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Abstract. We consider an evolution in phase field fracture which combines, in a system of PDEs, an irre-
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First, we prove that discrete solutions converge to a solution of our system of PDEs. Then, we show that the
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in terms of energy balance and, equivalently, by PDEs within the natural framework of W2(0,T; L?).
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1 Introduction

Phase field approaches are widely used to simulate crack propagation in academical and industrial
applications: even within the linear-elastic setting there are plenty of phase field models, based on
different choices of potentials and evolution laws, see e.g [2, 6, 10, 11, 19, 23, 25, 26, 34, 35] or the
recent review [3]. In the present work, we will study in detail a couple of evolutions generated by a
phase-field energy of the form

F(t,u,v) = /Q(U2 +n)W(Du(t)) dz + %Gc/ﬂ(v —1)? +|Vv|* du,

where @ C R? is a bounded Lipschitz domain, @(t) = u + g(t) is the displacement fields with
u € H}(Q) (so that a(t) = g(t) on 9Q), W(Da) is a linear elastic energy density, v € H'(Q; [0, 1])
is the phase field variable, G, > 0 is toughness while n > 0 is a regularization parameter.
Functionals like F provide an elliptic regularization of free discontinuity functional: for instance,
neglecting boundary conditions, for e — 07 and 0 < 7. = o(e) the I'-limit of the functionals

Fo(u,v) :/Q(UQME)W(DU) dx+GC/Q(45)_1(v— 1)2 4 £|Vo|? da

is of the form
Fo(u) = / W (u)dx + GC%I(J(U)),
Q

where J(u) is the set of discontinuity points of the displacement field u and H!' denotes Hausdorff
measure. Roughly speaking, the set J(u) represents the crack. Convergence has been rigorously
proved in the framework of SBD? and GSBD? spaces respectively in [12] and [16] while in the
scalar framework of the space GSBV? it was proved in the well known [5]. In our work, we will
study an evolution in time, rather then a limit for ¢ — 0", hence we will work with the functional
F, omitting, for simplicity of notation, the dependence on the “internal length” e.
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Our starting point is a time-discrete evolution generated by an alternate unilateral minimizing
movement. For 7 > 0let t,, = nT € [0,T] for n € N be the time discretization. Then, the incremental
problem is the following: given (up—1,v,—1) (at time ¢,—1) the configuration (u,,v,) at time t, is
obtained by solving

(1)

Up, € argmin {F (tn, tn, v) + 5= [lv — vp1||? 1 v S vy, v € H'}
Uy, € argmin {F (ty, u,vp—1) 1 u € H}.

Similar discrete schemes have been used in applications, e.g. by [23, 35]. Note that the updated
configuration is determined by a single iteration in each variable, that each minimization problem
is well posed (thank to > 0) and that the constraint v < v,_; models irreversibility. This scheme
takes, of course, full advantage of the separate quadratic structure of F(t, -, -). Our first result proves
that (as 7 — 0) the time-discrete evolutions converge to a time-continuous evolution t — (u(t), v(t)),
where v(-) is monotone non-increasing and satisfies for every ¢ € [0, 7] the energy balance

F(t,u(t), v(t)) = F(0,u0,v0) — 5/0 lo(r) 172 + 105 F(r,u(r), v(r) |72 dr +

+/0 O F (ryu(r),v(r)) dr, (2)

where [0 F(t,u,v)|r2 = sup{—0,F(t,u,v)[&] : & < 0, ||£]|r2 < 1} is the unilateral slope. Note
that, by irreversibility, only negative variations are allowed; for this reason a minus sign is added to
the notation |0, F|r2 of the (unconstrained) slope. Equation (2) can be considered as De Giorgi’s
integral characterization of gradient flows; indeed, for a.e. t € [0, 7] the time continuous limit solves
also the following system of PDEs:
o(t) = —[v(t)W (Da(t)) + Ge(v(t) — 1) — GcAv(t)]+
. ~ (3)
div (00 (1)) = O,

where o,(i) = (v? + 1) o (i) denotes the phase-field stress. Technically, we will see that v €
W2(0,T; L?(Q)) and that v(¢)W (Di(t)) + Ge(v(t) — 1) — G.Av(t) is a finite Radon measure with
positive part [-]T in L2(Q2). To better understand the variational structure behind this evolution
problem, note that formally the partial derivatives of F read

OpF (t,u,v)[E] = /Q (v W(Da(t)) + Ge(v — 1) — GeAv) € da,

OuF (b1, v)[6] = — / div(er (ii(1)))6 da.

Q

The positive part [-]* appearing in (3) comes from the irreversibility constraint; more precisely
the term — [v(6)W (Da(t)) + Ge(v(t) — 1) — GCAU(t)]+ is (in a suitable sense) the “projection”
of —0,F(t,u(t),v(t)) on the set of negative variations &, therefore the parabolic equation can be
interpreted as a unilateral gradient flow, constrained by irreversibility.

In a larger perspective, an alternate minimizing scheme has been employed in different ways also
in a dynamic visco-elastic setting [24], in another gradient flow setting [7] and in a quasi-static setting
[21]. In general, alternate scheme are very useful in numerical simulation since they require only the
minimization of convex (in our case, quadratic) functionals. On the other hand, different approaches
can provide existence of solutions for (3) or similar problems. For instance: [22] obtains existence
introducing a unilateral minimizing movement for a “reduced” (non-convex) energy, which in our
setting would be of the form JF(t,u,,u) for uz, € argmin {F(t,u,v) : u € H}}, while [9] proves
existence, for a similar problem, by a fixed point argument. In the applications, “Ginzburg-Landau”
models are used in phase-field fracture for instance [1, 19, 23].
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In the second part of the paper we consider the vanishing viscosity limit of (3). More precisely,
we start with the system

{eos(t) = — [V ()W (D () + Ge(v°(t) — 1) — GAv* ()] "

div (o ,e ) (@ (t))) = 0,

where € > (0 is a “mobility parameter” or ”viscosity”. Our goal is the characterization of the quasi-
static limit, obtained as ¢ — 0. Since in the limit we expect discontinuous evolutions and since
the limit is rate independent, we first parametrize the evolutions by an arc-length parameter in
L?. In this way, we get a Lipschitz map s — (t.(s),w-(s),2:(s)) where w.(s) = u® o t.(s) and
2¢(s) = v® o t.(s). Passing to the limit, as ¢ — 0, we get a map s — (t(s),w(s), z(s)) which satisfies
w(s) € argmin {F(t(s),w, z(s)) : w = g o t(s) on 9N} together with the energy balance

F(t(s),w(s),z(s)) = F(0,wog, z9) — /03 |0, F(t(r),w(r),z(r))|gz dr+
+ /s WF(t(r),w(r), z(r)) ' (r) dr. (5)
0

It is noteworthy that this balance together with the Lipschitz continuity of parametrized solutions
imply the main properties of the quasi-static parametrized solution s — (t(s),w(s), z(s)). Indeed,
if t(s) > 0 (i.e. in continuity points) we have equilibrium, i.e.

{ [2(s)W (D(5)) + Ge(2(s) — 1) — GeAz(s)] " =0 )

div (Uz(s) (’(Z}(S))) =0,

if £(s) is constant in (s”, s?) (i.e. in discontinuity points) we have the following re-parametrization of

()

{)\(s)z’(s) = —[2(s)W(Dw(s)) + Ge(z(s) — 1) — GcAz(s)]+ )

div (Uz(s) (QIJ(S))) =0,

where A\(s) = ||[z(s)W (Dw(s)) + Ge(2(s) — 1) — GeAz(s)]T||12. Hence the vanishing viscosity limit
is labelled “parametrized BV -evolution” [28, 32].

It is interesting to compare, at least qualitatively, the quasi-static limit obtained here with the
one obtained in [21]. The latter is based on the alternate minimization scheme of [11], which reads,
in the one iteration version,

vy, € argmin {F(tp, Un,v) 1 v < vp_1, v € H'}
Uy, € argmin {F (tn, u,vn—1) 1 u € H}}.

Note that in this scheme there is no additional viscosity. As a matter of fact, using the separate
quadratic structure of the energy F(t,-,-), the above minimization problems, in u and v, are recast
in [21] as the minimization of linear energies with suitable (state depending) dissipation-norms.
Such dissipation-norms are called “intrinsic”, as opposed to “artificial” dissipations appearing in
the vanishing viscocity approach, like the L? norm in (1). Roughly speaking, the quasi-static limit
of [21] is a parametrized BV -evolution for the energy F with respect to these intrinsic dissipation-
norms; for the detailed characterization together with several fine properties we refer to [21].

Last, but not least, let us provide some technical considerations about our results. First of
all, the proofs of (2) and (3) rely essentially on the separate convexity of the energy F(t,-,-), the
lower semi-continuity of the unilateral slope and a sort of upper gradient inequality, based on a
measure theoretic argument employed in [15]. All these ingredients, put together, allow us to work
with evolutions of class W12(0, T; L?), which seems to be the natural weak setting for (2) and, in
perspective, for more complex systems, e.g. [1], and higher dimensional problems. We remark that
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our proof of existence for the unilateral gradient flow does not rely on the chain rule in W12(0,T; H')
(see Lemma A.7). However, in order to study the quasi-static limit, and prove (5), it is necessary to
have a uniform bound on the length of the curves s — (¢.(s), we(s), z:(s)). This is a delicate technical
point, which is obtained by means of a discrete Gronwall argument, cf. [22, 33], and which gives, as
a by-product, a uniform bound in W12(0,7; H'). This bound is used, together with the chain rule,
in the proof (7). Finally, we remark that our analysis works for domains € contained in R? since
it relies on Sobolev embeddings, see for instance Lemma A.6. For similar technical reasons, in the
N-dimensional setting gradient flows of this type have been studied, e.g. [7] and [22], by modifying
the energy F with some dimension depending variants; for instance [, [v—1*+|Vv[* dz = [lv—1||3,

is replaced by [[v — 1[[{},1, (for p > N) or by [[v — 1[|7, + [Vv[3,,, (for N = 3).
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2 Setting, energy and its derivatives
First of all we collect the set of assumptions used through the work.

Assumptions. We assume that § is an open, bounded, connected domain in R? with Lipschitz
boundary 0. Deformations are assumed to be of the form @ = u+ g(t) foru € U = H}(L, R?) and
g € CL([0, T); WHP(Q,R?)) for p > 2. The phase-field "space” V is H'(£,[0,1]).

The potential energy F : [0,T] x U x V — [0,400) is given by the following [5, 11] phase field
energy for brittle fracture

F(t,u,v) = %/(v2 +n)W(Du(t)) de + %Gc/ (v — 1) + |Vo|? du, (8)
Q Q
where u(t) = u+ g(t) and W(Du) = Du : CDu = e(u) : o(u) is the linear elastic energy density,

G. > 0 is the toughness while n > 0 is a (small) regularization parameter. For convenience of
notation, let

Et,u,v) = %/Q(v2 + W (Du(t)) de, D(v) = %GC/Q(U —1)% + |Vo|* d
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denote respectively the elastic and the fracture (dissipated) phase-field energy.

For sake of simplicity we will assume that the initial configuration ug,vy (at time t = 0) is in
equilibrium; since the energy F(t,-,-) is separately quadratic, equilibrium is equivalent to separate
minimality, i.e.

ug € argmin {€(0, v, -) : u € U}, vo € argmin {F(0, -, up) : v < wg,v € V}.
Next, we provide the properties of energy and derivatives which will be used in the sequel.
Lemma 2.1 Ift, —t, up, = u inl and v, — v inV then

F(t,u,v) < liminf F(t,, un, vy).

n—-+o0o

Proof. Since v,, — v in V it is clear that D(v) < liminf, , 4 D(v,). Thus, it is enough to show

that
E(t,u,v) < Egigg(tn,un,vn).
First, extract a subsequence (not relabeled) such that liminf, E(t, un,vn) = lim, E(tn, un, vn).

Since vy, is bounded, we can extract a further subsequence (again not relabeled) such that v, — v
a.e. in 2. By Egorov’s Theorem, for every ¢ < 1 there exists Q. C Q with |2\ Q.| < € such that
vp — v uniformly in .. Hence for § < 1 and n > 1 in € it holds 0 < (v +1n) —§ < (v2 + 7).
Then

! / (62 + )W (Dt (1)) da > } / (v + 1) — )W (D (£)) e, do
Q Q

Defining the density 0 < W.(z,¢) = (v2(z) + 1 — )W (&) xaq.(z) the weak lower semi-continuity of
the right hand side (see e.g. [14, Theorem 3.4]) yields

liminf £ (ty,, un, vn) > %/(02 +n—0)W(Du(t))xq. dz.
n—-+oo Q

To conclude, it is sufficient to take first the supremum for § N\, 0 and then the supremum for € N\ 0.

|

If the displacement field u is sufficiently regular (and this is the case for our evolutions) variations
of energy take a simple form; more precisely, if u € W'P(£,R?) for some p > 2 then, by Lemma
A.6, the energy F(t,u,-) is Gateaux differentiable with

0.7 (t.u.v)le) = |

€W (Di(t)) d + Gc/ (- 1)+ Vu-Veds VeEe HYQ).  (9)
Q Q

In the evolution, irreversibility is modeled by monotonicity of v. For this reason, both the gradient
flow and the BV-evolution will be defined in terms of the following unilateral L2-slope of F(t, u,-):
if u. € WhP(Q,R?) for some p > 2 let

|05 F(t,u,0)| g2 = | {0, F(t,u,0)[€] : € € HY(Q), £ <0, €|z < 1}]. (10)

For future convenience denote = = {¢& € HY(Q), £ <0, ||€]|z2 < 1}, so that the unilateral slope is
equivalently given by
|0, F(t,u,v)|2 = sup{—0,F(t,u,v)[{] : £ € E}. (11)

Lemma 2.2 Ift, —t, u, — u in WHP(Q,R?) for p > 2 and v, — v in V then

|0, F(t, u,v)|p2 < liglinf |0 F (tn, tn, vp)|12. (12)
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Proof. First, we show that for every £ € = we have

im0y F (tn, un, vpn)[€] = O F (¢, u,v)[E]. (13)

n——+o0o

By weak convergence in H'(Q)

lim (vn—1)£+an-V§d3:—/(v—1)§+VU-V§dx,
Q

n—-+4o0o Q

while

lim v W (D, (t,)) dx = / vEW(Du(t)) dx
n—-+o0o Q Q

because v, — v in LI(Q) for every ¢ < oo (by compact embedding) while
Dii(t,) = Duy, + Dg(t,) — Du(t) = Du+ Dg(t) in L"(,R?*2) for r = p A p

and thus W (Diiy(t,)) — W(Da(t)) in L™/? for /2 > 1.
By (11) for every £ € =

‘a;]:(tn,un,?}n)hz > _avf(tnv Unavn)[g]
and hence by (13) for every £ € = we get

liminf |0, F(tn, Un, vn)|r2 > — lHm  OpF (tn, Un, vn)[E] = —0uF (¢, u,v)[£].

n—-+o0o n—-+00

Taking the supremum with respect to & € Z concludes the proof. [ |
By the regularity in time of g the partial time derivative takes the form
0F(t,u,0) = [ (4 n)e(@t) : o (9(t)) da (14
Q

In particular, for v € V by continuity and coercivity of the elastic energy we have
[0nF (t,u,0)| < Clle(a(t))llz < O (le(@(®)|7: +1) < C"(F(t,u,v) +1). (15)
Lemma 2.3 Ift, —t, u, = u inU and v, — v inV then

lim OiF (tn, un, vn) = OuF (t,u,v). (16)

n—-+o00

Proof. It is sufficient to pass to the limit in (14) using the fact that Dg(t,)(v2 +n) — Dg(t)(v? +n)
in L2(Q,R%*2), u

Finally, the energy F(t,-,v) is Fréchet differentiable in H} (2, R?), with respect to the natural
norm of Hg(Q,R?), and for every ¢ € H}(€2;R?) we have

OuF(t,u,v)[(] = / (0 + n)or(u) : () dz = (~div (v + Mo (W), ).

Q

where (-,-) denotes the duality between H{(Q;R?) and H(Q;R?).
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3 Gradient flows

3.1 Incremental problems

Our gradient flow will be defined as an ”alternate minimizing movement”, i.e. as the limit of an
alternate implicit Euler discretization.

Fix 7, = T'/m > 0 (for some m € N with m > 0) and for k = 0, ..., m consider the discrete times
tmk = kTm € [0,T]. Given up -1 = u(tmi—1) and vp g—1 = v(tm k—1) the irreversible alternate
minimizing movement is defined by

{Um,k € argmin {F (ty &, Um k—1,0) + ﬁ v = vpk—1ll22 1 0 < Ump—1,v € V} (17)

U,k € argmin {F Ly, iy U, U ) 1w € U} = argmin {E (tm i, U, Um k) : u € U}

By Lemma A.5 we get the regularity and the continuous dependence of u,, ; stated in the next
Lemma.

Lemma 3.1 There exists 2 < p < p and p € (2,p), independent of 7, and k, such that um,j €
WP(Q,R?). Moreover, there exists C > 0, independent of T, and k, such that

[ttt — U =1 lwre < C ([t — tmp—1] + [vmk — Vmk—1llL4) (18)
for 1/q=1/p—1/p. Finally, un, is bounded in WP (Q,R?) uniformly with respect to 7, and k.
The next two lemmas provide the main ingredients in the proof of the convergence Theorem 3.6.
Lemma 3.2 For every k > 1 let Uy = (Umk — Umk—1)/(Emk — tmk—1), then

(’Om,k:g)LQ + avf(tm,kyum,k—la Um,k)[f] > 0 fOT every 5 € Ea (19)

[Omkll 72 = 105 F (s wim =1, Vi) | 22 [0mogel 12 = =00 F (bt Uinoo—1, Vi) [Pmg].  (20)

Proof. First of all, by a standard truncation argument we know that we can replace V with the
whole H'(Q) in (17), hence

Um,k € argmin {f(tm,kaum,k717v> + ﬁ HU - vm,kle%Q tv < Um,k—1,0 € Hl(Q)}
By minimality, v, , solves the variational inequality
avf(tm,kv um,kfh Um,k)[w - Um,k] + <1.)m,k7 w — Um,k>L2 2 0 (21)

for every w € HY(Q) with w < Umk—1- Inequality (19) follows. Choosing w — vy = £TpUm i
(corresponding to w = vy, k—1 and w = 20y, k; — Uy k—1) Provides

8U~F(tm,ka um,kflavm,k)[@m,k] + va,kH%? = 0. (22)
Next, by (11) and (21) with w — vy, = £ € = we get

|8;F(tm,ka Um,k—15 fUm,k)‘L2 = Sup{_av-/r(tm,k; Um,k—1 Um,k)[g] : § € E}
< sup{(Om ;&) 2 + § € E} = ([ L2 (23)
If Uy, 1, = O there is nothing else to prove. Otherwise, & = Oy, i/ ||0m k| L2 is an admissible variation

and by (22) the inequality in (23) becomes an equality, thus |0y F (tm ks Um k—15Vmk) |22 = ||Om.kl L2-
|
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Lemma 3.3 For every k > 1 it holds the following energy estimate

tm,kz
J_'.(tm,ky Um, k5 'Um,k) < f(tm,kfla Um,k—1, vm,kfl) + / 8tf(t> Um,k—1, Q]m,kfl) dt+

tm,k—l

tm,k
B 5/ omi 22 + 105 F (b i -1, Vmage) |22 . (24)

tm k—1
Proof. By minimality of w,,  and convexity of F(t,, i, um k—1,-) we get
F(tm,ku Um, k> vm,k) < F(tm,ku Um,k—1, ’Um,k)
< f(tm,ka Um,k—1, vm,kfl) - auf(tm,ka Um,k—1, 'Um,k)[vm,kfl - Um,k]- (25)
By Lemma 3.2
8vf(tm,ka Um, k—1, vm,k)[vm,k—l - vm,k] = Tm”vm,k”%ﬁ = Tm% (va,kH%Q + |av_f(tm,k:a Um, k—1, Um,k)|%2)
and hence by (25)

tm,k
F(tmge> Um o> Um,k) < F (Em ks Um k—15 Um,k—1) — 5/ [Dm kl|72 + 105 F (b U k-1 Um k)| 72 dE.
tm,kfl

Finally,

tm,k
—F(tm,ka Um,k—1, Uch—l) = f(tm,k—la Um,k—1, Um,k—l) + / atf(ty Um, k-1, Um,k—l) dt

tm,k—l

and the proof is concluded. [ |

Lemma 3.4 There exists C' > 0, independent of 1, and k, such that
F(tm ko Um k> Um k) < C(F(to, uo,v0) +1).
Proof. By minimality of u,, ; and v, j
F(tm s Um ks, Vmk) < F (bl U k—15 Um k)
< F(tm k> Um k—15Vm. k) + %mva,k — Vmp—1lF2 < F (ks Ui k—15 Vi k—1)-
Further,

tm,k
f(tm,k:a Um, k—1, Um,k—l) = ]:(tm,k—la Um, k—1, 'Um,k—l) + / at]:(ty Um,k—1, Um,k:—l) dt

tm k—1
and
NF (b, tm -1, Um f—1) = /Q(U?n,k_l +ne(Uumk—1+g(t) : o(g(t)) du.

Clearly vamk_l + 1|z < (14+1n) and |lo(g)|lz2 < C. Moreover, by (15) and by the Lipschitz
continuity of g(-) we have

e (m, k-1 + gO)llL2 < le(Ump—1+ gmp—1)lz2 + l€(g(t) — Gmk—1)| 2
< C(F(tm,k—la Um, k—1, Um,k—l) + 1)
In summary, we can write
'F(tmylﬁ Um, k> Um,k) < ’F(tm,kflv Um,k—15 'Um,k71> + CTm(F(tm,kfh Um,k—1, ’Um,kfl) + 1)

and then
(-F(tm,kv Um, k» Um,k) + 1) < (1 + CTm)(-F(tm,kfla Um,k—15 vm,kfl) + 1)

It follows that F(t,, ks Um. ks Vm k) < (1 + CTn)*(F (to, uo, vo) + 1) and then, since 7, < T/k,
F (b s s v k) < (14 CT/k)*(F(to, uo, v0) + 1),

since (1 + CT/k)* — €T the required estimate follows. ]
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3.2 Compactness and convergence

Let us denote by wu,, : [0,7] — U and vy, : [0,T] — V the evolutions obtained by piecewise affine
interpolation of w, i = Um (tm.k) and vy, g = Vm(tmk)-

Lemma 3.5 The sequence vy, is bounded in L>(0,T; H*(Q)) and in H'(0,T; L*(2)) and thus, upon
extracting a (non-relabeled) subsequence, vy, — v in L=(0,T; HY(Q)) and vy, — v in H' (0, T; L*(2)).
As a consequence, if ty, — t then vy (tym) — v(t) in HY(Q) and wmy(ty,) — u(t) in WHP(Q,R?),
for some p > 2, where u(t) € argmin {E(t, u,v(t)) : u € U}.
Proof. From Lemma 3.4 we known that F(t,, k, Um k, Um.k) is uniformly bounded and thus vy,
is bounded in L°°(0,T; H(Q2)) while wu,, is bounded in L°°(0,T; H}(Q, R?)) by Korn’s inequality.
Then from the energy balance (24), together with identity (20), and from the uniform bound on the
time derivative (15) we get

tm,k
-’r(tm,ka Um,k» Um,k) < ]:(tm,k—lv Um k-1, vm,k—l) - / ||Um,k||i2 dt + CTm-

tm,k—1

By induction we get

T
/ ||®m7k||2L2 dt < F(0,up,v0) + CT
0

and thus v, is bounded in H'(0,7;L?(2)). As a consequence, (up to subsequences) v,, — v in
HY(0,T; L2(2)) and vy, (ty,) — v(t) in L2(Q) for t,, — t; since vy, (ty,) is bounded in H(Q) it turns
out that vy, (t,) — v(t) in HY(Q).

Let kp, such that t,, <t <ty 1. Being wm(tm k) = Umk,, € argmin{E(ty k.., U, Vmk,,) : U €
U} we have

m,km,

/@2 +1)Dityy , : CDpdx =0 Vo €U.
Q
Since U k,, is bounded in Hg(Q,R?) there exists a subsequence (non-relabeled) weakly converging
to some uc, € HE(Q,R?). Clearly
Dii jy, = Dy o, + Dg(tmk,,) = Do + Dg(t) = Di(t) and  (vp,, + 1)D¢ — (v*(t) + 1) D¢
in L(Q, R**2), thus

/(v2(t) +1)Dii(t) : CDpdz =0 Vo el

Q
and us = u(t) € argmin {E(¢, u,v(t)) : v € U}. Since the limit is uniquely determined the whole
sequence converges. We can argue exactly in the same way for w, (tm k,,+1)-

By compact embedding v, k,,, — v(t) in LY(2) for every ¢ < +o0c. Then, invoking Lemma A.5
we have
() = e 0 < ClGE) = 9t 128 + CHOE) = v 1

and similarly for wp, k,,+1. As up(ty) is the affine interpolation of wu, ,, and wpy, i, +1, the strong
convergence of displacements in W1?(Q2, R?) follows. [

Theorem 3.6 Let v be a limit of vy, (as in Lemma 3.5) and let u be the corresponding limit of
Um; then v € HY(0,T;L?(2)) N L>(0,T;V) and for every t € [0,T] it holds u(t) € argmin =
{E(t,u,v(t)) :uel} and
t
F(t, u(t),v(t)) = F(0,u0,v0) — 5/ [0(r)I[72 + 05 F(ru(r), v(r))[7. dr +
0

t
+/ WF (ryu(r),v(r)) dr. (26)
0
Moreover for almost every t € [0,T] we have

[o()ll L2 = [0, F (&, u(t), v(t))] 2- (27)
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For sake clarity the proof of the previous Theorem will be split into a couple of Propositions.

Proposition 3.7 Under the hypotheses of Theorem 3.6 for every t € [0,T] it holds
F(t,u(t),v(t)) < F(0,uo, vo) / [o(r)I[72 + 05 F(ru(r), vo(r))[7. dr + (28)

+ /0 WF (ryu(r),v(r)) dr.

Proof. Givent € [0,7T] let 1 < k,,, < m such that ¢,, ,, — t. Then, by induction (24) provides

tm,km
Fltamsons tltamion)s 0(tmion)) + & / i ()22 i+
0

km_l m,k+1

+3 Z/ 10y F (tmte Um k1, Vm k) |32 dr <

B =1 oty g
< F(0,ug,vo) + Z / Oy F (7, U e—1, U, k—1) A7 (29)

k=0 “tm.k

By assumption t,, 5, — t, then by Lemma 3.5 v, (tym k) — v(t) in HY(Q) and wm (tm g, ) — u(t)
in W1P(Q,R?). Then by Lemma 2.1 we get

F(t,u(t),v(t)) < lingnf F (o s W(tmkem ) V(tmkn )

Since vy, — v in HY(0,T; L*(2)) we have

t T
/ ||v(7‘)”%2 dr < liminf/ va(r)H%Q dr.

Next, given r € (0,t) let r € [ty g stk +1) for &y, < kp,. Clearly, both t,, 1 — 7 and t, 1 1 — 7.
By Lemma 3.5 we know that w, (tm 4 —1) — u(r) strongly in WP(€,R?) (for some p > 2) while
U (tm,ky ) — v(r) in H'() and then by Lemma 2.2 we get the pointwise estimate

|0y F(r,u(r),v(r))|rz < lirEJirnf 10y F(tmkr, > um(tmgr, —1)s m(tmkr, 1)) 12

We remark that |0, F(-,u(-),v(-))|z2 is measurable in (0,7"). Indeed, given £ € =, the functional
Oy F(t,u,v)[€] is continuous in [0, 7] x WP (Q,R?) x H'(Q) and thus t — 9, F (t,u(t), v(t))[£] is mea-
surable. To conclude, it is enough to employ (11) and write |0, F (-, u(-),v(-))|r2 as the (pointwise)
supremum of —0,F (-, u(-),v(-))[§;] for &; in a dense, countable subset of Z. So, by Fatou’s Lemma
we conclude that

km 1 m,k+1

t
/ 07 Flru(r) o)t < i / O F s 1 v 2 -
0

By Lemma 2.3 and (15) we get, by dominated convergence,

km—1 b t
lim sup Z / Oy F (7, U k—1, U k—1) dr < / O F (ryu(r),v(r)) dr.
m—-+00 k=0 tm,k—l 0

Taking respectively the liminf on the left hand side and the limsup on the right hand side of
(29) we get the energy inequality

F(t,u(t),v(t)) + 5/0 lo(r)lZ2 + 105 F(r,u(r), v(r))[zz dr <

< F(0,up, vp) —i—/o O F (ryu(r),v(r)) dr,



May 4, 2017 p-11

which conclude the proof. [ |

There are different ways to prove the “upper gradient inequality”
F (0, ug, vo) = F(t, u(t), v(t)) S/Ot |0, F(r,u(r), v(r)|p2 [[o(r)| 2 dr +
— /Ot O F (ryu(r),v(r))dr
< 4 [ 105 ) o+ 10+

— /0 WF (r,u(r),v(r)) dr.

For instance, the estimate will follow from the chain rule Lemma A.7 once we will know (from
Theorem 5.1) that the limit evolution v belongs to H'(0,T; H'(Q)). Actually, Proposition 3.8
below provides the required inequality for v in H'(0,T; L?(2)); its proof, based only on measure
theory and separate convexity, is inspired by [15, Theorem 4.12]. In some sense (30) corresponds to
[4, Corollary 2.4.10].

Proposition 3.8 Let v € HY(0,T; L*(Q)) N L>(0,T;V) and u(t) € argmin {F(t,v(t),u) : u € U}
such that t — |0, F(t,u(t),v(t))| belongs to L*(0,T). Then for everyt € (0,T)

F (0, uo, vo) = F(t, u(t), v(t)) S/O |0y F(r,u(r),v(r)| g2 [[0(r)l g2 dr +

— /0 O F (ryu(r),v(r)) dr. (30)

Proof. Step I. Since the slope belongs to L2(0,t) there exists a sequence of finite subdivisions tji
(for j € Nand i = 0, ..., I;) of the time interval [0,¢] with 0 =t;0 < ... <t;; <tji11 <..<tj, =t
with lim;_, o max;{t;;+1 —¢;;} = 0 and such that the piecewise constant functions
I—1
Fi(r) =) Xtyrtynn) (1) 105 Fltgisulty), vlts)l 2
i=0

converge to |9, F(-,u(-),v(-))|z2 strongly in L?(0,t) (cf. Theorem 4.12 in [15] or [18]).
Denote for simplicity u;; = u(t;:) and Xji = Xt,,,¢,.,,) etc. For each j € Nand i =0,...,I;
write
F (g0, g, via) = F (it i, viaer) = F (b s vj) — F (L i v5,i41) +
+ F(tjir i, vjiv1) — F(tjiv1, Wi, vjit1) +
+ ]:(tj,i—Ha Uiy Uj,z‘+1) - ]:(tj,i—l-la Ujit+1,s Uj,i—l—l)-
We will consider the three lines above separately, starting with the first. By convexity of F(¢;;, u;;, -)
we get

IN

F(tgiugivia) — F (s i, viv1) < —0uF (tja, Uiy vj0) [Vjir1 — V]

IN

10y F(tjiujivii)lpe v — vyl g2

tiit+1 7 )
s/ 05 F b0, 03|12 95001l 2 dr

tji
where 0;; = (vji41 — v5,i)/(tji+1 — tji) denotes the ”discrete” velocity. For the second term we will
just write

tiit+1
F (i, wji, vjit1) — F(tjit1, Uji, Vjit1) = —/ O F (w3, vji41) dr.

tyi
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For the third term, remember that by minimality
/Q(’UJQ'JH +n) o (ujit1 + gjit1) : €(uji — ujip1) dr =0
and that F(t;;+1,-,vji41) is quadratic, then
F(tgit1s 05 Vjit1) — F (i1, Wjit1, Vji1) =
= 5/9(%2',141 +n)(W(Duj; + Dgjit1) — W(Duj iz + Dgjiv1)) do
= ;/(sz,iJrl + 1) o (uji + wjit1 + 2g5i+1) : €(uji — ujiq1) do
Q
=3 /Q (0F i1+ ) o (wji — ujinr) : €(uji — ujipr) da
2 Cas 2
< Cllusass =~ wsally =€ ugisn = il v
tji
In conclusion,

F(t,is s v5i) — F(tjit1s Ujit1, Vji1) <

tyit1 ‘ tit1
< / 10y F(tjiujisvii)lpe 01l dr — / OLF (7, ujis vjiv1) dr +
t.

3% '

tjit1 9
+ C][ [wjivr — wjill 3 dr
tji

Taking the sum for i = 0, ..., I; yields

I—1 tiit1
F(0,u0,v0) — F(t, u(t),v(t)) < Z/ |0y F(tj,uji,v50) 2 |04l 2 dr+
o Jti

ijl tiit1 ijl tiit1
=S / O F (ryujiy vyig1) dr + Z][ lusiss —wiglZndr. (31)
i=0 Yl i=0 Ytii
Step II. Let us re-write (31) as
t
F(0,u0,v0) — Flt,ult), v(t)) < / Fy(r)Vi(r) — Py(r) + E;(r) dr
0

in terms of the piecewise constant functions F}; (defined above) and

Ij—-1 I;—1
Vi(r) =Y xa(r) lsiralles  Pi(r) =D X5alr) OF (ryug, vi11),
i=0 i=0

I;—1
Ej(r) =Y Xgi(r) ltjae — tial M lugirs — wjall3.
=0

Since the above estimate holds for every subdivision ¢;; it must hold also

t

F(0,up,v9) — F(t,u(t),v(t)) < jEToo ; F;(r)Vi(r) — Pj(r) + E;(r) dr.
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‘We will show that
i / nar = [ 07 Fryulr), o)) e 60r) | dr, (32)
li?l/o Pj(r)dr = /Ot OF (ryu(r),v(r)) dr, (33)
ln /0 "By dr =0, (34)
which will prove (30).

Since F; converge strongly in L%(0,t) (by construction) to prove (32) it is enough to see that

-1
Vi=> Xjillojaslle = 6l 2 weakly in L(0, ).
1=0

Note that V; — [|9]| a.e. in [0,¢] since v € W2(0,¢; L?). Thus, it is enough to check that V; is
bounded in L%(0,t). Write,

2 tii 2 b
. Vi 1 — Vi ],7,+1' J,i+1 .
losanlfe = | = | owar| < T o) e e (35)
g+l = bl 2 tyi 12 tyi
so that
t i tiit1
[verar < a0 f o= [ 16001300
0 i=0 tjﬂ'

Let us prove (33). Fixr € (0,¢) and let ¢;; < r < tj;41 (with ¢ depending on j). For a.e. r € (0,1)
we have

OF(ry 5, 03041) = /Q (02101 + ) (g + g(r)) : €(3(r) dr-

Remember that v € H(0,T; L?(R2)) N L>=(0,T; H'()). Using the arguments of Lemma 3.5 we get
Vji+1 = v(tji41) = v(r) and vj; = v(t;;) — v(r) in LI(Q) for every ¢ < oo. Thus u;j; = u(tj;) —
u(r) in WHP(Q, R?) for p > 2 (by Lemma A.5). As a consequence

[ @3 motuss +9) @) dr = [ (@20) 4 1) oulr) + () s (3(r)) dr
Q Q

Therefore O, F (7, uj i, vjit1) — OeF (r,u(r),v(r)) a.e. in (0,t). Since v € L>®(0,¢; H') by (15) we get
that |04 F (7, u;j4,vji+1)| is uniformly bounded and thus (33) follows by dominated convergence.
Finally, let us prove (34). Since u;; € argmin{&(¢;;,,v;;)} by Lemma 3.1 we known that

ujit1 — wjll7n < Cltjimn — tiil* + Cllvjis1 — vjll e,

for some ¢ sufficiently large. Since v;; € LP(f2) for every p < oo (by Sobolev embedding) we can
apply the interpolation inequality

11—«
La

[0ji+1 = vjallea < llvgien = viillze [[vgi41 = v
with 1/¢ = a/2 4 (1 — «)/q (for a suitable ¢ depending on «). Hence, for a = 1/2 we get

Itiv1 — tial Hviier — vl T < 5010l g2 lvjien — vjill La-
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Then,

I—1

t Ly it1 1 2
/ Ej(r)dr < / [tiirr = tal ™ llugien — wjilln
0 i=0 7t

35t

I;—-1 tiit1
<> /t Cltjivr — gl + Cllojitall g2 vjier — vjallpa dr
1=0 J

t
<c / 601 — tal + Vi (r)D; (r) di, (36)
0

where V; has been defined before while D;(7) = >, Xji||vji+1 — vj;illra. We have already seen that
V; — ||9]|z2 weakly in L?(0,t) and that ||v;j;41 — vjillze — 0 a.e. in (0,¢). Since v;; is uniformly
bounded in H'(Q), and thus in L9(£2), by dominated convergence |[v;;+1 — vjillpa — 0 in L%(0,t).
As E; > 0 from (36) follows (34). ]

Theorem 3.9 Let v,u be the limits obtained by Lemma 3.5, then v € HY(0,T; L*(Q))NL*>(0,T;V)
and for a.e. t € [0,T] it holds

{@(t) = —[o(t)W(Di(t)) + Ge(v(t) — 1) — Geo(t)] T (37)

div (e (1)) =0,

Note that v(t)W (Du(t)) + Ge(v(t) — 1) — G:Av(t) is a finite Radon measure with positive part in
L2(Q) while o,(@) = (v? + 1) CDu is the phase-field stress (and u(t) denotes the displacement
u(t) +g(t)). In particular, the first equation holds in L?(2) and v is monotone non-increasing while

the second holds in H~1(Q, R?).

Proof. By Lemma 3.2 we known that (0, 1, &) + OuF (tm ks Um k—1,Vm k) [€] > 0 for every £ € = and
for every choice of the indices m and k. Besides the piecewise affine function v, we introduce the
(auxiliary) piecewise constant functions ™, u™ and v™ given by

tm(t) = tm,k, um(t) = Um k-1, Um(t) = Um,k fort e [tm,k—latm,k)-

Then, for 0 < t, < t, < T we can write

ty ty
/ (i, €)1 it > / O F (", u™, o) €] dt.
ta ta

Since v, — © in L2(0,T; L*())) we can easily pass to the limit in the first term. By Lemma 3.5
we know that v™ — v in H}(Q) and u™ — u strongly in WP(Q,R?) (for some p > 2) pointwise in
(0,7). Thus by (13)

/t (), €) e dt > / "0, F(t u(t), o(t)) (€] dt,

which holds for every 0 < t, < ¢, < T. As a consequence (0(t),&) > —0,F(t,u(t),v(t))[£] holds
a.e. in time for every £ € =.

From Theorem 3.6 we know that [|0(¢)||z2 = |0, F(t,u(t),v(t))|2 holds a.e. in time, then by
Lemma A.3 it follows that 9,F(t,u(t),v(t)) is a finite Radon measure p with positive part u* €
L?(2) and that

[o(0) 22 = 18, F (&, ut), v(t)] 2 = [ln |2
Moreover for every £ € 2N C§°(Q)

(—(t), —€) 2 > B F(hu(t), v(t)[—€] = (u* — p=, ) = /Q cdu~ — /Q eutde,
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where the duality is in the sense of distributions. Let Q% be the disjoint supports of u*. Let
¢ € L*(Q) a non-negative function supported in Q*. Arguing as in the proof of Lemma A.3 we
can find a sequence ¢, € C§°(Q) such that (1™, p,) — 0 and (u™, ¢,) = (1T, ¢). Hence, for every
non-negative ¢ € L?(Q) supported in QF we get

(=0(t), )z > (U™, o).

It follows that —o(t) > p™ > 0 in Q*. The same inequality hold (obviously) in Q~, where
put =0. Since | — 0(t)||z2 = ||pT |12 we get —0(t) = pt. To conclude, it is enough to represent the
functional 9, F (¢, u(t),v(t))[¢]. For ¢ € C§°(Q2) we have

B, F (b, ult), ()] = /Q oW (Di(t)) dz + G /Q (0(t) = 1)6+ Vo - Vo da
= (WW(Du(t)) + Ge(v(t) — 1) — GAv(t), ¢), (38)
where the last duality is in the sense of distributions. Hence
pt =W (Da(t)) + Ge(v(t) — 1) — GeAv(t)]

and the proof is concluded. ]

4 Time rescaling

In order to find the quasi-static limit we first rescale the time variable, in order to get a ”slow”
evolution in the rescaled physical time interval [0,7/¢]. For € > 0 let us consider the boundary
condition g.(t) = g(et) defined in [0,7%], for T, = T/e. Clearly g¢. is Lipschitz continuous in
WP (Q, R?) with

19e(t2) — ge(t1) [lwrp < Clta — ta].
Next, we define F. : [0,T;] x U x V — [0, +00) by

Fe(t,u,v) = %/(v2 +n)W(Du + Dg.(t)) dz + 5Gc/ (v —1)% +|Vo|* dx.
Q Q

As in §3 fix 7, = T:/m > 0 and let t,, ) = k7, for k =0,...,m. Given ug y, k—1 and ve ,, x—1 define
by induction

{v€7m7k ) argmin {]:a(tm’k’us’m’k_l’ U) + %mHU - Us,m,k—l”%z v < Vemk—1, VU € V} (39)

Uem k € argmin {Fe(tm g, U, Vem i) u € UY.
Denote by e, and ve,, the corresponding piecewise affine interpolate. By Lemma 3.5, Theorem

3.6 and Theorem 3.9 we easily get the following result.

Theorem 4.1 There exists a subsequence (not relabelled) of ve m such that ve m, — ve in HY(0,Te; L2(Q)).
Let u. be the corresponding limit of uc . Then, for everyt € [0,T;] we have u-(t) € argmin {E(t, v (t), u) :
ueU}t and

Fe(ts ue(t), ve(t)) = Fe(0, u0,v0) — %/O [0 (1) 72 + |05 Fe(r, ue(r), ve(r)) 2 dr +

+ OrFe (1, ug(r), ve(r)) dr. (40)

to

Moreover for almost every t € [0,T;] we have

[0=(O)| 2 = 10y, Fe(t, ue(t), ve(t))] 2 (41)

(42)

{z}s(t) = —[v ()W (Diic(t)) + Ge(ve(t) — 1) — GeAva(t)]
div (o, (1) (@(t))) = 0.



May 4, 2017 p.- 16

Corollary 4.2 For every X € [0,1] it holds
Pt 0 00) = £ 0o ) + [ OF ), velr)) dr -+
- [N+ 0 - VOE w0
Proof. It is sufficient to re-write (40) taking into account (41). ]

Remark 4.3 We remark that in general (43) does not provide a characterization of the gradient
flow, unless it holds for A = 1/2. Moreover, introducing the rescaled variable t = (t/e) € [0,T], the
functions v&(t) = ve(t/e) and u®(t) = u-(t/e) solve the system

&W@z—ﬁ@W@ﬁ@%&Mﬁ@—D—GAW@F
div(oye () (0°(t))) = 0.

5 Quasi-static parametrized limit

In this section we will apply the change of variable

t
t— s°(t) =et —i—/o |0 (r) || 2 dr

in order to obtain a parametrization of v, (originally defined for ¢ € [0,7/¢]) in terms of an arc-
length parameter s € [0, S:]. This is a convenient way of writing the quasi-static (rate-independent)
evolution and in particular to characterize its behavior in the discontinuity points. Note that here
the parametrization is in L? and not in H' as in [22].

First of all, let us see that s* maps the physical time interval [0, 7"/¢] onto a reference parametriza-
tion interval [0, S¢] with S; = s¢(7) uniformly bounded with respect to £ > 0.
5.1 Finite length and boundedness

Theorem 5.1 The length of the discrete curves ve ,, is uniformly bounded in L?, i.e., there exists
C > 0 (independent of € and m) such that for T sufficiently small it holds

T
/ loem(®)ll12 dt < C(T + 1),
0

Moreover,

T:
/!%Mm%agaa+mu
0

Proof. The proof is quite technical and is based on a discrete Gronwall argument, provided in

Lemma A.1, see also [33, 22, 31, 29]. We will prove this property employing again the time dis-

cretization scheme. However, for notational convenience, we will write v, instead of v, ,, . etc.
Step I. By Lemma 3.2 for £ > 0 we have

Do Fe(th1s ks V1) [0 11] + [0 41]|72 = 0. (44)
while for £k > 1
O Fe(th, up—1, vg)[w — vg] + (O, w — vg) 2 > 0 for every w € HY(Q) with w < vg_y.
Choosing w = vg + ¥x41 provides

OpFe(th, Ug—1, V) [Ok+1] + (U, Vp41) 2 > 0. (45)
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For k = 0 we have, by equilibrium,
av./—"g(o, ug, UQ)[’Ol] Z 0. (46)

Hence, from (44) and (45) we obtain, for k > 1,

OpFe(ths uk—1, Vi) [Ok41) — OvFe(ths1, Uk, V1) [Og1] >

> Nogsl7e = (Ors Ok1)r2 > 3lonsl7e — gllowll72. (47)
For k =0 from (44) and (46) we get
o T2 (0, uo,v0) [01] = By Fe (b1, uo, v1)[01] = [|0n 72
Setting vg = 0 we can also write
0y F=(0, 10, v0)[i1] — BuFe(tr, uo, vi)[01] = 3101172 — 3llv0]172 (48)

and thus (47) actually holds for every k > 0.
For the left hand side of (47) we proceed as follows.

OpFe (b, k—1, Vk) [Ok41] — OvFe(thst, Uks V1) [Up41] =
= 0p& (ks Uk—1, V1) [Vkt1] — OvE (tht1, Uk, Vit1) [Vky1] +
+ 0vD(vk) [Okt1] — OvD (V1) [Ok1]-

For 0,D(vg)[0k+1] — OvD(Vkt1)[Vk+1] we write

/Q(v;,C — 1) Vg1 + Vg - Vg do — /Q(’Uk_t'_l — 1) V11 + Voggq - Vg doe =
= /Q(Uk — Ukt 1) D1 + V(U — Vy1) - Vs do = —7 |01 || 31 (49)
We can estimate 0,& (tx, uk—1, V) [Ok+1] — OvE (tkr1, Uk, Vi11)[Ok+1] by
/kaifk+1W(DUk—1 + Dge 1) dx — /ka—i—l U1 W(Dug + Dge jy1) do <
< /ka@kHW(Dukl + Dg. ) dx — /kaHi)kHW(Dukl + Dg. ) dx +
+ /Q V4101 W (Dug—1 + Dg. 1) dx — /ka+1l'1k:+1W(Duk + Dge gy1) dz
< /Q(Uk — V1) Okt W (Dug—1 + Dge ) d +
+ /Q Vgt 10k 1 (W(Duk,l + Dy ;) — W(Duy, + Dgg,k-+1)) dx

< / Vp10k41 (W (Dug—1 + Dge p) — W(Duy + Dge j11)) da,
Q

where last inequality follows from (vy — vg41) Vg1 W(Dug + Dge ) < 0. For 1/s+2/p =1 we get
by Hoélder inequality

/ V410641 (W (Dug—1 + Dge ;) — W(Duy + Dy j11)) do <
Q

< NOg41llzs |W (Dug—1 + Dge ;) — W(Dug, + Dge 1) || 1o/2-
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Since uy is uniformly bounded in W'P(Q,R?) for 2 < p < p (by Lemma A.5) and since g €
Whee (0, T; WHP(Q,R?)) we get by Lemma A.5

Slkl:p H(Duk_l + Dggyk) + (Duk + Dgg,k_l,_l)HLP < +00,
[(Duk—1 + Dge ) — (Dug + Dge 1) || zr <

< Clelty — tha| + [lvg — ve—1llor + elterr — txl)
< Ct(e+ okllLr),

where 1/r = 1/p — 1/p. Thus for ¢ = s V r we have

/ Vet 1Vk+1 (W(Duk_l + Dggyk) — W(Duk + Dgg,k_,_l)) dx < CT"@k+1”Lq (6 + ||’L')kHLq).
Q
In conclusion, for £ > 0 we have

slOrs1llFe = 30wl 72 < —7GellOpsallFn + Ollonsallza (e + oxlza). (50)

Step II. By Young’s inequality, for 0 < 4 < 1 and C, > 1
[ok+1llza(e + 0kl La) < ellonsrlle + Cullonrilze + ullonl|Ze < C(e? + lok1llZe) + pllogllZa
< G + [or1lZa) + Cullonell - (51)

Write 1/g = a+ (1 — «)/q for a € (0,1) and ¢ < ¢ < +oo. Then, by interpolation and Young’s
inequality, with p = 1/, for 0 < A < 1 we have

. . 2 . 2(1— . .
lorsrllZe < lonea ]2 Topral2y ™™ < CallonralZ + Al | 3a

< Coll 01l 2 041l 22 + CAllogga 132 (52)

Hence, upon choosing i and A sufficiently small, respectively in (51) and in (52), we infer that for
every 0 < 0 < 1 there exists Cs such that

Clloksillza(e + okllza) < Cs(e? + [[onsall L llonrallz2) + OllowsallFr + Ollowl|Z- (53)
Joining (50) and (53) yields the estimate
sllonellie = sloelZe < = 7GellonallFn + 7ol okallFn + 78l onll 7+
+ 7C5||Opgr | o1 |0k t1 | 2 + TC5e2. (54)
Step III. In order to apply the discrete Gronwall Lemma A.1 we need to re-write (54). First,
slloerillze = sllonlZe < = 7(Ge = 20)[onsa B — 07l|on1 | B + 670kl 7+
+ TC&”’[)k_A,.lHLI ||i)k+1||L2 + 70552.
Hence,
(sllonsalze + olloerallzn) — (3lloelZe + o7 lloxllzn) <
— 7(Ge = 20)||041]1 31 + 7C5||Oks1 || ot |9k41 ]| 2 + TCsE2.
For 7,§ < 1 and v > 0 we can write
v (3llokallZe + 07llonsa 7)) < (Ge = 26) [ ||
Therefore, we get
(sllons1lze + orlloerallzn) — (3llonlZe + o7 llowlizn) <
< 7 (3ll0n1 172 + 67 o[l 70) +

. . . 1/2
+ Cirllosllr (SllonralZe +orllinsal?n) " + Core®. (55)
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Define 12
ar = (zlloelze +o7lonlFn) " be=Csllonll, = Cse.
Hence (55) reads: for every 0 <k <m —1
a%_ﬂ —aj < —T’yai_i_l + Tap+1br41 + TC%_H.
Then, for 0 < 5 < v/2 by Lemma A.1 we get
k 1/2 k
o < (Zmzmtktncg) Ty e Bty
=0 =0
Remembering the definition of ag, by and ¢, the previous estimate gives
. . . 1/2
Honlze < Bllonlze +orlonlzn)
k 1/2 k
< C(Z e—zﬁ(tk_ti)752) +C Z Te A=t 14| 11
i=0 =0
ty 1/2 78
<o) e [T 0 )
0 0
123
< Ce/26 + C’/ |Oem(r)|| L dr < C'(e +19)), (56)
0

where the last inequality follows from monotonicity (in time) and boundedness of v ,,,. Hence v, p,
is bounded in W1°°(0, T.; L?). Moreover,

T m m tr
/ [bem @) dt <> 7llinlre < CeTe + OZT/ e P |0z (r)]| 11 dir.
0 k=0 k=0 70

Then, for t € [tg,tx+1] we can write

and thus

tr t
| e il dr < [ i)
0 0

K th T/e pt
dor / e P 0 (1) 1 drr < / / e P 0y ()| L1 drr it
=g Y0 0 0

T/e T/e
<efT / [ 0em ()] 11 / e P dt dr
0

r

T/e
< c/ lem(r) | prdr = CI2.
0

Step IV. Let us go back to (54), i.e.

ksl —

sllokllz: <

< =7(Ge = )|ons1lFn + 7ol onllzn + TCsllOn41ll 1 onallze + TCse.

Let 0 < C = G, — ¢ for 0 < § < 1; being ||0g||z2 uniformly bounded (by the previous step) the
above estimate can be written as

TCl ok Fn < (3l10kll72 = 3llokral72) + 7ollonlFn + 7C5 (%t + [|Opsal|11)-
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Taking the sum for £ =0, ...,m — 1 and remembering that v. ,, is piecewise affine we get

m—1

T. m—1 -
C/O loemlfpn dt = C Y rllonsalin < D (glloelZe = gloeal?) +
k=0 k=0

m—1 m—1
+0 Z Tloelin +C5 Y 7 + ||t 1)
k=0 k=0
T.
€2 4 || ve ]l 1 dt

IN

Te
Uléoll2, + 6 / loemlZ dt + C /
0 0

T:
5/ [0 m |31 dt + Cs(eT: + |Q). (57)
0

IN

Choosing 0 < 6 < C' it follows that v, ,, is bounded in HY0,T.; HY). [}

Passing to the limit for 7,,, — 0 in the previous Theorem we get the following result.

Corollary 5.2 The limit evolution v, (provided by Theorem 4.1) satisfies

T:
[ e 0+ o0 at < o7+ 192)
In particular S = s°(T'/¢) is uniformly bounded.

5.2 Rescaled parametrized gradient flows

Let us go back to our parametrization

t—s°(t) =et +/0 |0 (7)]| L2 dr (58)

from [0,7;] onto [0,S:]. The map ¢t — s°(¢) is absolutely continuous and strictly monotone. We
denote by t¢(s) be its inverse; moreover we denote

te(s) = et®(s), 2e(8) = ve 0 t°(s), we(s) = ug 0 t°(s). (59)
Accordingly, let wyg = ug and zg = vp.

Lemma 5.3 The functions s — tc(s) and s — z:(s) are Lipschitz continuous in [0,S:], more
precisely for a.e. s € [0, S| it holds

g
& + 10y Ftels), wels), 2(s)) 2

ti(s) +llzi(s)ll =1, tl(s) =

Note that t. is onto [0,T].

Proof. As t — s°(t) is absolutely continuous with $°(
s+ t%(s) turns out to be Lipschitz continuous with (¢€)’
(58) and (59)

t) > € a.e. in [0,7;] the inverse function
(s) = 1/5°(t%(s)) a.e. in [0, S¢]. Hence, by

1=3%(t°(s)) (¢°)'(s) = (e + [[0(t°(s)) I 22) () (s) = () + [I2L(s) I 2

Moreover, by (27) for a.e. t € [0,T;] we have

[0e(®) |2 = |0y Fe(t, ue(t), v=(t))| 12 = |0, F(et, uc(t), ve(t))|2-
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Thus
[0 (¢°(5)) | L2 = |0, F(et™(5), ue 0 t°(s), ve 0 t°(s))[ 2 = |02 F(te(s), we(s), z(s)) 2

Since sets of measure zero are mapped to sets of measure zero, both by s +— t%(s) and by t — s°(¢),

for a.e. s € [0, S.] we have

(s) = ——— = © - 2 . (60)

§5(t(s)) et loc(t=(s)lle e+ 100 F (te(s), we(s), z(s))| >

Since t. is the rescaled inverse of s° it is surjective, taking values in [0, 7). ]

Lemma 5.4 For ¢ > 0, the rescaled parametrized evolutions (t.,z:) are (uniformly) bounded in
Wh(0,8.;[0,T] x L?) and in L>=(0,5;[0,T] x V) with t. > 0, 2. < 0 and t. + [|2L]|2 < 1.
Further, for every s € [0,S;] and every X\ € [0,1] the following energy balance holds:

F(te(s),we(s),2:(s)) = F(0,wp, z0) / O F we(r), ze(r)) tL(r) dr +
—AA%W4®Mﬂ+G—M%W%HRMWHM%@MHMH (61)

where
2
FHTONTT @

We consider both V. and ®. to be defined in [0,+00). Clearly, w-(s) € argmin {€(t:(s), w, z-(s)) :
weU}

2.(6) = {552/(1@ 0<E<1

Proof. By Corollary 4.2 we known that for every ¢ € [0, T;] it holds
t
Fe(tyus(t),v:(t)) = Fe(0,up,v0) +/ O Fe(t, us(t),ve(t)) dt +
0

£
= [ AIBOI= + (1 = )10y Felt uele) o) .
0
Remember that F.(t,u,v) = F(et,u,v) and thus
O F:(t,u,v) = e O F(et,u,v), OpFe(t,u,v) = 0y F(et,u,v).

Hence, by the change of variable t = t°(s) = t-(s)/e, the energy balance in parametrized form
reads: for a.e. § € [0,.5;] it holds

F(t(5),ws(8), 2:(5)) = F(0,wo, 20) + /OS O F (te(s),w=(8), 2e(s)) tl(s) ds +

- /OS Mot ()72 + (1= N[y Fte(s), we(s), 2 ()| 72] (1) (s) ds.
Since [|0e(t5(r))||z2 (t%) (r) = [|2L(r)| 2 and (t5)/(r) = t.(r)/e it follows by Lemma 5.3 that

[0 (¢ (r))II72 (8)'(r) = ellez(r) 122 /te(r) = ellz(r)l[72/ (1 = 122(r) ]| 22) = Pe([l22(r)]z2)-
Again by Lemma 5.3, (%) (r) = 1/(e + |05 F(t(r), w=(r), 2e(r))|12)- ]

Since S; is uniformly bounded, by Corollary 5.2, we have S = liminf. S < +o00. For compact-
ness, it will be convenient to consider parametrized evolutions ¢, and z. to be defined in [0, S] with
a constant extension in (S, S| (clearly only in the case S: < S). In this way all the (possibly ex-
tended) evolutions enjoy the compactness properties of the previous Lemma in the parametrization
interval [0,S]. Note however that, with this simple extension, the energy balance is not true, in
general, for s € (S¢, S]. Note that, independently of € > 0, we have ¢.(0) = 0 and t.(S) = T'. Using
Lemma 5.3 and Lemma A.5 it is now immediate to prove the following compactness property.
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Corollary 5.5 For e, — 0 there exists a subsequence (not relabeled) such that
(te,, 2e,) —(t, 2) in WH(0,5;]0,T) x L?).

For a.e. s € [0, 5] we have 2z, (s) — z(s) in H* and thus we, (s) — w(s) in WP (for p > 2) where
w(s) € argmin {E(t(s),w,z(s)) : w € U}. Finally, t(0) = 0 and t(S) = T and thus t maps [0, S]
onto [0,T].

5.3 Quasi-static parametrized BV -limit

Theorem 5.6 FEuvery limit evolution obtained by Corollary 5.5 satisfies 2/ < 0, ' > 0 and t' +
12|72 < 1, ¢(0) = 0 and t(S) = T. Moreover, for every s € [0,S) we have w(s) € argmin {E(t(s), w, z(s)) :
w € U} and the following energy balance

F(t(s),w(s), z(s)) = F(0,wy, z0) + /OS WF(t(r),w(r), z(r)) t'(r) dr +
_ /0 107 F (), w(r), ()2 dr (62)

Any such limit will be called a parametrized BV -evolution.

Proof. Part I. The proof follows closely that of [32, Theorem 4.4]. If s < S then s € [0, S;,) for
en < 1; thus (61), with A = 0, provides

F(te, (8),we, (), ze,(s)) = F(0,wo, 20) + /OS O F (te, (1), we, (1), 2¢, (1)) t/sn (r)dr+
- /OS @, (10, F(te,(r), we,(r), ze,(r))|2) dr. (63)

By Corollary 5.5 we known that t., (s) — t(s), 2, (s) = z(s) in H! and w;, (s) — w(s) in WP (for
p > 2). As a consequence, by Lemma 2.2

F(t(s),w(s), z(s)) < liminf F(t., (s), we, (5), ze, (5))- (64)

en—0

Next, taking the limsup,._ _,, in (63) we get

]imsup./r(tgn(s),wan(S),Zgn(S)) < f(o,w0720)+

en—0

+ lim sup / O F (te, (1), we, (1), ze, (1)) L, (1) dr
0

en—0

— lim inf /05 O, (|0, F (te, (1), we, (1), 2, (r))|2) dr. (65)

en—0

First, let us see that
S

lim OuF (te, (1), we, (1), Ze, (r)) t2, (1) dr = /05 OF(t(r),w(r), z(r))t'(r)dr. (66)

en—0 0

By Lemma 2.3 we know that 0yF (ts, (1), we, (1), ze, (t)) — O F(t(r), w(r), z(r)) for a.e. r € [0, s].
Moreover 0y F(t., (1), we, (1), 2, (r)) is uniformly bounded since

|0 F(te, (1), we, (1), 2, (1)) < C(F(te, (v),we, (1), 2., (1)) +1) < C.

Hence 0, F (te, (+),we, (+), 2, (-)) converge to O, F(t(-),w(:), 2(+)) strongly in L(0,s) (by dominated
convergence). Since t., — t in L>®(0, s) we get (66).
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Finally, let us show that

/0S |0, F(t(r),w(r),z(r))|rz dr < liminf /OS O, (|0, Flte, (1), we, (1), 26, (7)) |12) dr. (67)

en—0

It is not difficult to check that ®.(£) > & — ¢ for every £ € [0, 4+00). Thus we can write

[ a0 F 00 (00,2 Dl 2[00 F () s (0,2 ()i dr = 5
By Lemma 2.2
0 F (), w(r), =) g2 < T 05 F(te, () e, (1) 20 (1) 2
and thus (67) follows from Fatou’s Lemma. Joining (64)-(67) yields

F(t(s),u(s),v(s)) < F(0,wy, z0) — /08 |0, F(t(r),w(r), z(r))| gz dr +

+/0 OF (t(r),w(r), z(r)) t'(r) dr.

Part II. To prove the opposite inequality we employ the “upper gradient inequality” as in
Proposition 3.8. In this setting, t € W1>(0,s), z € Wh*(0,s; L2(Q)) N L>(0,s; V), w(r) €
argmin {F(t(r),w, z(r)) : w € U} and r — |07 F(t(r),w(r), z(r))|z2 belongs to L'(0,s). Then,
following step by step the proof of Proposition 3.8 it is not difficult (but lengthy) to check that

F(0,wo, 20) = F(t(s), w(s), 2(s)) < /OS |02 F(t(r), w(r), 2(r))| gz [12"(r) || 2 dr +

- /0 COF(t(r), w(r), 2(r)) () dr. (68)

Since ||2/(r)]|z2 < 1 we get
F(0,wo, z9) — F(t(s), w(s), z(s)) < /OS |0, F(t(r),w(r), z(r))| g2 dr +

- [ 8w, wl). ) () dr (69)
0
which concludes the proof. [ |

Corollary 5.7 Ifs., — s then F(ts, (e, ), We, (Se,)s 22, (Se,)) — F(t(s),w(s), z(s)) and z, (Se,) —
z(s) in HY(Q). Moreover s — z(s) is continuous from (0,5) to H'(€).

Proof. Following the proof of Theorem 5.6 it is easy to check, using (65)-(69), that

F(t(s),w(s), 2(5)) < Hminf Fe, (s2,), e, (52,), %, (5,))
S hmiup ‘F(tsn (san)7 Wey, (Sgn)7 Ren (San)) S f(t(s)’ UJ(S), Z(S))'
n—-+0oo
Thus limy— 400 F(te, (Se, ), We, (82, ), 26, (82,)) = F(E(s), w(s), 2(s)).
If s — s then by compactness (cf. Corollary 5.5) z, (s, ) converge to z(s) weakly in H' and
thus, by compact embedding, strongly in L? for every ¢ < 4+o0c. Since t., — t we get t. (s.,) — t(s).
Then by Lemma A.5 we have w.(s:) — w(s) in WP for some p > 2. Hence

/ (22 (50,) + W)W (D (52,)) dr — / (22(s) + )W (Di(s)) de,
Q Q

/Q(Zan(san) —1)*dz — /Q(z(s) —1)%dz.



May 4, 2017 p-24

By convergence of the energy it follows that

/]Vzen(sgn)\gdx . / V2(s)|? da,
Q Q

from which follows the strong convergence in H'. Since z., (s.,) — z(s) in H' for every sequence
se, — s we get that 2., — z (strongly in H') locally uniformly in (0, S).

Remember that, by Corollary 5.2, the evolution v, is bounded in W1°°(0,T.; L2)n H'(0, T.; H')
and thus it is continuous in H'. As a consequence s — z.(s) = v. o t°(s) is continuous from [0, S¢]
to H'. Since z. converge to z locally uniformly, its limit z is continuous as well. [ |

Remark 5.8 Using the Legendre transform it is possible to write (62) “in gradient flow fashion”.
Let
~ 0 <1 ~ <0
B(e) = B CER S
400 z>1, z z>0.

Note that ®(z) = U*(z). With this notation (62) reads
F(t(s),w(s), z(s)) = F(0,wy, 2z0) + /08 OWF(t(r),w(r), z(r))t'(r) dr +

- /O Tl (1) z2) + W (10, F(t(r), w(r), z(r))| =) dr. (70)

5.4 From energy balance to PDEs

In this last subsection we provide some properties, in terms of PDEs, of the parametrized evolution
characterized by Theorem 5.6. Intuitively such an evolution is an “arc-length” parametrization of a
BV -evolution [27, 30].

Remember that quasi-static evolutions for non-convex energies may have discontinuity in time
and that characterization of these points makes the difference between different notion of quasi-
static evolution, e.g. energetic, BV or local [27, 30]. Remember also that discontinuity points ¢4 (in
time) correspond in the parametric picture to intervals (s°,s?) with t(s) = tg, 2(s") = 2~ (t;) and
z(s%) = 21 (tg). " Vice versa” if t'(s.) > 0 then t. = t(s.) is a continuity point in time.

Most of the informations are provided by the relationship between the derivative ¢'(s) and the
slope |0, F(t(s),w(s), z(s))| 2, which is the subject of Proposition 5.9 ; its PDEs form is provided in
Corollary 5.10. First, in order to employ the chain rule, we prove the following lemma.

Proposition 5.9 Let (t,w,z) be a parametrized evolution (provided by Theorem 5.6) then for
a.e. s € [0,5] it holds

o 0w F(t(s),w(s), z(s)) = OuE(t(s),w(s)) =0,
o if t'(s) > 0 then |97 F(t(s),w(s), 2(s))] 12 = O,
o if |07 F(t(s), w(s), 2(5)) |2 £ O then t'(s) = 0 and
Z'(s) € argmin {0, F (t(s),w(s), 2(s))[§] : £ € B, [[€]lL2 < 1},
in particular |2'(s)|| g2 = 1.

Proof. Equilibrium for the displacement field follows from the minimality of w(s).



May 4, 2017 p-25

Since [|2'(s)]|z2 < 1 for a.e. s € [0,5] by (62) and (68) we can write
F(t(s),w(s),z(s)) = F(0,wg, z0) — /OS |0, F(t(r),w(r), z(r))| g2 dr +
—I-/O WF (t(r),w(r),z(r))t' (r)dr
< F(0,wo, 20) —/0 |0y F(t(r),w(r), z(r)|2 [[2'(r)] 2 dr +
+/OS OWF (t(r), u(r),v(r)) t/(r) dr < F(t(s),u(s),v(s)).

Hence all inequalities becomes equalities and hold in every subinterval of (0,5). In particular, for
a.e. s € (0,5) we have

|02 F(t(s),w(s), 2(s))[ L2 (1 = [[2()l| =) = 0. (71)
Hence, if #/(s) > 0 then ||2/(s)||z2 < 1 (simply because t'(s) + [|z'(s)||z2 < 1) and thus
|0, F(t(s), w(s), 2(s))[r2 = 0.

On the contrary, if |97 F(t(s),w(s),z(s))|r2 # 0 then ||2/(s)||z2 = 1 and ¢(s) = 0.
Let 5 € [0, 5] such that |0, F(t(5),w(s), 2(5))|r2 # 0, let us show that

#(5) € argmin {9,F(1(5), w(s), ()] : € € Z, [|€]l 2 < 1),

In order to apply the chain rule (80) we will show first that z € W12 (sy, so; H') for 5 € (s1,52). By
the lower semi-continuity of the slope (cf. Lemma 2.2) for 6 < 1 it holds |0, F(t,w, z)|;2 > C >0
for

(t,2) € I x By = {|t = t(5)] < 6} x {[|z = 2(8) [ 1 <}

and w € argmin {F(t,-,2)}. Since s — (t(s),2(s)) is continuous in [0,7] x H' and since t. and
ze converge locally uniformly (cf. Corollaries 5.5 and 5.7) there exists s; < ss such that both
(t(s),2(s)) € Is x Bs and (t=(s), 2:(s)) € I5 x Bs for s € [s1, s2]. Thus,
|0, F(te(s),we(s), ze(s))|2 > C >0 for s € [s1, s2].
In other terms, let t§ = t°(s1) and t§ = t°(s2). Then we have s°(t) € [s1, s2] for ¢ € [t5,t5] and

107 Fe(t,ue(t),v: (1)) 12 > C >0 for t € [t5,85].

Remember that z.(s) = v 0 t°(s) and that (¢°)'(s) = 1/5°(¢t°(s)) (being t¢ the inverse of s°); then,
by the change of variable s = s¢(t) we get

[ I B ds = [ o) Bl (9 ds

S1 S1
[,
e ()
By T
" s T TR0
B S 0T —,
2 €+ |0y Fe(t,us(t),ve(t)| 12
;
<o [ Nl < v,

where the last bound follow from Corollary 5.2. Thus, z. and its limit z belong to W12 (s, so; H').
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Hence, by the chain rule

F'(t(s), w(s), 2(s)) = 0:F (t(s), w(s), 2(s))[2'(s)] + O F (t(s), w(s), 2(s)) '(s) (72)
for a.e. in s € (s1,52). On the other hand, by Theorem 5.6 for a.e. s € (s1,s2) it holds

F(t(s),w(s), 2(5)) = —|0uF(t(s),w(s), z(s)|r2 + OF (t(s),w(s), z(s)) t'(s).
Hence,

0:F (t(s), w(s), 2(s))[2'(s)] = —|0uF (t(s), w(s), 2(s)) 2.

Therefore 2/(s) € argmin {9, F (t(s), w(s), z(s))[&] : € € E, ||€]|r2 < 1}. |
Corollary 5.10 Let (t,w, z) be a parametrized evolution (provided by Theorem 5.6) then for a.e. s €
[0, S] we have

e ift'(s) >0 then

{ [2(s)W (D(5)) + Ge(z(s) — 1) — GeAz(s)] T =0 73
div(az(s) (QD(S))) =0,
o ift(s) =tq in (s°,s') then
{)\(s)z’(s) = —[2(s)W(D1w(s)) + Ge(2(s) — 1) — GCAZ(S)]+ (74)
div (0o (@(5))) = 0.

where A\(s) = ||[z(s)W (Dw(s)) + Ge(z(s) — 1) — GeAz(8)] || 2.

Remember that the first case corresponds to a continuity point in time, the second describes instead
the “instantaneous evolution” in the discontinuity point ty. As in (37) the first equation in both the
previous systems holds in L*(Q) while the second holds in H~1(Q, R?).

Proof. If ¢/(s) > 0 then by Proposition 5.9 |9, F(t(s), w(s),z(s))|rz =0, i.e.
0, F(t(s),w(s), 2(s))[(] >0 for every £ € H' with £ < 0.

In other terms, 0,F (t(s),w(s), z(s)) is a negative Radon measure or, equivalently, a Radon measure

p with ™ = 0. As in (38), writing 9, F (t(s),w(s), 2(s)) in the sense of distributions yields (73).
By Proposition 5.9 we know that 2/(s) € argmin {0, F (t(s), w(s),z(s))[¢] : € € 2, ||€]l2 < 1}

and thus by Lemma A.4 we get (74). [

A Some Lemmas

A.1 Discrete Gronwall

First of all let us provide the Gronwall estimate to be used in the proof of Theorem 5.1. It’s proof
originates from [33] and [22].

Lemma A.1 Let~y >0, ag,bg,cp > 0 and ag = 0 such that

aiﬂ —ai < —Tyazﬂ + Tagy1bgr1 + TC%H for k € N. (75)

Denote ty, = kT for k € N. Then for 0 < f < /2 and 7 < 1 it holds

k 1/2 k
ap < <ZT@25(tkti)cg) + ZTef'B(t’“*ti)bi for k € N.
i=0 i=0
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Proof. for A = (1 +7)%2 and for 7 < 1 let us re-write (75) as Naj

Denote
k ‘ 1/2
Cr = (chg> :

=0
— Apiqbpsg > 2
k+10k+1 2 Cgq1

A = AM(Cr + By), By

Let us show that A, satisfies
)‘ZAkJrl A3
In terms of C), and By, the left hand side reads
AT2EEDR2(02 4 B2+ 20)41Bry1) — N (CE + BE +2C,.By,)

Let us see that (76) holds. First, since A > 1

NHC2 | ATHROL = ATIH(CR, | OF) > AR 2
Next,
ABEy = N HB - A UB by =
= A 2E(By 4 AR )2 — A2E B2 \(kHD)

_ ()\—2k+2(k+1) _ 1)b%+1 + (2)\—2k+(k+1) _

where the last inequality follows again from A > 1. Finally,

AN C b =

Ck)Bk: + (2)\72k+(k+1)

2N Chiq (B + Nt by) — 202 Cy By, —
= 2)\7%F (Crpr —

again because A > 1.

Since )\2az+1 — az — apr1bp+1 < Cz+1 and agyq1 > 0 we get

ak+1

1
<o <bk+1 + \/ka +4X%(af + Ck+1))

In the same way

| V

21\2 (bk+1 + \/bk+1 +AN2(AR + Ck+1))

Hence by induction ai < Ay for every k € N, i.e.

k
a < (Z )\2(7,

1=0

Akt

cz-> —i—Z AR, .

)\

p-27

2 2
—ay, — ag1bpr1 < oy

k

Z b, .

1=0

(76)

. (Crs1 + Big1) i1

11> Chyt

By + XN 1) b

>\_(k+1))Bkbk+1 >0,

) Chsrbrsr > 0,

Finally, it is not hard to check that for 0 < § < /2 and 0 < 7 < 1 it holds

Al=(1+7)Y2<1 -5

Hence, for t;, = kT we have

AGR) = A=) < (1 = )= — (=) (1-87) < (~Blh=i)7

Then i
ar < (ZTG 2B(te—ti) z2> + ZTG Bti—ti)
=0

which concludes the proof.

— ¢ Blte—ti)
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A.2 Representation of linear functionals

We provide here a couple of representations, to be used in Theorem 3.9 and in Corollary 5.10. The
first, related to unilateral gradient flows, is already stated, without proof, in [17]. The second follows
from [13, Lemma 4.4]. In the next Lemmas we assume that € is an open, bounded set in R"™.

Lemma A.2 Let ( € H-Y(Q). If

sup {(¢,€) : € € H3(Q), £ >0, [[¢]l2 <1} < 400 (77)
then ¢ is a (locally finite) Radon measure whose positive part belongs to L*(Q).

Proof. We introduce the indicator functions I, I : H} — [0, +00] given by

fmaz{o fellaz = 1 Lgoz{o f20

400 otherwise, +oo  otherwise.

By (77)
sup (¢, €) — (I+(€) + Ip(§)) < +oo.

¢eH}

In other terms, ¢ belongs to the proper domain of the Legendre transform (I, + Ig)* in H-1. In
order to characterize the proper domain, let us write by inf-convolution, e.g. §15.1 in [§],

(It + 15)*(¢) = min Ii(p) + I5(C — ).
peH

Clearly, if (I4 + Ip)*(¢) < +oo there exists u € H~! such that I} (u) + I}5(¢ — p) < 400 and hence
I* (u) < +oo and I5(C — p) < +00. Choosing & = A, for A > 0 and € > 0, yields
A, €) < sup{(u,€) : € € Hy, £ > 0} = I (1) < +oo  for every A > 0,

thus <,u,é> < 0 for every é > 0in H&. By Riesz-Markov Theorem it follows that p is a negative
Radon measure. Further, since

the functional ( — u can be extended from H& to the whole L? (by Hahn-Banach Theorem) and thus
it can be represented as an element f € L? (by Riesz’s representation Theorem). In summary, we
write ¢ = p+ fL£, where p is a negative Radon measure, f is an L2-function and £ is the Lebesgue
measure. Write . = g + s where pq. and pg are, respectively, absolutely continuous and singular
with respect to £. Then piq. = —mL (by Radon-Nikodym Theorem) where m € L' and m > 0.
Hence

C=(f-m)"L+pl=(f-m)TL=(f—m)L4

where A = {f —m > 0}. In A we have f > m > 0 and thus m € L?(A). It follows that ¢(* € L2.
|

Lemma A.3 Let ¢ € (HY(Q))*. If
sup {(¢,€) 1§ € H'(Q), £ 20, [|¢]lp2 <1} < +o0 (78)
then ¢ is a finite Radon measure whose positive part belongs to L*(Q2). Moreover

sup {((,€) : €€ H'(Q), €20, ||€]|p2 < 1} = [|¢T]| e (79)
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Corollary A.4 Let ¢ € (HY(Q))* and let

& € argmax {((, &) : £ € H'(Q), £>0, [|€]lp2 < 1},

then ¢ is a finite Radon measure and (™ = &y ||CT||12. In particular, the positive part (T belongs
to HY(2).

Proof. If ( = 0 there is nothing to prove because the identity (T = &p/||¢T||z2 becomes trivial.
Otherwise, since & > 0 we have, by the previous Lemma and by density of smooth functions

1< N e = (¢ €nr) = sup {((,€) : € € HI(Q), £ >0, [|€]l 2 < 1}
=sup{((,£) : £ € €, £ >0, [|€][r2 < 1}
<sup{(¢T,€) €€ L%, €20, [|€]l 2 <1} =[I¢7 o

It is now enough to note that & = ¢*/||¢*|| ;2 is the unique maximizer in L?(Q). [

A.3 Continuous dependence and differentiability

Finally, we collect, for the readers convenience, few results from [22] adapted to our notation and
framework; the first follows from [22, Lemma 2.2] (which in turn is based on a general regularity
result proved in [20, Theorem 1.1]), the second from [22, Lemma 2.4] while the last from [22, Lemma
2.3).

Lemma A.5 Let g € CY([0,T]; W'P(Q,R?)) for p > 2. Fort € [0,T] and v € V denote u(t,v) =
argmin{ F(t,-,v) : u € U}. There exists C > 0 and 2 < p < p such that: for every 2 < p < p, every
ti,to2 € [0, T] and every vy,ve € V it holds

[u(tz, v2) — ulty, v1)llwre < C(llg(t2) — g(t1)llwre + gl Lo o, Wiy 02 — villLa)

where 1/q = 1/p — 1/p. We remark that C > 0 depends only on the linear elastic density W, on
n > 0 and on ; in particular, it is independent of the boundary condition.

Lemma A.6 If u € W'P(Q,R?) for some p > 2 then F(t,u,-) is Gateauzr differentiable (with
respect to H*(Q)) and

0.7 (t,u e =2 [

va(Du+Dg(t))d:c+Gc/(v—l)§+Vv~V§dw VEe HY(Q).
Q Q

Note that the above integrals makes sense thanks to the fact that, for Q C R?, &€ € L9 for any
1 < g < +oo while, by assumption, W (Du + Dg(t)) € LP for some p > 1.

Lemma A.7 If v € WY2(0,T; H') and u(t) € argmin{F(t,u,v(t)) : u € U} then the energy
t— F(t,u(t),v(t)) is a.e. differentiable in (0,T") and the following chain rule holds:

F(t,u(t),v(t)) = 0 F(t,u(t),v(t)) + OuF(t,u(t),v(t)) [0(t)] . (80)
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