Al ulf) }1.) At =0
for all £ € C3([0,T[; V') with £(t) € M, for all ¢.

Here My C V is the subspace, such that M = u; + M, for every vy € M.

H = L)

V =Wwh2(Q)
£(t)(x) = ¢(t, x)
u(t)(z) = u(t,x)

b(u(t))(z) = B(ult, z))

H.W. Alt Cortona (Arezzo), Italia 17.-21.09.2012



Parabolic problem

General setting:
Spaces. H Hilbert space, V separable reflexive Banach space
(V, H,V¥) Gelfand tripel: VC H (= H*"C VY
Constraint M C V nonempty closed convex
Parabolic: b:H — H and ¢ :H — IR convex continuously differentiable
(x) b=V
Elliptic: A: M — LP([0,T]; V)
M :={u e LP([0,T]; M) ; B(u) € L*([0,T])}
A(u)(t) = A(t, u(?))
Conclusion:

Under assumption (1)-(3) there exist solutions of the “evolution equation”,
that is for given ug € closy (M) there is an u € LP([0,T]; V) with

u(t) € M for almost all ¢,
( Ba(u(D) — Baluo) + (@ — v(®), b(u(®) ~ b(uo) )y
+ [ (= @@= 0)®) bu®) - buo) )y

0

+ (u(®) = v(®), At u(®)))y ) dt <0
| for almost all # €]0,T7,
for all v € C*°([0,T]; V) with v(t) € M for almost all ¢.

\

H.W. Alt Cortona (Arezzo), Italia 17.-21.09.2012
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Consider the parabolic part:

D3, ) (D) = Ba(u(®) — Ba(uo) + (& — o(B), b(u(B) — b(uo) )y
- /O (8u(iE — v)(1) , b(u(t)) — b(uo) )y dit

— /t(u(t) —v(t), 0b(u(t)) )y dt  (this uses formally (x))
0

Valid version, if ob(u) exists:
b(u(0)) = b(up) and for almost all t > 0
(u(®) —v(t), 0b(u(t)) )y + (u(t) —v(t), A(t,u(t)) )y, <0
for all v € C*°([0,T]; V) with v(t) € M for almost all ¢.

Time discrete approximation:

(=0 30D =00 ) )+ (=0, 4D ), <0
H
forallve M

Use elliptic theory (pseudo-monotone operators): Find v € M with

<u_U7F(u)>V§O
for all ve M

H.W. Alt Cortona (Arezzo), Italia 17.-21.09.2012 11



Abstract elliptic existence theorem

V separable reflexive Banach space
Constraint M C V nonempty closed convex, F: M — V*

Assumptions:

(1) Boundedness

F maps bounded sets of M into bounded sets of V*
(2) Continuity condition

Let upm,u € V and v* € V" with

Um,uw € M and u,, — u weakly in V for m — oo,

F(upy) — v* weakly* in V* for m — oo, and
limsup (um , F(um) v < A(u, U*>V7

m—0o0

then

limsup (um , F(um) )y = (u, v*), .

m—0oo

{ (u—wv, F(u) —v*),, <0 for all ve& M, and }

(3) Coerciveness
For some u € M there holds

<’LL — a7 F(’LL) >V
|hﬁ—'ﬂHV
Conclusion: Under these assumptions there exists v € M, so that
(u—v, F(u)),, <0 for all ve M.

H.W. Alt Cortona (Arezzo), Italia 17.-21.09.2012 12
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Proof of for monotone operators:
F = A monotone

O§<’me—’U,A(’LLm)—A('U)>V
= fum,A(Um)h/J - \<’U,A(’Ufm)>v/ - <’me—’U,A(’U>>VJ

limit — (v, )y = {u—v, A@))y
S <u7 U*>V

For v = u it follows lim;,—o (um , A(um) ), = (u, v*),, and
0<(u—wv,v" —AW)),

Minty lemma (v~ (1 —¢g)ut+ev =u—c(u—v) € M and € \, 0)
0<(u—v,v"—A(u)),

Proof of for compact perturbations of monotone operators:

F(u) = A(u,u), u+— A(v,u) monotone

0 S <’U,m — v, A('U/my um) - A(U’m7 ’U) >V

= \(um, F(um)>xg — \(v, F(um)>‘6 — éum — v, A(”Ll,m,fzj)>‘6
limit — (v\,rv* v — (u — vTA(u,v) v
<(u,v")y
Rest of argumentation similar as above.

H.W. Alt Cortona (Arezzo), Italia 17.-21.09.2012
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Parabolic assumptions

(1) Boundedness

A maps “bounded” sets of M into bounded sets of L?'([0,T];V¥)
b maps bounded sets of H into bounded sets of H

(2) Continuity condition

Let wm,,u € LP([0,T]; V) and v* € LP ([0,T];V*) with

(

um(t),u(t) € M and u,, — u weakly in LP([0,T];V) for m — oo,
{B(um); m € N} bounded in L*([0,T]) and
b(um) — b(w) strongly in LY([0,T]; H),

A(un) — v* weakly in LP'([0,T];:V*) for m — oo, and >
T T
jim sup / (tm(®) , ACum) (), dt < / (u(t), v (t) ), dt
L m—o00 0 0

then

\

( /T (u(t) —v(t), A(u)(t) —v*(t) ), dt <0 for all v € LP([0,T]; V), and
0

T
Iimsup/0 (um(t), Alum)(t) )y, t—/ (u(t), v ())y

\ m—00
(3) Coerciveness There is an u € M so, that for almost all t €]0, T

(u—1u, A(t,u) )y > collu — u|]}, — CoBa(u) — Go(t)
~for all u e M. Here Go € L'([0,T1]). .
H.W. Alt Cortona (Arezzo), Italia 17.-21.09.2012 14




Parabolic existence theorem

Let the assumptions (1)-(3) be satisfied.

Conclusion:

Then there exist solutions of the “evolution equation”, that is for given
ug € closy (M) there is an v € LP([0,T]; V) with

uw(t) € M for almost all ¢,
[ Ba(u(®) — Ba(uo) + (@ —v(®) , bu(®)) - b(uo) )y ‘
+ [ (= (0@ =)@ b)) = buo)

+ () = v(®), At,u(®)), ) dt <0

| for almost all £ €]0,TT,
for all v € C*°([0,T]; V) with v(t) € M for almost all ¢.

Conclusion, iIf M C V is a closed affine set:
There is an w € LP([0,T]; V) with

u(t) € M for almost all t,
T
{ /0 (— (Owp(t) , b(u(t)) — b(uo) )y + (w(t), A(t,u(t)) >V> dt =0 }

for all o € C5°([0,T[; V') with ©(t) € Mo for almost all ¢.
Here Mgy C V is the subspace, such that M = w1 + My for every ui € M.

H.W. Alt Cortona (Arezzo), Italia 17.-21.09.2012 15



Time compactness

. 1 . - . .
uw—v, (v —u" w—v,w") <0
(0. >)H +( ), <
at time t' = ¢h where u* := b(u'), w* = A (u%)
It is assumed that t and s are multiple of h, say,

t=kh, t+s=(k+j)h

We set v =u* and sum over i =k+1,...,k+ j. The result is
Zj (ui_uk u*i_u*i—1> < Zj h<uk_uz ,w*z>
Y H —_— ) V
i=k+1 i=k+1
The left side is
k=7
Z (uz . uk’ u*z’ . u*i—l)H
i=k+1
k+j k=7
— Z ((’U,Z, u*i)H_ (ui, u*i—l)H) . Z (uk:, u*i_u*i—l)H
i=k+1 i=k+1

Now by Young's inequality it holds
(ui, u*z)H — w*(u*z) _|_¢(uz), (ui, u*i—l)H < w*(u*i—l) +¢(UZ)

H.W. Alt Cortona (Arezzo), Italia 17.-21.09.2012 16



we compute for the left side

k+j

i=k+1
k+j
= > (
i=k+1
k+j

> Y (pr(uth) -

1=k+1

= *(uT) — o
— EW(u*k'H,u*k

*(u*k) . (uk’ u*k+j L u*k)

u") = By (b(u"17), b(uF), u*)

H
k+j
>x<i>H . (ui, u*i—l )H) . Z (uk’ u*z' . u*i—l )H
1=k+1
k:z—l—j
*(u*z 1) (u*z . u*z’—l)
i1=k+1

H

>0  (WeierstraB E-function)

Thus we have shown

0 < Eyp(b(up(t + s)), b(un(t)), un(t))

— E¢*(u*k+j,u*k

k+j

1=k+1

k+j

ukz)g Z (ui_uk,u*i_u*i—l)H

1=k—+1

J
Z h<uk:_ui7w*i>vzs.lz<uk_uk+i7w*k+i>v

H.W. Alt

Cortona (Arezzo), Italia 17.-21.09.2012
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Proof of subspace case

/O (u(s) = v(s), Ab(u(s)) )y ds =
Palu0)(®) = Balu() ~ Baluo) + (= v(0), (u(1)) — bCuo) )
- /O (4(iE — v)(s) , b(u(s)) — bluo) )y ds

We have proved the inequality

bz(u,v) () + /o (u(t) —v(t), A(t,u(t)),, dt <0

for all v € C*([0,T1]; V) which satisfies v(t) € M. Here M now is an affine sub-
space. It follows that this inequality then also holds for all v € W1P(]0, T[; M) C
wbi(o,T[; H) n LP(]O,T[; M). Now wug € closy (M), hence there is ug- € M so
that upe — ug in H as € — 0. Then define us. for 6 > 0 and € > 0 as

1 [t N
U&s(t) L= g/ ’LLg(S) dS, where ug(t) = {
t—o

and let v :i=us. — o € WH(]0,T[; M)
with ¢ € Wbt>(]0,T[; V) and ¢(t) € My. Since us. — u in LP(]0,T[; V) as 6 — O

u(t) for ¢t > 0O,
UOe for t < O,

/O (u(t) — (use(t) — 9(1)) , Alt,u(®)) )y, dt — /O (o(8), At u(®)))y dt

H.W. Alt Cortona (Arezzo), Italia 17.-21.09.2012 18



B, 0)(D) = Sau,use — 0)(D
= Ba(u(®) — Ba(uo)
/ (O — use + 9)(8) , b(u(t)) — buo) )y dit
+ (7 — use(B) + (@, b(u(®) — buo) Iy
= (Dﬂ(’lfau&s)({)
-/ (Drp(t), b(u(®)) — buo) )y it
+ (B, b(u(®) — buo) )y

Since liminf._gliminfs_g ®z(u, us.)(t¥) > 0 for almost all £ > 0 we obtain
(@), b(u(t)) — b(uo) )y
—/O (Oup(t), bu(t)) — b(uo) )y dt +/O (p(t), A(t,u(t)) ), dt <0

This is obviously equivalent to the assertion. Now we can replace ¢ by —¢ to

obtain that the left side equals zero. If we now restrict ¢ € C5°([0,T'[; M), one
chooses t close to T in order to get

T T
/O ((—0up(t), bu(t)) — buo) )y dt +/O (p(t), A(t,u(t)))y)dt =0

H.W. Alt Cortona (Arezzo), Italia 17.-21.09.2012
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Sketch of proof of final theorem

Energy estimate is

Ba(un(®) + co /O en() — @l de <
The compactness lemma implies that
{b(up); 0 < h < ho} is compact in L*([0,T]; H)
From energy estimate for a subsequence h — 0O
up, — uw weakly in LP([0,T]; V)
Then there is a convergent subsequence h — 0 so that
b(up) — b(w) strongly in LY([0,T]; H)
By the boundedness condition (1) there is a subsequence h — 0O
A(up) = A(t,up) — u* weakly* in LP*([0,T]; V)

Hence all convergence properties of the “continuity condition” (2) are satisfied
with one exception. Now the time discrete inequality reads

Sl (un, 0) (D) + /O (un(t) = v(8) s An(t, un(t) )y dt < O

Sh(un, ) = [ (unlt) = o), 8 "bun(1))) ;

H.W. Alt Cortona (Arezzo), Italia 17.-21.09.2012 20




We know
i, v) (B + /O un(®), A un(®)y dt < [ (00, At un(®) )y o

0

For the parabolic part
S 0) ) = [ (un(®) = o(2). 3 b (1) ),
> [ o Balun(®) ot + [ (7 u®), bun(®) ~ buo) )y ot
0

O_

t,—h
_% / (@t R, bun(®) — b(uo) )

= Ba(un(tr)) — Ba(uo) + (u — va(ta) , b(un(tr)) — b(uo) )y
_ / v (87" (@ — (), b(un(®)) — b(uo) ) i
>— Ba(u(t)) — Ba(uo) + (u —v(?), b(u(?)) — b(uo) )y
/ (01T — 0(8)) , b(u(8)) — bluo) )y Cl
= Pa(u,v)(t)

Therefore we have proved that

lm inf D2 (up, v) () > Palu,v)(®)

H.W. Alt Cortona (Arezzo), Italia 17.-21.09.2012 21



Since equation reads
Ol (u, 0) (T) + /O Cun(t) ) ACtun(t) )y dt
< /O h (v, At )y 0t = /O on(t) s Al un(®) )y dt
. /0 (o(8), w'())y dt

for h — 0, we obtain

&
liminf ®2(uy, v) (%) + lim sup/ (up(t), AL, up(t) ), dt
h—0 h—0 Jo

< /O (o(t) , (1) )y dt,

that is

P (u,v)(E) + 1im SUD/ (), At un(t) )y dt < / (v(t), u'(t)), dt
h—0 0]

0

Now we come to the remaining property for the sequences in
We set v = uy:

H.W. Alt Cortona (Arezzo), Italia 17.-21.09.2012 22



as § — 0. Since ®z(u,us)(t) in the limit 6 — 0 was nonnegative, we arrive at

P (u, us) (D) + limsup /O (), At un() )y dt

h—0

< /O Cus(t), u" (1) )y dt — /O (u(t) , u*(£) )y dit

lim Sup/oh<uh(t), A(t, un(t) )y, dt g/o (u(t), u*(8))y di

h—0

This was the last property in the assumption of - and therefore

/

\

/Ot (u(t) —v(t), A(t,u(t)) —u*(t)), dt <0, and

h—0

Iimsup/oh(uh(t), At un(0) )y dtz/o Cu(t), u*(t) )y di

Plugging in the equality one gets

Sou )@+ [ (u(®) = o) 0 () d <0

and then the inequality, therefore the assertion

Sou )@ + [ (ult) = o(t), Au(®))y dt < 0

/

H.W. Alt
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