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u satisfies Sommerfeld radiation condition (SRC) at infinity
(i.e. Oru — iku = o (rl!=™/2) uniformly as r = |x| — oo).
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Time-harmonic (sinusoidal in time) acoustic waves are modelled by
the Helmholtz equation Au + k?u = 0 with wavenumber i > 0.

‘Sco‘r‘rering: incoming wave u' hits obstacle I' and generates field w.

I bounded subset of ', ;= {x € R": x, =0} = R"!, n=2,3
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X3 D:=R"\ {T x {0}}
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ul(x) =e

u=—-ut

» X1

u satisfies Sommerfeld radiation condition (SRC) at infinity
(i.e. Oru — iku = o (rl!=™/2) uniformly as r = |x| — oo).

Classical problem when T is open and Lipschitz.

What happens for arbitrary (rougher than Lipschitz, e.g. fractal) I'?

)




Waves and fractals: applications

Wideband fractal antennas

(Figures from http://www.antenna-theory.com/antennas/fractal.php)
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Waves and fractals: applications

Wideband fractal antennas

www.antenna-theory.com

(Figures from http://www.antenna-theory.com/antennas/fractal.php)

Scattering by ice crystals
in atmospheric physics
e.g. C. Westbrook

Fractal apertures in laser optics
e.g. J. Christian


http://www.antenna-theory.com/antennas/fractal.php

Scattering by fractal screens

AA v Vv :fiwﬁia

Lots of mathematical challenges:

» How to formulate well-posed BVPs?
(What is the right function space setting? How to impose BCs?)

» How do prefractal solutions converge to fractal solutions?
» How can we accurately compute the scattered field?

A XKk kg

Note: several tools developed here might be used in the (numerical)
analysis of different IEs & BVPs involving complicated domains.




We write Helmholtz BVPs for bounded open and compact screens I



BVPs & BIEs: long story short...

We write Helmholtz BVPs for bounded open and compact screens I,

These are equivalent to boundary integral equations (BIEs),
which can be written as continuous&coercive variational problems

find¢p eV st Alp,)=F®) VeV
(¢ = [0,u] Neumann jump on T') posed in subspaces of H-1/2(T . ):

~ . yy—1/2 n—1
v=02r) =cpmy & T open,

V=H""={ue H'2®R" ) :suppucI'} T compact.

(HS(T') = HE ifI'is CO9, or thick..., many cases but dcounterexamples)



BVPs & BIEs: long story short...

We write Helmholtz BVPs for bounded open and compact screens T,

These are equivalent to boundary integral equations (BIEs),
which can be written as continuous&coercive variational problems

find¢p eV st Alp,)=F®) VeV
(¢ = [0,u] Neumann jump on T') posed in subspaces of H-1/2(T . ):

~ . yy—1/2 n—1
v=02r) =cpmy & T open,

V=H.""={ue H'Y2R" Y :suppucT} T compact.

(FIS(F) =HZ ifT'is C°, or thick..., many cases but 3counterexamples)

: H~Y2(I) : oo
How to approximate ¢ € 12 numerically if T is rough/fractal?
T

E.g. " hard to mesh, interior is empty, prefractals are not nested...?

Axgkgkx A AL L I 4



Mosco convergence
Key tool is Mosco convergence for closed subspaces of Hilbert H:

Mosco convergence (1969): H>YV; MovcHIif
> Yoe V,jeN,Jy e Vst y—v (strong approximability)
» Y(jm) subseq. of N, v;,, € Vj,.. v;,—v. thenv e V (weak closure)



Mosco convergence

Key tool is Mosco convergence for closed subspaces of Hilbert H:

Mosco convergence (1969): H>YV; MovcHIif
> Yoe V,jeN,Jy e Vst y—v (strong approximability)

» Y(jm) subseq. of N, v;,, € Vj,.. v;,—v. thenv e V (weak closure)

Theorem

IfH > V; M, v ¢ H and sesquilinear form A is continuous&coercive
on H, F € H*, then the sequence ¢; of solutions of

find C)] € V] s.t. A(¢j,1/}j) = f(?l{]) VLZ)J € V]
converges (in the norm of H) to the solution of

findp eV st Alp,¢)=F) VeV,

We extend this o compactly-perturbed problems.



Mosco convergence in action

— HY2(I;) T, open v H~Y2(I') T open
T\ Hy I; comp. H 2 ' comp.

V; My implies convergence of prefractal BIE solution to fractal sol:

¢;— ¢INH V2(Iy) and uj = Sp. ¢y — u = Sp, ¢ In WHC(R™),
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Mosco convergence in action

— HY2(I;) T, open v H~Y2(I') T open
"7 =2 I'; comp. H-'Y? T comp.

V; My implies convergence of prefractal BIE solution to fractal sol:

¢ — ¢IN H Y2(I'y) and w; = Sr.¢; — u = Sr, ¢ in WHIe(RM), E.Q.
1 openT;cC Ty 2 compocT T > Fj+1 3 non-nested I';T),
Partition prefractal I'; with mesh Mj= {Tj 1, ..., Tjn;}, hj :=mesh size.

Denote by V' ¢ H- 1/2( ~) the space of piecewise constants on M;.

Then th My implies convergence of Galerkin-BEM solution 1o ¢.



Mosco convergence in action
HY2(I;) T, open H~Y2(I') T open
If v; = “1/2 V= —1/2
: H- I'; comp. H; T comp.
V; My implies convergence of prefractal BIE solution to fractal sol:

¢ — ¢IN H Y2(I'y) and w; = Sr.¢; — u = Sr, ¢ in WHIe(RM), E.g.:
1 openT;cC T}, 2 compactI; 5Ty, @ non-nested I';4T),
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Partition prefractal I'; with mesh Mj= {Tj 1, ..., Tjn;}, hj :=mesh size.
Denote by V' C H~'/2(T',,) the space of piecewise constants on M;.

Then th My implies convergence of Galerkin-BEM solution 1o ¢.

h 'S
How to choose M; to ensure convergence? o —— b ——, ¢

Main requirement for Mosco convergence:

—1/2 mpn—1
strong approximability: Voe VIt e Vst of LGN



BEM convergence: open screen

Approximation lemma for “pre-convex” meshes
Let IT : L2(Q) — V" be the orthogonal proj. on pw-constants. Then

|-t g gy < (R/7) S |ulli),  YueHYQ), -1<s<0<t<1.



BEM convergence: open screen
Approximation lemma for “pre-convex” meshes
Let IT : L2(Q) — V" be the orthogonal proj. on pw-constants. Then
lu—Tu o) < (R/m)°lluflaqe), VueHY(Q), -1<s<0<t<l

Since CF(T) C H~/2(T") is dense, this gives convergence for the case
of open screen & nested prefractals:

Ak kg ok

LetT, T; be bounded open, T;C T, T =UZ,D
Then BEM convergence holds if h; — 0 asj — oo.

Also holds for some non-nested (“sandwiched”) Pj%Fj+1, e.g.

I - 2



BEM convergence: compact screen

When T is compact with empty interior and
dimyI" > 1 this argument fails because A A 5‘3 5{2‘3
C(I°)={0} isnot dense in V=H; /2 £{0}.
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Theorem

LeftT compact & I';j open satfisfy I' C T'(¢j) C I'; C T'(1;). 0 < ¢ < nj — 0.
Then BEM convergence holds if hj = o(e;) asj — oo.

If HE is dense in H;l/z fort € (—1/2,0) then h; = O(efZI) suffices.

If T"is d-set (e.g. IFS attractor), h; = o(ej‘), u>n—1—dimyl is enough.



BEM convergence: compact screen

When T is compact with empty interior and
dimyI" > 1 this argument fails because A A ﬁA“A 5‘5““3
C(I°)={0} isnot dense in V=H; /2 £{0}.

To obtain a smooth approximation we mollify:
this enlarges the support.
Currently only results for “thickened prefractals”,

Theorem

LeftT compact & I';j open satfisfy I' C T'(¢j) C I'; C T'(1;). 0 < ¢ < nj — 0.
Then BEM convergence holds if hj = o(e;) asj — oo.

If HE is dense in H;l/z fort € (—1/2,0) then h; = O(efZI) suffices.

If T"is d-set (e.g. IFS attractor), h; = o(ej‘), u>n—1—dimyl is enough.
Proof of (i) (strong approx.): Let v € H. and set v; := (Y72 x V). Then

1/2 1/2
IMLge vy = 0l 712y < (/)2 [0lliaqryy < (y/m) 2 (23/2)" 0]l



Open problem: orders of convergence

We cannot prove orders of convergence, yet.
Three obstacles / open questions:

» What is the H* regularity of the BIE solution ¢ € H-/2(T")/Hy /27

Conjecture: for I' a d-set with Hausdorff dimension
n-2<d<n-1l,ueHtfort<(d-n+1)/2 <(-1/2,0).

» How to ensure quasi-optimality for Mosco convergence?
(Trivial only for open-nested case A ¥ % ¥ ¥k %)
» How to extend approximation lemma to
=T oy < (R/m) 2 ullm(e), Yue H(Q), —1/2<s<t<0?

Any suggestion is welcomel!



Part I



Cantor dust

Cantor dust is Cartesian product of 2 copies of Cantor set with

parameter 0 < a < 1/2. Prefractals T, .

 —r 4>
o

..,F4:



Cantor dust

Cantor dust is Cartesian product of 2 copies of Cantor set with
parameter 0 < a < 1/2. Prefractals T'g, ..., 4:

<—><—>

» I “audible” (¢ #0) < a >3 < dimy(T) > 1.

1/2 M 1/2

>H

> BEI\/I on thickened prefractals converge,
1 DOF / prefractal component is enough.

— H. /7, prefractal solufions ¢; converge fo ¢.

Actually BEM converges with even less than 1 DOF/component:
m; components/element on T for 1 < m; < 4(we1/a =D,



Cantor dust: field plots

Prefractal level j = 6,

Real part scattered field

N; = 4% = 4096 DOFs,

Magnitude scattered field

k=50, a=1/3.

Magnitude far field z>0



Cantor dust: field plots

Prefractallevel j=6, N;=4°=4096 DOFs, k=50, «o=1/3.

Magnitude far field z>0

Real part scattered field Magnitude scattered field

| 4 L2 norms of far-field,
_a €(0.025,0.475),
- prefractal levels j =0, ..., 6.

i
162174,

1ol z2gs2)

g Solufionnormsfora =1 » ‘
005 01 015 02 Dfﬁ 03 035 04 045 Wavenumber k e [O. 17 100] . 10" 10° — 10" 10°



Cantor dust, solution norms

Norm of () Neumann jumps (BIE solution), [ near-field, = far-field:

10

@

Cantor dust, k=50, «=1/3

Cantor dust, k=50, o=1/10

107

11Se; ¢ 112 0w)

[0 ”LZ(sﬁ)

|~
1627,

168 7-veqr,

U, 2(g?2
11Se; ¢ 112 0s) e 252

1

2 3
Prefractal level j

4 5

Prefractal level j

Norms of the solution on the prefractals converge:
» fo positive constant values for o = 1/3 (left),
» fo O for o = 1/10 (right).



Sierpinski triangle

& A
AA AA‘AA‘AA éﬁﬂi&gﬁx
A A AA AA Am sﬁ%i&_
AA AAAAAAAAAAAA .. ,A,Z,i}m‘{f HhD

Hy, /2 M, {12, prefractal solutions ¢; converge to ¢.
BEM on thickened prefractals converges if hj = o((3 — e)).

Prefractal level j = 8, N; = 3% = 6561 DOFs, k = 40:

Real part scattered field Magnitude scattered field Maghitude density [tdu/dnl| Magnitude far field z>0




Sierpinski triangle, solution norms

O Sierpinski triangle, k=40 Sierpinski triangle, k=40
T T T T T 10 T T T T T T q
D —-=- [\51',09" — Sty @l ||22(Box) / |Srs 08| L2(Box)
6~ A w00 — Usoollrzisr) /[ us.oll2(s?)
JUHAR(T;)
10°
107"
10,
i llwj00 ]| 2252
h 1
[|Sr; 87 122 (Box)
0 1 2 3 4 5 6 7 8 0 1 2 3 4 5 6 7
Prefractal level j Prefractal level j
Right plot ISty ¢ — Sre¢slli2Box) 00 — Us 0|2 (s2)
s . == B -
near- & far-field: ||SF8¢8||L2(BOX) ||uS,oo||L2(Sz)

Prefractal level 3 is where density maxima are located and all
wavelength-size prefractal features are resolved: big error reduction!

15



Koch snowflake

We can approximate T' from inside and outside with polygons Ff:

T T - T cTo O + et ot
Iycryclyc--clry=rcri=(Ifc---crj cry cry.
open jeN jEN Closed

To ' n '
+ +
r!] I rl I

For a scatftering BVP since I'is “thick”, H*Y/2(I') = HZ

and both sequences uji converge to the same limit.
(CAETANO + H + M, 2018)

* % %
* % %



k=61, d=(0, 1, )T, 3576 to 10344 DOFs.

Now | compare ¢/~ against ¢J’.“_’J1F and ¢+,



Inner and outer snowflake approximations

h—  h+t
50" = Pjor lE-172(R2)

h,+
(i lEr-172(R2)

e = il v /€ o vy

&

k=0,d=1[00,0]
k = 0+1i,d = [0,0,0]

k =30,d = [0,0,-1]

k=31, d = [0,0.707 -0.707]
k=50,d =[0,1,0]

k =60, d =[0,0,-1]

k =61,d = [0,0.707,-0.707]

1 2 3

+
lin jou\



Other shapes

< Sierpinski carpet.

Real part scattered field

Maghitude scattered field

A “Square snowflake”,
limit of non-monotonic prefractals.

19



Apertures

Field through bounded apertures in unbounded Neumann screens
computed via Babinet’s principle.

Real part total fiel

......

Real part total field

ISl

n =1, Cantor set o = 1/3, prefractal level 12:
field through 0-measure holes!

Koch snowflake-shaped aperture A

20
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Open questions

vvyyVvyVvyy

v

Regularity theory for the fractal solution
Rates of convergence

Approximation on fractals

Fast BEM

What about curved screens?
More general rough scatterers?

What about the Maxwell case?
Other PDEs? (Laplace, reaction-diffusion already covered.)

> ...

Chandler-Wilde, Hewett, M., Besson, Boundary element methods for
acoustic scattering by fractal screens, preprint coming soon!
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Regularity theory for the fractal solution
Rates of convergence

Approximation on fractals

Fast BEM

What about curved screens?
More general rough scatterers?

What about the Maxwell case?
Other PDEs? (Laplace, reaction-diffusion already covered.)

> ...

Chandler-Wilde, Hewett, M., Besson, Boundary element methods for
acoustic scattering by fractal screens, preprint coming soon!

Thank youl!
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Sobolev spaces on rough subsets of R™*1

We need fractional (Bessel) Sobolev spaceson T’ ¢ R* L, For s € R let

HR ) = {u € 8 R s ulfqaosy o= [ (1+IERl€)P dé < oo

Rn—1
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Sobolev spaces on rough subsets of R™*1

We need fractional (Bessel) Sobolev spaceson T’ ¢ R* L, For s € R let

)= {u e 8@ s fulfpn = [ (1+EPIREP d€ < )

ForT c R*! open and F ¢ R*! closed define (MCLEAN)
HS(T) := {u|r : ue HSR" 1)} restriction
H5(T) := Cg"(F)HS(Rn_I) closure
H :={ue HS(R" ) :suppu C F} support

When T is Lipschitz it holds that

HS(T') = (H-3(I"))* with equal norms

seN= ||u||%1s(r) ~Yla<s Jr 0%ul

HS(T)=HS (= Hg,(I), s> 0)
il/Z — {0}

{HS( )}sew and {H¥(T)}ser
are interpolation scales.

v

VVVV
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Sobolev spaces on rough subsets of R™*1

We need fractional (Bessel) Sobolev spaceson T’ ¢ R* L, For s € R let

)= {u e 8@ s fulfpn = [ (1+EPIREP d€ < )

ForT c R*! open and F ¢ R*! closed define (MCLEAN)
HS(T) := {u|r : ue HSR" 1)} restriction
H5(T) := Cg"(F)HS(Rn_ ) closure
H :={ue HS(R" ) :suppu C F} support
When T is Lipschitz it holds that For general open T
» HS(T') = (H-3(T"))* with equal norms > Vv
> s EN= [l ~ 2 a<s Jr 07Ul > X LIPSCHITZ
> H°(I')=Hz (= Hgy(l). s> 0) > X IS
» Hi'/? = {0} > X LUXURY!
> {HS( )}ser aNd {H*(T)}scr > X

are interpolation scales.
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BVPs for open and compact screens

BVP D°P(T") for open screens

Let T c 'y, be bounded & open.
Given g € HY/2(T)

(forinstance, g = —(y*ud)|r),
find u € C? (D) N Whloe(D)
satisfying

Au+ku=0 inD,

(vcuwlr =g,
Sommerfeld RC.

y* = traces : WH(RL) — HY/2(T)

25



BVPs for open and compact screens

BVP D°P(T") for open screens BVP D<(I") for compact scr.
LetI’ c ' be bounded & open. LetT c I'y, be compact.

Given g € H'/2(T") Given g € H'/2(1¢)+
(forinstance, g = —(y*ud)|r), (e.9..g=—Prub),
find u € C2 (D) N Wlee(D) find u € C2 (D) N Wle(D)
satisfying satisfying
Au+ku=0 inD, Au+K?*u=0 inD,
(Y"wlr =g, Pry*u =g,
Sommerfeld RC. Sommerfeld RC.

Orthogonal projection
v* =traces: WI(R}) — HY2(Ts)  Pr: HY2(I) — HU/2(9),
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BVPs for open and compact screens

BVP D°P(T") for open screens BVP D<(I") for compact scr.
LetI’ c ' be bounded & open. LetT c I'y, be compact.

Given g € H'/2(T") Given g € H'/2(1¢)+
(forinstance, g = —(y*ud)|r), (e.9..g=—Prub),
find u € C? (D) N Whloe(D) find u € C? (D) N Whloe(D)
satisfying satisfying
Au+IK?u=0 inD, Au+K?*u=0 inD,
(’\I’iu)hﬂ =9, Prﬁ/'iu:ga
Sommerfeld RC. Sommerfeld RC.

Orthogonal projection
v* =traces: WI(R}) — HY2(Ts)  Pr: HY2(I) — HU/2(9),

If © bdd open, H~/2(Q) = H>'/?, then D(Q)&D*(%2) are equivalent.

25



Well-posedness & boundary integral equations

Theorem (CW, H, M 2019) Theorem (CW, H, M 2019)

If FI-1/2(I") = H- '/ then problem  Problem D®(T’)
D°P(T") has a unique solution wu. has a unique solution wut.

24



Well-posedness & boundary integral equations

Theorem (CW, H, M 2019) Theorem (CW, H, M 2019)

If FI-1/2(I") = H- '/ then problem  Problem D®(T’)
D°P(T") has a unique solution wu. has a unique solution wut.

u safisfies the representation formula  u(x) = —Sro(x),x € D,
where ¢ = [Oqu] := 0§ u — 9, uis the unique solution of BIE Sp¢ = —g.
Sr = single-layer potential,
Sr = single layer operator: cont. & coercive in H~'/2(R"~') norm.
Srip(x) := / d(x,y)y(x)ds(y)

-

Sp: H-Y2(T) — C2(D)nWhiee(RY) | S : Hy /2 — C2(D) N Whiee(R™)
Sl‘L' f (”/isl"l_l)‘y Sr = Pr“/iS]“ _
Sr: H-1/2(T') — H'/2(T) Sr: Hy '/? — HY/2(1e)+

® is the Helmholtz fundamental solution (d(x,y) = £ for n = 3)



When is H-/2(I') = H-/??

The previous theorems extend classical results for Lipschitz domains
(STEPHAN & WENDLAND 1984, STEPHAN 1987).
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When is H-/2(I') = H-/??

The previous theorems extend classical results for Lipschitz domains
(STEPHAN & WENDLAND 1984, STEPHAN 1987).

Sufficient conditions for H=1/2(T") = Hgl/2 are that |dr'| = 0 and either
» Tis C° (e.g. Lipschitz);
» I'is CY except at a set of countably many points P ¢ 9T such
that P has only finitely many limit points;
» I'is “thick”, in the sense of Triebel.

dense

(H'V2()=H.'? < C¥() C {ve HV2R"!):suppvc TH
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When is H-/2(I') = H-/??

The previous theorems extend classical results for Lipschitz domains
(STEPHAN & WENDLAND 1984, STEPHAN 1987).

Sufficient conditions for H=1/2(T") = Hgl/z are that |dr'| = 0 and either
» Tis C° (e.g. Lipschitz);

» I'is CY except at a set of countably many points P ¢ 9T such
that P has only finitely many limit points;

» Lis “thick”, in the sense of Triebel.

4HHOC K
Ahllh m

(H- 1/2( 1:1/2 <~ Cg(I C {UGH 1/2 (R1) supvaI‘})

Cases with H-1/2(T") +# H- /2 constructed using characterisation:
If s€ R, int(T)is C°then  H(I') = HE « H,_*= = {0}
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Open questions

vvyyVvyVvyy

v

Regularity theory for the fractal solution
Rates of convergence

Approximation on fractals

Fast BEM

What about curved screens?
More general rough scatterers?

What about the Maxwell case?
Other PDEs? (Laplace, reaction-diffusion already covered.)

> ...

Chandler-Wilde, Hewett, M., Besson, Boundary element methods for
acoustic scattering by fractal screens, preprint coming soon!

Thank youl!
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