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Proceedings of the 2nd International Congress of Applied Mechanics, Zurich

Instead of using trial functions
that satisfy the boundary conditions
but violate the differential equation,

we approximate the solution by selecting functions
that violate the boundary conditions
but satisfy the differential equation.

What are Trefftz methods in 2026?

Galerkin schemes where all discrete functions are
elementwise solutions of the PDE to be approximated

E.g.: harmonic polynomials for Laplace eq. ∆u = 0
polynomials waves (x · d − ct)j for the wave eq. ∂2

t u − c2∆u = 0
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Trefftz for Helmholtz

Trefftz methods are popular for linear time-harmonic (acoustic, el.magn., elastic) waves

E.g.: UWVF, TDG, PWDG, DEM, VTCR, WBM, LS, PUM. . . mostly in DG / DD setting

We focus on the scalar homogeneous Helmholtz equation: ∆u + κ2u = 0 κ > 0

Typical basis functions are propagative plane waves (PPWs):

x 7→ eiκd·x d ∈ Rn d · d = 1

▶ PPWs are complex exponentials:
easy & cheap to manipulate, evaluate, differentiate, integrate. . .
→ preferred against other Trefftz functions (e.g. circular waves)

▶ PPWs approximate Helmholtz solutions with better rates vs DOFs than polynomials
CESSENAT, DESPRÉS 1998, Taylor-based, h
MELENK 1995, MOIOLA, HIPTMAIR, PERUGIA 2011, Vekua theory, hp, κ-explicit

So. . . what’s the issue?

Instability!
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A negative result — PPW instability
Take Ω = B1 ⊂ Rn the unit disc/ball, n ∈ {2,3}. Choose your favourite
▶ wavenumber κ > 0
▶ norm on Ω (e.g. ∥ · ∥H1(Ω), ∥ · ∥L2(Ω),

∥·∥H1(Ω)

∥PW∥H1(Ω)
)

▶ target relative accuracy 0 < δ < 1 (e.g. 0.5, 1% or 10−10)
▶ large number M (e.g. 1020)

Then we can give you an explicit u = uκ,δ,M (x) such that:

u ∈ C∞(Rn), ∆u + κ2u = 0, ∥u∥your favourite = 1

∀P ∈ N,
∀µ ∈ CP

∀d1, . . . ,dP ∈ Rn

|dp| = 1

with

∥∥∥∥∥u −
P∑

p=1

µpeiκdp·x
∥∥∥∥∥

your favourite

≤ δ =⇒

∥µ∥CP ≥ M

Every PPW combination with accuracy δ has huge coefficient vector: cancellation!
If M > (machine precision)−1, we can’t represent u in computer arithmetic with PPWs

PPW approximation is unstable!

Stability = existence of small coeff.s approximation [ADCOCK, HUYBRECHS 2019–20]
Requires regularization (oversampling + SVD truncation)
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Part I

Evanescent plane waves



Evanescent plane waves

Evanescent plane waves (EPW): eiκd·x d ∈ Cn d · d = d2
1 + · · ·+ d2

n = 1

▶ Complex d!
▶ Helmholtz solutions
▶ Idea from WBM (wave-based method) by Wim Desmet, Elke Deckers etc (Leuven)

EPWs often used in modelling, not so much in numerics
▶ Complex exponentials: cheap computations, exact quadrature. . .

▶ eiκd·x = eiκℜd·x e−κℑd·x

ℜd: propagation direction
ℑd: evanescence direction

▶ |eiκd·x| = e−κℑd·x essentially localised, need normalisation, easy e.g. in L∞
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Evanescent plane waves: parametrisation

eiκd·x d = ℜd + iℑd ∈ Cn

(∆ + κ2)eiκd·x = 0 ⇐⇒

d · d = 1 ⇐⇒
{
|ℜd|2 − |ℑd|2 = 1
ℜd · ℑd = 0

d parametrised by:
▶ p = ℜd

|ℜd| ∈ Sn−1: propagation direction

▶ e = ℑd
|ℑd| ∈ Sn−1: evanescence direction ⊥ p

▶ η = |ℑd| ∈ [0,∞): evanescence strength

Unit ball
|<(d)| ≥ 1

|=(d)| =
√

|<(d)|2 − 1

=(d) · <(d) = 0

<(d)

=(d)

x

y

z

η = 0 ⇐⇒ EPW is PPW ζ = |ℜd| =
√

1 + η2 d

(y)

=
√

1 + η2 p + i η e

Parameter vector y := (p,e, η) ∈ Y := Sn−1 × Sn−2 × [0,∞), EWy(x) := eiκd(y)·x

In 2D: p ∈ S1 ∼ θ ∈ [0,2π), e ∼ ±1
In 3D: use Euler angles of rotation from reference direction d↑ = (iη, 0,

√
1 + η2) → d
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Approximation of 3D fundamental solution u(x) = eiκ|x−s|

4π|x−s| on B1

dist(s,Ω) = λ

dist(s,Ω) = λ/2

dist(s,Ω) = λ/4

Approximation by equispaced PPWs: κ = 10, diam(Ω) ≈ 3.18λ

101 102 103 104
10−10

10−7

10−4

10−1

102

Number of PPWs

Relative residual with PPWs

Approximation by EPWs:

101 102 103 104
10−15

10−11

10−7

10−3

101

Number of EPWs

Relative residual with EPWs
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Herglotz functions & EPW Herglotz representation

Herglotz functions are continuous superposition of PPWs: [COLTON, KRESS. . . ]

u(x) =
∫

Sn−1
v(d) eiκd·x dd for v ∈ L2(Sn−1)

Only some Helmholtz solutions u ∈ C∞(Rn) are Herglotz:
L2(Sn−1) ∋ v 7→ u has dense image [WECK 2004] and is compact, but is not surjective

Idea: Define the EPW version of Herglotz functions:
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Herglotz representation on the disc and the ball

Theorem: Helmholtz solutions on B1 are EPW superposition
For Ω the disc/ball B1, T : A ⊂ L2

w2(Y ) → B := {u ∈ H1(B1), ∆u + κ2u = 0} is invertible.

In particular, for all Helmholtz solutions u ∈ H1(B1), there is a density v = T−1u such that

u(x) =
∫

Y
v(y) EWy(x) w2(y) dy, ∥v∥L2

w2 (Y ) ≤ C∥u∥H1(B1)

Stability = small (continuous) coefficient representation

Tool: expansion of EPWs in circular/spherical waves {b(m)
ℓ }, extending Jacobi–Anger ▶

2D : bℓ(x) = βℓ Jℓ(κr) eiℓϑ

3D : bm
ℓ (x) = βℓ jℓ(κ|x|) Y m

ℓ ( x
|x| )

βℓ = H1
κ(B1)-normalisation

o.n. basis am
ℓ of A s.t. T is diagonal & continuous

T : am
ℓ → τℓbm

ℓ , 0 < τ− ≤ |τℓ| ≤ τ+ <∞ ∀ℓ
am
ℓ explicit up to normalisation

EPWs are a continuous frame for the Helmholtz solution space B. T = synthesis operator
8
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Weyl expansion

Jacobi–Anger approach relies on expansion in orthonormal basis: works only for Ω = B1

Expand 2D Helmholtz fundamental solution Φ(x,x′) in half plane with PPWs+EPWs:

PWθ(x) := EW(θ,±1,0) = eiκ(cos θ x1+sin θ x2)

EW(θ,φ,η)(x) := eiκ
√

1+η2(cos θ
sin θ)·xeφκη(− sin θ

cos θ )·x

y = (θ, φ, η) ∈ Y := [0,2π)× {±1} × [0,∞)

x1 > x ′
1

Φ(x,x′) =
i
4

H(1)
0 (κ|x − x′|)

PPWs

x′ x
EPWs

=
i

4π

∫ π/2

−π/2
PWθ(x − x′)dθ +

1
4π

∫ ∞

0

∑

φ∈{±1}

EW(φπ
2 ,φ,η)(x − x′)
√

1 + η2
dη
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PW expansion in convex domains
For smooth convex Ω ⊂ R2 with strictly positive curvature,
combine (rotated) expansion of Φ(x,y) with S ingle+Double layer representation

u(x) = SγNu(x)−DγDu(x)

=

∫

∂Ω

[Φ(x,y)∂nu(y)−∂nΦ(x,y)u(y)]ds(y)

S1

n−1

We can write Helmholtz solution u as superposition of PPWs and EPWs

u(x) =
∫ 2π

0
(QPu)(θ) PWθ(x) dθ +

∫

Y
(QEu)(y) EWy(x) w2(y) dy

EPW weight w2(y) =
(∣∣EWy

(
n−1(θ − φπ/2)

)∣∣2 (1 + η2)γ curv
(
n−1(θ − φπ/2)

))−1
γ < 1/2

with bounded solution-to-PW-coefficient operators (Q• can be written explicitly)

QP : H
3
2+ϵ(Ω) → L2(S1), QE : H

3
2+ϵ(Ω) → L2

w2(Y )

See [GALANTE, PhD dissertation 2026]
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How to select {yp}P
p=1 ∈ Y and discrete EPW basis {eiκd(yp)·x}p?

1 Construct quadrature rule, using Christoffel sampling from [COHEN, MIGLIORATI 2017]

Works well but complicated [PAROLIN, HUYBRECHS, M. 2023, GALANTE, M., PAROLIN 2025]

2 Simpler recipe (here 2D) (from Herglotz repr. asymptotics)
▶ P =“DOF budget”: goal is to construct a P-dimensional PW space on K ⊂ R2

▶ Sampling:
{
(θp, φp, ξp)

}P
p=1 ∼ uniform probability on [0,2π)× {±1} × [0,1]

random, quasi-random (Sobol,. . . ), deterministic (tensor-product,. . . )

▶ Evanescence parameters: ζp = max
{
1, P

2κ diam(K) ξp
}

, η2
p = ζ2

p − 1

ξ

ζ
η

▶ The discrete Trefftz space is

TP(K) = span
{

EWp

∥EWp∥L∞(K)

}P

p=1
with EWp(x) = eiκζp(cos θp

sin θp
)·xe−κηpφp(− sin θp

cos θp
)·x

If P ≤ 2κdiam(K) ⇒ only PPWs Otherwise, P − 2κdiam(K) out of P DOFs are EPWs
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Part II

Ultra-weak variational formulation



Ultra-weak variational formulation (UWVF)

Consider 2D Helmholtz impedance BVP

{
∆u + κ2u = 0 on Ω ⊂ Rn

∂nu − ıκϑu = g ∈ L2(∂Ω)

Quasi-uniform mesh T = {K}, Trefftz space Vh =
∏

K∈T Tp(K), extend 0 < ϑ ∈ L∞(
⋃

K ∂K)

Robin traces: γK
± : Tp(K) → L2(∂K), γK

±v = ±∂nK v − ıκϑv

UWVF [CESSENAT, DESPRÉS 1998]

Find uh ∈ Vh s.t.
∑

K∈T

∫

∂K
ϑ−1 γK

−uh γ
K
−vh −

∑

K1∈T

∑

K2∈T

∫

∂K1∩∂K2

ϑ−1 γK1
− uh γ

K2
+ vh

=
∑

K∈T

∫

∂K∩∂Ω

ϑ−1 g γK
+vh ∀vh ∈ Vh

Can be written as DG [GABARD ’07, BUFFA MONK ’08, GITTELSON HIPTMAIR PERUGIA ’09]

Consistent with BVP, coercive, well-posed, quasi-optimal in skeleton norm(s), sparse

Extensions to: Dirichlet, Neumann, Q-BCs, DtN, multiple scattering, waveguides,
quasi-periodic, Maxwell, elasticity, Friedrichs, sources, piecewise-constant media. . .
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Stable approximations

General message from [ADCOCK, HUYBRECHS 2019–20]

If bounded-coefficient approximations exist in discrete space,
then computer-arithmetic stable Galerkin approximation is possible. . .

provided oversampling and ϵ-regularisation are used

“Quasi-optimality with roundoff”:

∥∥∥u − uh [µGalerkin]
∥∥∥ ≲ inf

µ∈CNtrial

(∥∥∥u − uh [µ]
∥∥∥+ ϵ

∥∥∥µ
∥∥∥
CNtrial

)

Applies to redundant “basis”
Ill-conditioning is unavoidable, but stable solutions are possible
Analysis based on frame theory
Also: [HERREMANS, HUYBRECHS 2026]
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Oversampled regularised UWVF

Oversampling = test space larger than trial (Ptest = 1.1Ptrial on same mesh works well)

Typical regularisation is truncated SVD: too expensive for large UWVF matrices

UWVF
matrix:

Aℓ,m = Dℓ,m − Cℓ,m =
∑

K∈T

∫

∂K
ϑ−1 γK

−φm γK
−φℓ

︸ ︷︷ ︸
D=diagK∈T (DK) block diagonal

−
∑

K1∈T

∑

K2∈T

∫

∂K1∩∂K2

ϑ−1 γK1
− φm γK2

+ φℓ

︸ ︷︷ ︸
C

In standard UWVF with test=trial, D−1C is a contraction
→ instead of (D − C)u = b solve (I − D−1C)u = D−1b

[BARUCQ, BENDALI, DIAZ, TORDEUX 2021]

Local SVD for each block:
Local truncated pseudoinverse:

Global truncated pseudoinverse:
Linear system:

DK = UK diag(σ1, σ2, . . .) V∗
K ∈ CN test

K ×N trial
K

Σ†
K,ϵ = diag(σ−1

1 , . . . , σ−1
q ,0, . . . ,0), σq

σ1
≥ ϵ > 0

D†
ϵ = diagK∈T (VKΣ

†
K,ϵU

∗
K)

(D − C)u = b → (I − D†
ϵC)uϵ = D†

ϵb
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Part III

Numerical results



EPW+UWVF implementation

▶ code
▶ 2D polygonal domains
▶ Quasi-uniform triangular mesh
▶ Same number P of PWs on each element
▶ No quadrature used for UWVF matrix
▶ Oversampling ratio 10%

▶ Elementwise SVD truncation ϵ = 10−14

▶ 2D quasi-random Sobol sampling (θp, ξp ∈ (0,2π)× (0,1))
▶ Relative error measured in (κ-weighted) H1(Ω) norm
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Point source
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Low-frequency sound-soft scattering
Robin BCs on truncation, κ = 16, diam(Ω) = 4, 64 triangles, P = 2080
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High-frequency, trapping, sound-soft scattering
Robin truncation

κ = 1024

diam(Ω)=2π=1024λ

1472 triangles

h = 0.2 ≈ 32.6λ

P = 512

# DOFs = 753 664

< 1DOFs/wavelength

assembly time < 1′

incl. SVD, 64 threads

2231 GMRES iter.s

GMRES time 2h37′
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Summary
▶ PPW-based Trefftz for Helmholtz: simple, cheap, can be accurate but unstable
▶ Evanescent PW-based Trefftz can cure instability
▶ All Helmholtz solutions are EPW superpositions: u =

∫
Y v EW on disc/ball

u =
∫ 2π

0 vP PW +
∫

Y vE EW on strictly convex
▶ Simple recipe to select P-dimensional PW basis

Sample evanescence strength as ζ = max
{

1, (Pξ/2)
1

n−1

κ diam(K)

}
, with ξ ∼ U(0,1)

▶ Solve with oversampling and (elementwise) regularisation
▶ Ill-conditioning is not the point: the key is small-coefficient representation

Much more to do: Discrete space analysis ◀
General convex elements ◀

Iterative solvers ◀
Presence of evanescent modes in BVPs ◀

Maxwell, elasticity ◀
. . . ◀

Thank you!

Slides available on https://euler.unipv.it/moiola/#slides
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Circular & spherical waves

Separable Helmholtz solutions in polar and spherical coordinates:

2D : bℓ(x) = βℓ Jℓ(κr) eiℓϑ ℓ ∈ Z, x = (r, ϑ) ∈ B1

3D : bm
ℓ (x) = βℓ jℓ(κ|x|) Y m

ℓ (x/|x|) ℓ,m ∈ Z, |m| ≤ ℓ, x ∈ B1

βℓ = normalisation in H1
κ(B1) norm βℓ ∼ κ( 2

eκ )
|ℓ||ℓ||ℓ|+ n−2

2 for |ℓ| → ∞
Orthonormal basis of B = {u ∈ H1(B1), ∆u + κ2u = 0}

ℓ = κ
2 “bulk” ℓ = κ ℓ > κ “evanescent”

2D

3D, m = ℓ
2

bℓ and bm
ℓ are

Herglotz functions
with density
v(θ) = βℓ

eiℓθ

2πiℓ ,

v(d) = βℓ
Y m
ℓ (d)
4πiℓ :

∥v∥L2(Sn−1) ∼ |ℓ||ℓ|
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Expansion of PPW in Fourier modes
Jacobi–Anger expansion: d ∈ Rn ,d · d = 1

eiκd·x =





∑

ℓ∈Z

(
iℓe−iℓθdβ−1

ℓ

)
bℓ(x) d = (cos θd, sin θd)

d θd

4π
∞∑

ℓ=0

iℓβ−1
ℓ

ℓ∑

m=−ℓ

Y m
ℓ (d) bm

ℓ (x)

-4κ -κ κ 4κ
10−16

10−13

10−10

10−7

10−4

10−1

102

Mode number pMode number ℓ (2D)

The modulus of Fourier coefficient decays ∼ β−1
ℓ ∼ |ℓ|−|ℓ|

In 2D: |iℓe−iℓθdβ−1
ℓ | = |β−1

ℓ | ∼ |ℓ|−|ℓ| indep. of θd

⇒ the approximation of u =
∑

ℓ ûℓbℓ ∈ B
with ûℓ ̸= 0 for some |ℓ| ≫ κ
requires exponentially large coefficients

∀ℓ ∈ Z (|m| ≤ ℓ)
∀P ∈ N

∀d1 . . . ,dP ∈ Sn−1

∀µ ∈ CP

∀δ ∈ (0,1)

∥∥∥∥∥∥
b(m)
ℓ (x)−

P∑

p=1

µpeiκdp·x

∥∥∥∥∥∥
H1(B1)

≤ δ =⇒ ∥µ∥l1(Cp) ≥ (1 − δ) |βℓ|︸︷︷︸
∼|ℓ||ℓ|
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Complex-direction Jacobi–Anger & EPW Fourier expansion

Expand EPWs in Fourier modes. Generalised Jacobi–Anger expansion:

eiκd(y)·x=





∑

ℓ∈Z

(
iℓe−iℓθ(η +

√
η2 + 1)±ℓβ−1

ℓ

)
bℓ(x) y=(θ,±, η) ∈ [0,2π)×{±1}×[0,∞)

4π
∞∑

ℓ=0

iℓ
ℓ∑

m=−ℓ

[ ℓ∑

m′=−ℓ

Dm′,m
ℓ (θ, ψ)γm′

ℓ i−m′
Pm′

ℓ (
√
η2 + 1)

]
β−1
ℓ bm

ℓ (x) y=(θ, ψ, η)

Dm′,m
ℓ = Wigner matrix entry (spherical harmonic rotation) γm

ℓ =
√

(2ℓ+1)(ℓ−m)!
4π(ℓ+m)!

Pm
ℓ = associated Legendre function (evaluated out of [−1,1]) θ, ψ = Euler angles

-4κ -κ κ 4κ
10−16

10−13

10−10

10−7

10−4

10−1

102

Mode number p

ζ= -2
ζ= -1
ζ= 0
ζ= 1
ζ= 2

Mode number ℓ (2D), κ = 16

◀ Absolute values of Fourier coefficients (2D)
(η +

√
η2 + 1)±ℓβ−1

ℓ = eℓζβ−1
ℓ ζ = ±arcsinh η

Looks promising!

We can hope to approximate large-ℓ Fourier
modes with EPWs & small coefficients.
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Invertibility of EPW Herglotz representation

We want to use the EPW Fourier expansion to prove invertibility of

T : A ⊂ L2
w2(Y ) → B := {u ∈ H1(B1), ∆u + κ2u = 0}

v 7→ u(x) =
∫

Y
v(y) EWy(x) w2(y) dy

Consider 2D case. y = (θ,±, η) ∈ [0,2π)×{±1}×[0,∞) = Y
w(y) = e−κηη−

1
4 , aℓ(y) := αℓ(η +

√
η2 + 1)±ℓeiℓθ ∈ L2

w2(Y ), αℓ = L2
w2(Y )-normalisation

{aℓ, ℓ ∈ Z} is orthonormal basis of A := span{aℓ, ℓ ∈ Z} ⊊ L2
w2(Y )

Jacobi
Anger: EWy(x) =

∑

ℓ∈Z
τℓaℓ(y)bℓ(x)

∀x ∈ B1,
∀y ∈ Y , τℓ =

iℓ

αℓβℓ
, 0 < τ− ≤ |τℓ| ≤ τ+ <∞ ∀ℓ

The operator T : A → B is diagonal in ONB {aℓ}, {bℓ}, bounded and invertible:

T : aℓ 7→
∑

ℓ′

τℓ′bℓ′

∫

Y
aℓaℓ′w2 = τℓbℓ, τ−∥v∥A ≤ ∥Tv∥B ≤ τ+∥v∥A ∀v ∈ A

Every Helmholtz solution is EPW superposition with small coefficients: ∥v∥A ≤ τ−1
− ∥u∥B
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