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Trefftz methods

Consider a boundary value problem
Lu=0 inDcRY Bu=g ondD.

A Trefftz scheme is a discretisation whose trial (& test) functions vy, are
solutions of the PDE Luv, = 0 in each element of a mesh.

This works well for PDEs that
» are linear

» are homogeneous }{v : Lv = 0} is linear space
(source term is 0)
» have constant coefficients Trefftz functions are “edsy" to build

Examples: deR"|d =1
Laplace equation Au=0 — harmonic polynomials,

Helmholtz equation Au+k’u=0 — plane waves e4x,
wave equation —Au+c¢20?u=0 — plane waves f(d-x — ct).

bl



Quasi-Trefftz methods

What happens if the PDE has smooth coefficients?
We typically don’t know how to construct discrete Trefftz space.

Quasi-Trefftz idea:
use discrete functions that are approximate solution of the PDE
Luy =~ 0 (in each mesh element K).
More precisely: quasi-Trefftz functions vy, satisfy

(DiLvp)(xk) =0 VieN}, |ij<q,  foragivenxg cK, qeN.
Instead of Lu, = 0 in K, this only requires that the

degree-q Taylor polynomial (centred at a given point xg) of Luy, is O.

= Smallresidual:  Lvp(x) = O(]x — x¢[9T!), xc K.

Which kind of functions are these?



Polynomial quasi-Trefftz approximation

Let m be the order of the linear PDE operator L.
We use degree-p polynomials: for p € N

Qr2(K) == {uh e PP(K) : (DiLvy)(xx) =0 VieNE, |i| <p- m}.

Taylor polynomials of PDE solutions are quasi-Trefftz
Let £ =3 ;< m D for oy € Cmaxip~mON(K),  Lu =0 foru € CPTI(K).
Then TE [u] € QT2 (K). (Degree-p Taylor p.)

h-approximation estimates follow for any (linear, smooth-coeff.) PDE:

£ and u as above, K starshaped wrt xx, @

Ik = SUPgck |X — Xk|

: dPrimd  piiq
inf = fu— Plgyg) < ( |l o (k) vq < p.

PEQI (K) p+1-g!*



Quasi-Trefftz methods

Qr%. has same approximation orders as full polynomial space PP but
much fewer DOFs. Typically, on K ¢ R<:

dim(Qr) = Op oo (p?™!) < dim(PP) = Opoo (p?).

To approximate a BVP we also need:

» a (DG) variational formulation, } In the rest of the talk,
» a basis of QT%. for the wave eq. only.

» p-estimates,

Missing: . i
» estimates in Sobolev norms.
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Initial-boundary value problem
Wave eq.: —Au+c20?u=0. Setv=duand o = -Vu.

First-order initial-boundary value problem (Dirichlet): find (v, o) s.1.

Vu+ 0o =0 iNQ=0x(0,T) cR™!, neN,
V'O“F%atl):o inQ,
C
U(-,O) = Vo, 0'(-,0) =09 ON,
v(x,)=g on 9 x (0, T).
Velocity ¢ = ¢(x) piecewise smooth. ) C R" Lipschitz bounded.
» Neumanneo-n=g & Robin 2v—o-n=g BCs
» more general coeff.'s ~V-(p~'Vu) + GPu=0
Extensions: ~ Maxwell equations
> elasticity
> 15t order hyperbolic systems. ..



Space-time mesh and assumptions

Intfroduce space-time polytopic mesh 7, on Q.
Assume: ¢ = c¢(x) smooth in each element.

t
T
> Assume: each face F = 0K; N 0Ky
\ with normal (n}, nk) is either
jin \ » space-like: cn¥| < nt, F c Fpace
| \ or
\ . .
s K L] » fime-like: nf, =0 F C Fiime
o :
X
.F;lime I_-space

h

Usual DG notation with averages {-}.

n*-normal space jumps [Jn. ni-time jumps [];.
Lateral boundary F2 := 99 x (0, T).



DG elemental equation and numerical fluxes

Multiply PDEs with test field (w, 7) & integrate by parts on K € Ty:

7/ (U(V : 7-+c*26tw) +o- (Vw+8tr)) av
K
+/ ((vr+aw)-n}‘<+(a-7+c2vw>nf<)dS:O.
oK

This is an “ultra-weak” variational formulation (UWVF).

Approximate skeleton traces of (v, o) with numerical fluxes (vn, on).

defined as a, B € L= (Flime | F0)
U, o on FpraCy Fr
=~ Do ~ oo on 7
O = 5 Oh = ime
{on} + Blow]x fon} + afvn]n on Fi
g on—a(v—gmny onFP

“upwind in time, elliptic-DG in space”.
a = f =0 — KRETZSCHMAR-S.-T.-W., af > 7 — MONK-RICHTER.



Space-time DG formulation

Substitute the fluxes in the elemental equation,
add volume penalty term as in (IMBERT-GERARD, MONK 2017),
choose discrete space V,c H! (T)'™™, sumover K — write xt-DG:

Seek (vn,on) €V, st, Y(w,T) €V,

A(Vn, on;, w, T) = (W, T) where. ..
A(l)h,a'h w, 7' Z / (Uh V T4+ C 28tw>+crh (Vw+8t7-)> dv
KeTp
vy [w]e
+_/]-‘;PQCE(C72 HT]]t+U IIT]]N+0' [[w]]N>dS

+ /fﬁme ({{Uh}[["']]N + {on} - [Win + ofvr]n - [w]n + 6[[0h]]N[[T]]N) ds
‘*‘/Q {T}(C_thw+ah~1')ds +/ (on-ng + avy)wds
+ Z / (Nl (V-o+c 28tv)(V T+ c_2atw) + po(0ro + V) - (0 + Vw))

KeTy

L(w, T) ::/ (c*2v0w+cro-'r)ds+/ glaw — 1 -ngq)dS.
Qx{0} F2



Coercivity in DG skeleton norm

Key property, from integration by parts, is coercivity in DG norm:

A(w, 7w, 7) > |||(w, 7)l[3g v(w,r)e I _HY(K)"
KeTh
2 2
—\/2 _ 1 1—v\1/2
It rie = 5 | (1) e Tl | () e
L2 (FP2ee) F L2 (FPactyn
2
— C —
+ 2 H LZ(]-'OU}'T) + 2 HT L2(J-‘0UJ-'T)"
2
1/2 H 1/2 H 1/2
w w
+ HO{ [[ ]]N LZ(]:tlme + /B T]] L2 ]:tlme) o L2(]:;?)
1/2 -1 1/2 2
(cV - c ow H (Vw+ 0 )
+ Z (H,u T+ ¢ ) 2 + ||ty + O0rT) L2(E)n
KeTp
= M € [0, 1) ~ distance between space-like face F & char. cone.
F
» Well-posedness and quasi-optimality (V discrete spaces)

ll(v, &) = (Un, on)lllpe < 3infw,ryev, (v, ) — (W, 7)|llpc+



Global, implicit and explicit xt-DG schemes

1 xt-DG formulation is global in space-time domain Q:

» huge linear system! Good for adaptivity, DD. ..
2 If mesh is partitioned in fime-slabs 2 x (-1, §) ﬁ

then matrix is block lower-triangular: HH zz
sequentially solve a system for each slab 1 S

» implicit method. ‘ X
3 If mesh is “tent-pitched”, DG solution t

is computed with a sequence of local systems:

» explicit method, allows parallelism!

UNGOR-SHEFFER, MONK—RICHTER. .. X

Versions 1-2-3 are algebraically equivalent (on the same mesh).



Related works on xt-DG formulations

Proposed xt-DG formulation comes from:

» MONK, RICHTER 2005, linear symmetric hyperbolic systems,
tent-pitched meshes, PP spaces, a3 > 1

KRETZSCHMAR, SCHNEPP ET AL, 2014-16 Maxwell eq.s, Trefftz
» M., PERUGIA 2018 Trefftz error analysis
PERUGIA, SCHOEBERL, STOCKER, WINTERSTEIGER 2020  Trefftz & tents

v

v

» IMBERT-GERARD, M., STOCKER 2020 — arXiv:2011.04617
pw-smooth ¢, quasi-Trefftz

Related works:

> BANSAL, M., PERUGIA, SCHWAB 2021 corner sing.s, sparse grids
» BARUCQ, CALANDRA, DIAZ, SHISHENINA 2020 Trefftz + elasticity
» GOMEz, M. 2021 Trefftz + Schrédinger

Many other xt-DG formulations for waves exist!
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Quasi-Trefftz space

Define wave operator Oeu = Au — Go?u, G(x) = ¢~2 smooth.
Fix (xk, tx) € K C R*L, Quasi-Trefftz (polynomial) space:

QUP(K) :== {u e PP(K): DOgu(xg,tx) =0, V|ij<p-2}

QWP (K) == {(dyu, —Vu),u € QUPTH(K)}

» Taylor polynomials of smooth wave solutions belong to QUP (K)
» xt-DG is quasi-optimal

It follows that xt-DG converges with optimal rates in DG norm:

+1/2
11(v,0) = (vh, on)lllp < Csupger, REL? (Ul e g



Quasi-Trefftz basis

The local discrete space is clear.
How to construct a basis for it? Use the following fact:

uec QUP(K) isdetermined by u(.,tx) and owu(.,tk)
Choose two x-only polynomial basis:

(P+n) for PP(R™), {EJ}JZI (p,lﬂl) for PP~1(R™).
n B n

.....

Construct a basis for QUP(K) “evolving” by and by in time:

b;(-, tx) = by, Otby (-, tx) = O, forJ < (Pfm)
b P(K) : = "
{ g € QU ( ) bJ('7tK):Oy 3th('7tK): (PN for (errln)<J

ford =1,...,(Pf") + (PLHn).

We prove that this defines a basis and show how to compute {b,}.



Computation of basis coefficients

Fix n = 1 (for simplicity). Denote G(x) =Y o _o gm(x —xx)™. go > O.

Monomial expansion of basis element:
bJ(x, t) = Z ai, i, (X — XK)iX(t — tK)it,
L+t <p
Cauchy conditions (by (-, tk). d:by (-, tx)) determine a;_o. a;, 1.

by € QUP if coeff.s satisfy: foriy +ir<p—2

i
00 Dby (i, tr) = (b + 2)! ! Airo i — D ! (it +2)! i Ui 2 =0
Jx=0

Linear system for coeff.s a;_;,.

Compute a;, ;12 @
from coefficients @ :

first loop across diagonals 7,
then along diagonals X




Bassis construction: algorithm —n =1

Data: (gm)men, . X tk. p.

Choose favourite polynomial bases {b;}. {b,} in x,
— coeff’s Qje,.,00 Qe 1

For each J (i.e. for each basis function), construct b; as follows:
forc=2top (loop across diagonals ) do
fori;=0to/—2 (loop along diagonails \ ) do
set iy, = ¢ — iy — 2 and compute
(i +2) (i + 1) g
aix 1.t -
it+2)(it+ 1)g0 +2. Z 9o

Qi i+2 = ( Ay i +2

jx:o
end

end

bJ(X, t) = Z Qe I ()C — XK)kX(t — tK)kt
O<Icc+I<p




Basis construction: algorithm —n > 1

In higher space dimensions n > 1,

with G(x) = 3=, (x — xk)*g;,,

the algorithm is the same

with a further inner loop: g

forr=2top (loop across {|ix| + it = ¢ — 2} hyperplanes, /) do
forii=0fo/¢—-2 (loop across constant-t hyperplanes 1) do
for iy with |ix| =¢— i, — 2 do
n
(ixl + 2)(in + 1) _ gix_jx .
Aiy i +2 = lz (lt ¥ 2)(lt I )g Ay +2e,i; Z Jdo G, i+2

.ix<ix

end
end
end




More general IBVPs

Everything extends 1o 2 piecewise-smooth material parameters p, G:

Vv + pdio =0, V-4 Gov=0,
Wavespeed is ¢ = (pG)~1/2. Second-order version:
1 1
-V <7Vu) +Gdu=0 (v=0wu, o = ——Vu).
p P

Basis coefficient algorithm needs some more terms.

If the Tst-order IBVP does not come from a 2nd-order one, we use

D‘(Vw + p@tr)(xK, tK) =0
QrP(K) := { (w,7) € PP(K)""!| DYV -7+ Go,w)(xk, tg) = O
Vji|<p-1

This space is only slightly larger (~ 2 x, still O, (p™) DOFs)
and allows the same analysis.
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Numerics

v

Implemented in NGSolve.
https://github.com/PaulSt/NGSTrefftz

Both Cartesian and tent-pitched meshes.

Volume penalty term not needed in computations.

DG flux coefficients a~! = 8 = ¢, but even a = 8 = 0 works.
Good conditioning.

Monomial bases {BJ}, {EJ} outperform Legendre/Chebyshev.

vV vyVYyVvVvyy



Numerics 1: convergence

Compare quasi-Trefftz and full polynomials spaces

QWP(Tp) =Tk { (deu, —Vu), u € QUPT(K)}
VP(T) = Hg{ (0w, —Vu), ue PPTH(K)}

DG-norm error: optfimal order in h, exponential in p.

101% —
10°

—
o

(v, &) = (vnp, T1p)llIDC

n=2, G=(x+x+1)7},

P
u=(x+x+1)>% V75, g=(0,1)

20



Numerics 2: DOFs & computational time

Quasi-Trefftz wins > 1 order of magnitude against full polynomials:

1072 ¢ 4
ol F E
o 10 -
=) E E
= 103}
B o
§ w0l n
Y AN
S 5N L i
T LR F E
E 106 F Q\‘ -\‘ E E
= 10-7 L|-e-awr L|-o-qQw? J
AR ® F|-= Yr E
10—8‘”\ n TR L L T L I
104 10° 102 103
#dof time (s)
h=232% p=1,23 4
n=2, G=x1+xx+1, u=Ai(-x —x —1)cos(v2t), Q= (0,1)3.

21



(n = 2) Final-time error, computational time (sequential), speedup:
(#dof~1/3 ~ h)

o ]

T T
10° E| - QW? tents

time on 1 thread / time on n threads

——QW! tents
10%F-m- Qws |
P T e N N S T E—— —
g % o
s o
E I 2o
1076 || M- QW tents b
—— QW' tents Wl e
= oWt
S e R N
0. owt » i,
T T . LU i IE—— T
1070% 10! 1071 10-0% 10! 10712
Hdof 1/ #dof-1/3

T
@ QW' tents 2
- QW' tents 4
10|-| == QW' tents 8
-@-QW! tents 16
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Numerics 4: energy conservation

Plane wave through medium with G = 1 + x, in (0, 1)3

/1

energy

£=1[(c20®+|o2)dS

DG scheme is (provably) dissipative. [ ——
Forp=3,h=277,0nly 0.076% loss. ||~ h=27¢

—h=2"7

7 T . . . .
0 0.2 0.4 0.6 0.8 1
time(s)



Numerics 5: rough solutions

Uo(x) = oo(x) = max(0.25 — |x],0) = __/\__ € HY(Q)\ C}(Q),
Gx)=(1+x)"2, p=1, c=1+x, onQ=(-05,0.5).

h LZ(Q x {T})% error rafes
26 0 ézoX{ J QWO (Tr) (piecewise-constants)
2-7 0:012 0.73 on uniform Cartesian meshes.
2-8 . 82 _

-9 00097 08 Optimal O(h) convergence
2 0.0037 0.88 0 )
2-10 00018 1.0 even for ue H*(Tp) \ C*(Tn).

e
Ny . A

24
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Summary

Quasi-Trefftz DG:

» Extend Trefftz scheme to piecewise-smooth coefficients.
Basis are PDE solution “up to given order in h”.

» Simple construction of basis functions:
same “Cauchy data” at element centre as for Trefftz.

» Use in xt-DG , stability and error analysis.
High orders of convergence in h,
much fewer DOFs than standard polynomial spaces.

If you use DG for linear PDEs, try quasi-Trefftz & save DOFs!

IMBERT-GERARD, M., STOCKER, arXiv:2011.04617
https://github.com/PaulSt/NGSTrefftz

Thank youl!
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