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So...what’s the issue? Instability!
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» wavenumber k > 0 "
> norm on € 9. [ llm@- Il FWHil(m
W11 e
» target relative accuracy 0 < § < 1 (e.g. 0.5, 1% or10-19)
» large number M (e.g. 1029

Then we can give you an explicit u = u,, 5 »(x) such that:

u e C(R"), Au + K2u = 0, Hu”yourfovourire =1
VP e N, P
P .
vy e g Wi =D e <6 = [ |ele>M
’|'d.1.,|7 =1 p=1 your favourite

Every PPW combination with accuracy § has huge coefficient vector: cancellation!
If M > (machine precision)~!, we can’t represent u in computer arithmetic with PPWs
PPW approximation is unstable!

Stability = existence of small coeff.s approximation (ADCOCK, HUYBRECHS 2019-20)
Requires regularization (oversampling + SVD fruncation)
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Evanescent plane waves

Evanescent plane waves (EPW): erdx  deCt d-d=di+---+d2=1

>
>
>

Complex d!
Helmholtz solutions

Idea fromm WBM (wave-based method) by Wim Desmet, Elke Deckers etc (Leuven)
EPWs often used in modelling, not so much in numerics

Complex exponentials: cheap computations, exact quadrature. ..
ei/{d-x _ ein%d-x efm%d-x

Rd: propagation direction
3d: evanescence direction

lelrdx| — e=#34x  gssentially localised, need normalisation, easy e.g. in L®
SEGD Ray))
$




e dx  d=Rd+i3d e C"

(A + K2)el % =0 «—

RAJ2 - |3d[2 = 1
Rd-3d =0

/ S(d) - R(d) =0

dd=1 <

Unit ball
[R(d)[>1



Evanescent plane waves: parametrisation

eindx d=Rd+iSd € C"

3(d)| = /R(P 1

(A + K2)elrdx = 0 «—
Rd|2 - |Sd]?2 =1
dd=1+<= {|ﬂ%d-|3d|:0
d parametrised by:
> p= % € S propagation direction
> e= % € S*!: evanescence direction L p
> n=13d| € [0,0): evanescence strength
n=0 < EPWis PPW (=|Rd|=+/1+7n2

d
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Unit ball
T R@| 1
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Evanescent plane waves: parametrisation

elndx d=rd+iSd € C"

(A + KZ)eimdx =0 — . S(d) - R(d) =0
9 a2 S(d)| = /IR(A)[? =1

{|8‘Ed| —|3d)2 =1

dd=1
7 \nd-3d =0

d parametrised by:

> p= % € S*1:  propagation direction

e= % € S*~1:  evanescence direction L p

> Unit ball
T R@) > 1
» 1 =|3d| € [0,00): evanescence strength

C=|Rd| = V1472 d(y) = V1+n’p+ine

n=0 < EPWis PPW

Parameter vector y:= (p,e,n) € Y :=S""!x8§"2x[0,00), FWy (x) := elrd()=

IN2D: peS! ~ 0€[0,27), e~ =+l
In 3D: use Euler angles of rotation from reference direction d+ = (in, 0, /1 +17?) —d
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Herglotz functions & EPW Herglotz representation

Herglotz functions are continuous superposition of PPWs: (COLTON, KRESS. . .)
u(x) = / v(d) e"¥* dd  for ve L*S"Y)
Sn—l

Only some Helmholtz solutions u € C>*(R") are Herglotz:
L2(S™ 1) 5 v+ uhas dense image (WECk 2004) and is compact, but is not surjective
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Herglotz functions are continuous superposition of PPWs: (COLTON, KRESS. . .)
u(x) = / v(d) e"¥* dd  for ve L*S"Y)
Sn—l

Only some Helmholtz solutions u € C>*(R") are Herglotz:
L2(S™ 1) 5 v+ u has dense image (Weck 2004) and is compact, but is not surjective

Idea: Define the EPW version of Herglotz functions:

() = (Tv)(x) = /Y o(y) MO 2(g) dy  for ve L2(Y)
By (x)

2n—5

Weight w(y) = e "~

is a normalisation, Y = S 1 xS"2 %[0, 00) is unbounded in n



Herglotz representation on the disc and the ball

Theorem: Helmholtz solutions on B; are EPW superposition

For Q@ the disc/ball By, T:Ac L2,(Y) - B:={ue H'(B;), Au+«x*u=0} isinvertible.

In particular, for all Helmholtz solutions u € H!(B, ). there is a density v = T~!u such that
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Stability = small (continuous) coefficient representation



For Q the disc/ball By,

Herglotz representation on the disc and the ball
Theorem: Helmholtz solutions on B; are EPW superposition

u(x) = /Y v(y) BNy (x) w?(y) dy,

T:ACL2(Y) > B:={ueH!(B), Au+x?>u=0} isinvertidle
In particular, for all Helmholtz solutions u € H!(B, ). there is a density v = T~!u such that

[l (v) < Cllullm )
Stability = small (continuous) coefficient representation
2D:

Tool: expansion of EPWs in circular/spherical waves {b§m)}, extending Jacobi-Anger
by(x) = By Jy(kr) e
3D:

b (%) = e je(klx[) Y (5

)
B, = H} (B;)-normalisation

»
UM
’ P

‘‘‘‘‘‘




For Q the disc/ball By

Herglotz representation on the disc and the ball
Theorem: Helmholtz solutions on B; are EPW superposition

u(x) = /Y b(y) BWy(x) w?(y) dy,

T:ACL2,(Y)— B:={uec H(B), Au+ k?u =0} isinvertible
In particular, for all Helmholtz solutions u € H!(B, ). there is a density v = T~!u such that

HUHLE)Q(Y) < Cllullg (sy)
Stability = small (continuous) coefficient representation
Tool: expansion of EPWs in circular/spherical waves {b(m)} extending Jacobi-Anger
2D : by(x) = B¢ Jy(kr) €’
3D: b'(x)

- >
o.n. basis a;" of As.t. T is diagonal & continuous
Beje(kIX)) Y () | T:a* — b},
B¢ = H}(Bj)-normalisation A

O<7_ < || <74 <00 WL
a;" explicit up to normalisation
OO N .
- - »
- -8
t. .l s
L »

EPWSs are a continuous frome for ’rhe‘HéImhol’rz solution space

= synthesis operator

8



Jacobi-Anger approach relies on expansion in orthonormal basis: works only for 2 = B,



Weyl expansion

Jacobi-Anger approach relies on expansion in orthonormal basis: works only for 2 = B,

Expand 2D Helmholtz fundamental solution ®(x, x’) in half plane with PPWs+EPWSs:

PWy (x) := BW (g 11 0) = em(cosex1+sin0x2) ?
ik cos 6 K 0 0
BW (g, () 1= €V 1 (500) xeomn () x EPWs 25,0 PPWs

/

y = (0,0,m) € Y :=[0,2m) x {£1} x [0,0) xS, x
X1 > X} %




PW expansion in convex domains

For smooth convex 2 ¢ R? with strictly positive curvature,
combine (rotated) expansion of ®(x,y) with Single+Double layer representation

u(x) = Syvu(x) — Dypu(x)

- [ [p.y)u(y)~tad(x.y)u(y)] ds(y) SR



PW expansion in convex domains

For smooth convex 2 ¢ R? with strictly positive curvature,
combine (rotated) expansion of ®(x,y) with Single+Double layer representation

Sl
u(x) = Syvu(x) — Dypu(x)
- [ [p.y)u(y)~tad(x.y)u(y)] ds(y) S

We can write Helmholtz solution u as superposition of PPWs and EPWs
27
u@) = [ (QPw)(e) Po(®) a0+ [ (QPu)(3) By (x) w(y) dy
(0] Y

EPW weight w?(y) = <|E\Ny(n*l(€)f ;7/2))}2 (1+n?) curv(n*lwfm/z))y1 v < 1/2
with bounded solution-to-PW-coefficient operators (Q°* can be written explicitly)
OF i H2*¢(Q) — L2(SY),  QF : H2T¢(Q) — L2:(Y)

See (GALANTE, PhD dissertation 2026)
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1 Construct guadrature rule, using Christoffel sampling from (COHEN, MIGLIORATI 2017)
Works well but complicated (PAROLIN, HUYBRECHS, M. 2023, GALANTE, M., PAROLIN 2025)

2 Simplerrecipe (here 2D) (from Herglotz repr. asymptotics)
» P ="DOF budget”: goalisto construct a P-dimensional PW space on K c R?

» Sampling: {((Jp,gop,fp)};;l ~ uniform probability on [0, 27) x {£1} x [0, 1]
random, quasi-random-(Sobal... . ), deterministic (tfensor-product,...)

» Evanescence parameters: (p=max{l, goqomy &p}, My =Cp 1 C/n
L 3

» The discrete Trefftz space is

p e (500) x — sinfpY
TP(K)span{BNp } with [ BW,(x) = e lin) xemmmer(L05,) x
IBWplloe i) J py

If P < 2k diam(K) = only PPWs Otherwise, P — 2k diam(K) out of P DOFs are EPWs



Part I



Au+r2u=0 onQ cR?

Consider 2D Helmholiz impedance BVP
Opu — 15U =g € L2(09)
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Ultra-weak variational formulation (UWVF)

Au+r2u=0 on c R

Consider 2D Helmholtz impedance BVP
Opu —kdu =g € L2(09)

Quasi-uniform mesh 7 = {K}, Trefftzspace Vi, =[x Tp(K), extend 0 < 9 € L= (g 9K)
Robin fraces: VK Tp(K) = L2(0K),  vKv = +0p,0— v

UWVF (CESSENAT, DESPRES 1998)

Find up € Vi, s.t. / v uh ’yfl)h = Z / 9 l’yfl uhv 2vp
KeT K €T KyeT ¥ 9KiNoKs

= Z/ 9= g%rvh Yo € V
ke OKNaQ

Can be written as DG (GABARD ‘07, BUFFA MONK 08, GITTELSON HIPTMAIR PERUGIA “09)
Consistent with BVE  coercive, well-posed, quasi-optimal in skeleton norm(s), sparse

Extensions to: Dirichlet, Neumann, @-BCs, DiN, multiple scattering, waveguides,
quasi-periodic, Maxwell, elasticity, Friedrichs, sources, piecewise-constant media.. .



Stable approximations

General message from (ADCOCK, HUYBRECHS 2019-20)

If bounded-coefficient approximations exist in discrete space,
then computer-arithmetic stable Galerkin approximation is possible. . .

“Quasi-optimality with roundoff”:

‘ ‘ Uu—up [HGalerkin} ®
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S



Stable approximations

General message from (ADCOCK, HUYBRECHS 2019-20)
If bounded-coefficient approximations exist in discrete space,

then computer-arithmetic stable Galerkin approximation is possible. . .

provided oversaompling and e-regularisation are used

“Quasi-optimality with roundoff”:

‘ ‘ Uu—up [HGalerkin} ®

Ctrial )

S (e
S

Applies to redundant “basis”

lll-conditioning is unavoidable, but stable solutions are possible
Analysis based on frame theory

Also: (HERREMANS, HUYBRECHS 2026)



Oversampling = test space larger than frial (Pt = 1.1Pyia ON SOMe mesh works well)
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Typical regularisation is fruncated SVD: too expensive for large UWVF matrices
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Oversampled regularised UWVF

Oversampling = test space larger than frial (Pt = 1.1Pyia ON SOMe mesh works well)

Typical regularisation is fruncated SVD: oo expensive for large UWVF matrices

UWVF Ay = Dim — Com = Z/ 3y omvEp, - / 9715 om0y
0K\ MK,

matrix:
a KeT KleTK €T

D=diag, (D) block diagonal
In standard UWVF with test=trial, D~1C is a contraction
— insteadof (D-C)ju=b solve (I-D !Clu=D"!b
(BARUCQ, BENDALI, DIAZ, TORDEUX 2021)

Local SVD for each block: Dk = Uk diag(o1, 09,...) Vi € CN&™ <N

Local truncated pseudoinverse: ZI{,C =diag(o7 ',...,04",0,...,0), 2>¢>0
Global truncated pseudoinverse: D! = diagy.(VkZk Ux)
Linearsystem: ~(P—-Clu=b — [ (1_DIC)u.=D/b
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EPW+UWVFE implementation

julia code

2D polygonal domains

Quasi-uniform triangular mesh

Same number P of PWs on each element

No quadrature used for UWVF matrix

Oversampling ratio 10%

Elementwise SVD truncation ¢ = 10~ 14

2D quasi-random Sobol sampling (¢, &, € (0,27) x (0, 1))
Relative error measured in (k-weighted) H' (Q) norm

VVvyVvVVYyVYVYVYVYY



Q=1(0,1) x (—3,2). k= 128,

Real part of the solution R(u)

Relative x weighted H'-error

10°
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10~*

=)

RN
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R

Number of degrees of freedom N*i!

u(x) = o(x, (-3,

Pointwise error for PPW

)
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10—11

41 friangles,

Pointwise error for EPW

P =815
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10712

107"



_ 11 _
Q—(O,l) X (—5,5), K = 128,
Real part of the solution R(u)

0.09

0.05

0

—0.05

—0.1

-0.13

Relative x weighted H'-error

R

0 10,000 20,000 30,000

Number of degrees of freedom N*i!

u(x) = ¢(x,(~15,0)).

Pointwise error for PPW

1073
104
107°
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lo—ln

41 friangles,

P =815

Pointwise error for EPW
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Relative x weighted H'-error

Wavenumber

100 10t 102
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1072 \ rReFEEREEEE |
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e
oo ;%%}%Q
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108 10*

Number of degrees of freedom N**ia!

1079
10—10
10—11
10—12
10713
Increase x
Increase P
linearly:
P =4k
Source dist.
A
=75 \0




Low-frequency sound-soft scattering

Robin BCs on truncation, k=16, diam(Q) = 4, 64 triangles,

Real part of the solution R(u)

é 100 F
2 :

E

- 1071 =
1 2

=

20

5] o | o

g 10 E|
0 ¢ E|

Z 1070 E E
—1 =

~ T B AW ET! SR WRTTT M

103 104 10°
-2 Number of degrees of freedom N*i#!
Pointwise error for PPW Pointwise error for EPW

10-6




High-frequency, tfrapping, sound-soft scattering
Robin truncation
k= 1024
diam(2) =27 = 1024\
1472 triangles
h=0.2~ 32.6\
P=512
# DOFs = 753 664
< 1DOFs/wavelength

assembly fime < 1’
incl. SVD, 64 threads

2231 GMRES iter.s
GMRES time 2h37’ R{u}
tested against BEM

|ul



EPWs + TDG/UWVF: Galante, Moiola, Parolin - coming soon!
See short version in Waves2026 abstract - arXiv:2604.18175


https://arxiv.org/abs/2604.18175
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Summary
PPW-based Trefftz for Helmholiz:

vyy

v

simple, cheap, can be accurate but unstable

Evanescent PW-based Trefftz can cure instability
All Helmholtz solutions are EPW superpositions: u= [, vBW on disc/ball

w= (2" VPPN + [, v®EW on strictly convex

Simple recipe to select P-dimensional PW basis

1
Sample evanescence strength as ¢ = max { 1, %}, with ¢ ~U(0,1)

v

lll-conditioning is not the point:

v

Solve with oversampling and (elementwise) regularisation

the key is small-coefficient representation

20
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Evanescent PW-based Trefftz can cure instability

All Helmholtz solutions are EPW superpositions: u= [, vBW on disc/ball
w= (2" VPPN + [, v®EW on strictly convex

Simple recipe to select P-dimensional PW basis

vyy

v

Sample evanescence strength as ¢ = max { 1, %}, with ¢ ~1(0,1)
Solve with oversampling and (elementwise) regularisation
lll-conditioning is not the point:  the key is small-coefficient representation

vy

Much more to do: Discrete space analysis
General convex elements

[terative solvers

Presence of evanescent modes in BVPs

Maxwell, elasticity

A A A AAA
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Summary

PPW-based Trefftz for Helmholtz:  simple, cheap, can be accurate but unstable

Evanescent PW-based Trefftz can cure instability

All Helmholtz solutions are EPW superpositions: u= [, vBW on disc/ball
w= (2" VPPN + [, v®EW on strictly convex

Simple recipe to select P-dimensional PW basis

vyy

v

1
Sample evanescence strength as ¢ = max { 1, %}, with ¢ ~U(0,1)

» Solve with oversampling and (elementwise) regularisation
» lll-conditioning is not the point:  the key is small-coefficient representation
Much more to do: Discrete space analysis «
General convex elements <«
[terative solvers <«
Presence of evanescent modes in BVPs <«
ThOnk YOU! Maxwell, elasticity :

Slides available on https://euler.unipv.it/moiola/#slides
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Circular & spherical waves

Separable Helmholtz solutfions in polar and spherical coordinates:

2D:  by(x) = B¢ Jy(kr) € teZ, x=(r,9)eB
3D: b (x) = Beje(k|x|) Y7 (x/|%|) LmeZ, ml </t xeB
B, = normalisation in H!(B;) norm B ~ k(X )l |g)leI+=

Orthonormal basis of B = {u € H(B;), Au+ x*u = 0}

(=% “bulk” =K ¢ > x “evanescent”
™ YT ATy, .
AT & Y
oy ey A \ be and by are
2D ‘- - | : Herglotz functions
- - v R i .
Y »." % S 3 § with density
- ] . < v % o elto
ol L Caaws” e - U( ) 6@27712
€ - Y/'(@),
% 3 :
% L& N W) = P
. ) 1l
oom-f a8 (Y Il ~ 1
W - ”/
NS --y
==
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Expansion of PPW in Fourier modes

Jacobi-Anger expansion: deR*'d-d=1

Z (ize—ieedﬁe—l) by (x) d = (cosfq, sinfq) @

eih",d'x _ Lez
47r21‘5 ! Z Y (d)
m=—/{
wlf’f T 1 T ] The modulus of Fourier coefficient decays ~ 3,1 ~ |¢|~ 1!
104 1 :
07| | IN2D:  |ife %3, | = |8, | ~ || indep. of 64
10710 .|
10718 | | = the approximation of u=73%",t,b, € B
0 e 1. with @, # 0 for some |¢| > &
Mode number ¢ (2D) requires exponentially large coefficients
VeeZ (Jm| <o)
VPEN P
vy, dp €§"T0 B @) = Do ppethE <6 = ey 2 (1-6) [
vp e C p=1 H(By) N|g|m
Vo € (0,1)
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Complex-direction Jacobi-Anger & EPW Fourier expansion
Expand EPWs in Fourier modes. Generalised Jacobi-Anger expansion:

> (i + V2 + )F ) bu(x)
LET

y=(0,£,n) € [0,27)x{£1} %[0, 0)
eimd(y)x:

y4 14
any ity [ > DO TP (Vo + 1)} BB E)  y=(0.%,1)
=0 m=—¢ -m'=—/¢
m',m __ \py ; ; ; i m (26+1)(£—m)!
D,” "™ = Wigner maitrix entry (spherical harmonic rotation) Y I
P]" = associated Legendre function (evaluated out of [—1, 1]) 0,1 = Euler angles
102 ‘ ‘ ‘ 2
107! ,"‘, i ”."‘,‘ ______ C; 1 < Absolute values of Fourier coefficients (2D)
WIS Y N || — o (n+ V2 + D)Ep; L = ep; ! ¢ — +arcsinhy
100" ¢ o B H 3 —ammn (— ..
TG LI AT 1 “._ “% - g;; Looks promising!
10713 3 H .i “. ‘| 2
—16 -:\ .i: é \‘l
10 P

We can hope to approximate large-¢ Fourier
modes with EPWs & smalll coefficients.
Mode number ¢ (2D), k = 16
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Invertibility of EPW Herglotz representation

We want to use the EPW Fourier expansion to prove invertibility of
T: AcL?,(Y) — B:={ucH'B)), Au+x?u=0}
v o um = [ oly) By (@) uA(y) dy
Consider 2D case. y=(0,£,7) €[0,2r)x{£1}x[0,00) =Y

w(y)=e 71, a(y):=an+ 2+ 1)He? € L2,(Y), oy =L2,(Y)-normalisation
{ay, ¢ € Z} is orthonormal basis of A := span{ay, ¢ € Z} C L2,(Y)

Jacobi VX € B, it
. Téaé b, (x ’ w=—, O0<7_ << <00 W
Anger: é Vy € Y, e |7l < 74

The operator T: A— B isdiagonalin ONB {a,}, {b,}. bounded and invertible:

T:aq— ng,b@/ aayw® = by, T_|lvlla < | Tvlls < 7o llv]la YoEA
e Y

Every Helmholtz solution is EPW superposition with small coefficients:  ||v||a < 7~ '||ul|s

25
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