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Dirichlet Neumann

In scattering problems: £ = ~Zu™, with ul™® the incident wave, ulg- = u™!, ujgs = uSeat



Scattering problem

%{utot}

ikd-x
K

ulne(x) = e X = (cos 3,sin ), no=1, diamQ~ =1



HTP is well-posed VEfe H
Well-defined (tfrace space) solution operator: Sy, : H — H, f—vyou

How does S;, depend on wavenumber k?
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HTP is well-posed VEfe H
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| - -2 is natural k-weighted operator norm in % = Hz (I') x H2(I)

n>n, = A<M\

Shorter inner wavelength
n<n, = A\>X\

Longer inner wavelength E.g. fog droplets in air,

glass in air (lenses)

E.g. air bubble in water

: . . . Total internal reflection,
v rays eventuadlly leave Q: Snell’s law: Snell’s law:

0 < ~ creeping waves,
stability for all ke > 0 /@ 7@ o aDpinG.
quasi-resonances




Calderdn projectors

Calderdn projectors:
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Calderdn projectors:
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ker Pl.j/[ » = range(P,)

Pi:|/:o(¢17 $2) = i’Y%(]Ci/od)l —Vijoh2)

K/, = double-layer BIO

Vi/o = single-layer BIO

Wy = hypersingular BIO

K'i/o = adjoint double-layer BIO
Ki/o = double-layer potential
Vi/o = single-layer potfential

for A+ k*n; & A+ K*n,

Pii/o characterise traces of outer/inner Helmholtz solutions:

Pf/E[J(p:qb = P¢p=0

¢ =gV
Av+k?n =0 inQ*

(& radiating on Q)



Boundary integral equations (BIES)
(COSTABEL, STEPHAN 1985, VON PETERSDORFF 1989, CLAEYS, HIPTMAIR, JEREZ-HANCKES. . .)

Single-trace | and lI-kind BIOs:

—(Ki+K,) Vi+V,
Wi+ W, K +K,

K; - K, —(Vi— Vo)

— p—_ pt _
Av=Po =By ~(Wi—W,) —(K! - K))

AII :PO_-i-P;L:I-F



Boundary integral equations (BIES)
(COSTABEL, STEPHAN 1985, VON PETERSDORFF 1989, CLAEYS, HIPTMAIR, JEREZ-HANCKES. . .)

Single-trace | and lI-kind BIOs:

—(Ki+K,) Vi+V,

1\ == + F T 0 L 15 \’ o
K/ ! 1 PO

. p—_ pt _
Ar =P, Pi *(Wi*WO) *(K{*Ké)

Ai(ycu) =P, f
An(yeu) =P, f

If u solves HTP = its tfrace solves the direct BIEs:

Proof for A; using Calderdn projectors: Arycu = Py you — Pj“ygu = PgﬂyJCFqung
N~
=yl uts =0 =0

For scatftering BVPs =~ ul™ = P f=f atBIERHS



Boundary integral equations (BIES)

(COSTABEL, STEPHAN 1985, VON PETERSDORFF 1989, CLAEYS, HIPTMAIR, JEREZ-HANCKES. . .)
Single-trace | and lI-kind BIOs:

AI ::PO—_PiJr: _(KI+I<O) Vi+VO

4 .— -+ i — ‘/l — VO

7(Wi - Wo) *(K{ - Ké)

Ai(ycu) =P, f
An(yeu) =P, f

If u solves HTP = its tfrace solves the direct BIEs:

Proof for A; using Calderdn projectors: Arycu = Py you — Pj“ygu = Pg»ﬁgu+Pgt‘
~—~—
=yl uts =0 =0

For scatftering BVPs =~ ul™ = P f=f atBIERHS

Ay, A : H — H bounded and invertible: BlEs are well-posed

T-coercive with T=sign change in one component of H
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Boundary integral equations (BIES)

(COSTABEL, STEPHAN 1985, VON PETERSDORFF 1989, CLAEYS, HIPTMAIR, JEREZ-HANCKES. . .)
Single-trace | and lI-kind BIOs:

AI ::PO—_PiJr: _(KI+I<O) Vi+VO

_ K-K, —(Vi—V,)
— + _ 1 i o
Wit Wo K4K Ay =Py + P =1+ W

7(Wi* o) *(Kngc/))

Al(ycu) = P f
An(ycu) =P, f

If u solves HTP = its tfrace solves the direct BIEs:

Proof for A; using Calderdn projectors: Arycu = Py you — Pj“ycu = P, ~ycu+P f
N—— H/—/
=yl uts =0 =0

For scatftering BVPs =~ ul™ = P f=f atBIERHS

Ay, A : H — H bounded and invertible: BlEs are well-posed
T-coercive with T=sign change in one component of H
Also: Ay : HY(T') x L2(I') © Fredholm and invertible

But... swapping n; <+ n, the k-dependence of S;, changes radically, Py - PI
while A; does not change! = P - F;



O~ = unit disc in R2
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Spurious quasi-resonances in BIOs
Q~ = unit ball in R3
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Singular BIEs for well-posed BVPs. Interior resonances pollute BIEs for exterior problem.



Classical spurious resonances for exterior Dirichlet problems
Au+icu=0 inqQt

Exterior Dirichlet BVP: Yfu=g onT
SRC
Well-posed V k>0
Vo= (K L | kind
Direct BIEs: Y= ( - 5)9 n
_ At * %0 ¥ @% OO  0%® O ¥ 0D ¥
o =u L)oo o - AR
<2+K><p— Wg  llkind

Spurious resonances
_ Dirichlet ker v # {0}
If k2 is eigenvalue of —Aon Q- — 1
ker (5 +K') #{0}

Neumann
Singular BIEs for well-posed BVPs. Interior resonances pollute BIEs for exterior problem.

Instead, in HTPs we have spurious quasi-resonances because the operator is not singular.
Resonant BVP pollutes BIEs for stable BVR
I are real part of complex resonances.
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Recall Si,:H — H., f— ~ycu, isthe HTP solution operator Sio,ng| Soi 1y
n; ne

Denote S, the “unphysical” HTP solution operator
with swapped n; < n,

Theorem: BIO inverse formulas
Al =S+ Soi 1 Ap' =1—Sio— Soi + 2500
Both HTPs S;, ("physical”) and S,; (“unphysical”) enter the inverse of the BIOs

Even for stable HTPs with n; < n,, 3k oo s.t. A |3 > CNkJN VYN >0
for C* strictly convex Q~

Recall: direct BIEs are A.,¢ = P, f RHS is not any element of H, but in range(P;")

Theorem: On range(P, ) the unphysical operator does not enter A;!

—1p— —1p— — -1 —1
AI PO = AII PO = SiOPO ) AI |range(PJ)%range(P;) = AII |range(P;)ﬁrange(P;) = Sio



Proof: A;'= (P, —P}) '=Si+Sui—1I

Use only Calderdn projector identities and characterisation of Helmholtz solution tfraces

lety.ger, Ay =g 2 Similarly, swapping i +» o

1 Premultiply P; to BIE :

0 A P = Spg
=AY —g
=P -PHy—g 3 Pip=(Py—P +P )
— P (P~ PD)Y — 8) = (AT ROy
= P, ((I-P))¢ —g) =gtk
=P (P4 —g) 4 ¥ = (P, + Py
= Py ¢ — g =~ (sol. for my) } P = Sug = Sug+P g
P, 4 =~ (sol. for n,) ’ = (Sot + S0 — g



Augmented BIEs
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Augmented BIEs

» Given “unstable” linear system Ax=y, AcC™", o,(A) <1

Motivation: » Assume toknow BeC™" st Bx=0
» Augmented system Mx = g] X= [g} =  on(M) > on(4A)

BE: Ap=g

A, g
— . _
HTP solution ¢ = v u satisfies:  Pf¢p =0 cugmeniee Bl { ] ¢ { ]

P o
ec{LII}

If f=~cu™ = g=f=P,;f=S,f 3Jsolutiong¢p, ¢=S,g no S,; involved

Theorem: Inf-sup stability of the augmented BIEs ec{LI}
A, Py
inf su ‘( {P:r} ° [dJJ )HXH‘ > !
BEH{O} (g, )1\ [(0,0)} Pl 11, %) llnry —  4max{|Siolly_n,1}
; , Y| _ |SpP @ Y| _ SipP ¢
Proof relies on test fields {'/’2] = { Pz+¢’ for A; and L#J = [Pi*qb “os:p; for Ay




n=1<3=n,
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Summary

» boundary value problem is stable for all k

Helmholfz transmission problem » classical direct BIEs are unstable for a sequence
with n; < n,, Q~ star-shaped: of frequencies:  spurious quasi-resonances

||140_1 ||H—)’H |Orge' ||(A.|range(p0*))_l ||’H_>'H SmCI||

Remedy: augmentedBIEs » inf-sup stability

Open problem:  stabilisation of Galerkin BEM

R. HIPTMAIR, A. MOIOLA, E.A. SPENCE SIAM J. Appl. Math., 82(4), 2022
Spurious quasi-resonances in boundary integral equations for the Helmholtz transmission problem




Summary
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Helmholfz transmission problem » classical direct BIEs are unstable for a sequence
with n; < n,, Q~ star-shaped: of frequencies:  spurious quasi-resonances

||140_1 ||’H—)’H |Orge' ||(A.|range(p0*))_l ||’H_>'H SmCI||

Remedy: augmentedBIEs » inf-sup stability

Open problem:  stabilisation of Galerkin BEM

R. HIPTMAIR, A. MOIOLA, E.A. SPENCE SIAM J. Appl. Math., 82(4), 2022
Spurious quasi-resonances in boundary integral equations for the Helmholtz transmission problem

Thank you!
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