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then do time-stepping

Alternatively: Rothe’s method, first discretise in time then in space

Instead, we want to use a space-time method (XT):
simultaneous discretisation of space x and time t variables

local mesh refinement

Why?
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parallelization
Because , , ,
it's therel moving boundaries and interfaces

high-order solution at all x, t )
use tools designed for elliptic PDEs
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This slide mostly from Ferrari, Perugia, Zampal



Existing conforming XT formulations for the wave equation

Second-order (9?u — c?Au = f) — Weak in space This slide mostly from Ferrari, Perugia, Zampal
» (French, 1993), (Walkington, 2014), (Dong. Mascotto, Wang, 2024)  CG(trial)-DG(test) in time

» (Ferrari, Perugia, 2025) splines in time, exp. weight
Second-order — Weak in space & time

» (Steinbach, Zank, 2019), (Zank, 2021) stab. with projection or penalty term

» (Ferrari, Fraschini, Loli, Moiola, Sangalli, 2024-2025x2) splines, stab. with penalty tferm

» (Loscher, Steinbach, Zank, 2023) modified Hilbert transform

» (K&the, Loscher, Steinbach, 2023) least-squares
Second-order — Ultra-weak in space & time

» (Henning, Palitta, Simoncini, Urban, 2022) Petrov-Galerkin, L2-H? regularity
First-order system

» (Bales, Lasiecka, 1994), (French, Peterson, 1996), (Gémez, 2025) CG-DG intime, (u, 0:u)

» (Ferrari, Fraschini, Loli, Perugia, 2025) CG-DG, splines, (u, o:u)

» (Anselmann, Bause, Becher, Matthies, 2020x2) Petrov-Galerkin collocation, splines, (u, d:u)

» (Berggren, Hagg, 2021) no numerical scheme, Friedrichs, (0:u, Vu)

» (FUhrer, Gonzdlez, Karkulik, 2025) least squares (FOSLS), (d:u, Vu)

» (Ferrari, Perugia, Zampa, 2025) exp. weight, (u, o:u)

+ Plenty of XT-DG (Barucq, Diaz, Dérfler, Egger, Falk, Feistauer, Gopalakrishnan, Haber, Kretzschmar,
Moiola, Monk, Perugia, Richter, Schnepp, Schbberl, van der Vegt, Wieners, Wintersteiger. . .)
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Elliptic problems: variational form and Galerkin method

Dirichlet problem

for Poisson eq.: —Au=f ong, u=0 onaoQ

Variational formulation:  find we H} () st / Vu- Vo= /fu Vv € Hg(Q)
Q Q

Abstract form: find ueVv s.t. b(u,v) = F(v) YveV
Galerkin method, , _
e.g. FEM, for v, CV: find u, € Vp, s.t. /QVuh -V, = /vah Yup € Vi
Corresponds to P B
square linear systern: B0 =F» V= span{e1,..-, o}
Bij = b(gj, 1), Fi:=F(p), un:=Y,, U

Galerkin well-posed and quasi-optimal for all subspaces Vi, ¢ V = H} () by Lax-Milgram
(e.g. piecewise polynomials of any degree on any mesh)

Requires continuity & coercivity: |b(u,v)| < Cp ||ully [|lvlly, b(v,v) > v V|3 Yu,veV
—~—

>0

Then Binvertible and  [u — us|lv < <2 infy,ev, [u— vnllv



How to adapt techniques from elliptic PDEs to XT7?

The same recipe does not work for the wave equation
Integrating by parts 92u— c2Au=f in @=Qx(0,T) we don’'t have coercivity:
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How to adapt techniques from elliptic PDEs to XT7?

The same recipe does not work for the wave equation
Integrating by parts 92u— c2Au=f in @=Qx(0,T) we don’'t have coercivity:

/(—8tv8tv+c2Vv-Vv)+boundory terms ¥ lv|?
9

How to get a continuous & coercive XT variational formulation for the wave equation?

Looks implausible!

No stable formulation for "general” XT discrete spaces is available
Most of those listed earlier require tensor-product spaces Vy

But see: FOSLS scheme in (FUHRER, GONZALEZ, KARKULIK 2025)
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Coercivity from Morawetz multipliers: Helmholtz equation

How to get a confinuous & coercive XT variational formulation for the wave equation?
Looks implausible also for the Helmholtz equation

Au+Ilu=f k>1

which models time-harmonic waves Ux, t) = R{e “u(x)}, k=

ole

Helmholiz is prototype of indefinite elliptic PDE:
/ (~Vu- Vv + kK?uv) + boundary term
Q

However, a coercive formulation was found in (MOIOLA, SPENCE, SiRev 2014)

Trick: use Rellich—-Morawetz multipliers and identities,
i.e. do integration by parts with a “special” test function (the multiplier)

related to the “physics” of the problem, energy decay, ray (non)trapping.

Rellich-Morawetz multipliers are classical (1940, 1961) tools of scattering theory:
require geometric conditions on the BVP
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Impedance initial-boundary value problem

Interior impedance IBVP: Q c R4 Lipsch., bdd, constant c,6 > 0
t
dfu—cAu=f onQ:=Qx(0,T) T« % D
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Impedance BC is natural in acoustics (normal velocity proportional to acoustic pressure)
and electromagnetics (imperfect conductor).  Also approximates radiation condition.

Impedance boundary absorbs part of the wave energy (s Dirichlet & Neumann)
Dirichlet = limg\ o impedance Neumann = limg »., impedance



Impedance initial-boundary value problem

Interior impedance IBVP: Q c R4 Lipsch., bdd, constant c,6 > 0
Ru—ccAu=f on@:=Qx(0,7T) ¢
dau+ (00) Du=g  onx:=0Q x (0,T) M

u = up, oru = 1 on Qo :=Q x {0} ¢

Impedance BC is natural in acoustics (normal velocity proportional to acoustic pressure)
and electromagnetics (imperfect conductor).  Also approximates radiation condition.

Impedance boundary absorbs part of the wave energy (s Dirichlet & Neumann)
Dirichlet = limg\ o impedance Neumann = limg »., impedance
Well-posedness and regularity: Faedo-Galerkin, adapting (LADYZHENSKAYA 1985)

fel?(@),gel?X),up e H(Q),u; e L2(Q) = 3 uec HYQ), due L?(D)
of € L2(Q),0ig € L>(2),up € H*(Q),u; € HY(Q) = 92u,Vou € L%(Q),0%u, Vu € L%(%)

o0 isCYl, 0ig e L*(0,T;H?(0)) = uecH*Q)



Morawetz multiplier and identities for the wave equation
Morawetz multiplier for the wave operator Wu := 92v — c2Auv:
Mv = —€x-Vov+ (t — vT)owv £8>0,v>1.

Used in (MORAWETZ “61): energy decay of wave solutions outside star-shaped obstacles.
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Morawetz multiplier and identities for the wave equation
Morawetz multiplier for the wave operator Wu := 92v — c2Auv:
Mv = —€x-Vov+ (t — vT)owv EB>0,v>1.
Used in (MORAWETZ “61): energy decay of wave solutions outside star-shaped obstacles.
Pointwise and integral identifies:
MuWv + WuMv = 9 {Muatwr duMv — B(t — vT) (8tu8tv —vu- VU) }

-V [CQMqu +VuMo - €x (&uatv —cvu- Vv) ]

— (B +¢d)dudw — (B +€(2 - d))Vu - Vo

/ (MuWv + WuMpv) = — / [(B + éd)dudw + (B + 26 — d&)Vu - V]
Q Q
— / [£x - (OruVV + Vudw) — B(T — vT)(8udv + Avu- V)]
Qr
u,ve H*(Q) + / [€x - (OuVL + Vudiv) + BrT(dudw + c*Vu - V)]
Qo

“Morawetz-Green identity”  — / [ MUudav + 0aUMD + €X - n(—8udv + ¢ Vu - V)]
P



XT variational formulation

Now follow the abstract framework: 1 Mv=—-¢x-Vuo+ p(t—vT)owv
2 decompose JoOWuMv + Muwv) = r(u, v) + s(u, v) with s(u, v) = Syg,u (V).
3 infroduce penalty  /(u,v) = AgT? fQ WuWv + Aq, T~} Jo,uv  Ag,Aq, > 0.
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XT variational formulation

Now follow the abstract framework: 1 Mv=—-¢x-Vuo+ p(t—vT)owv
2 decompose JoOWuMv + Muwv) = r(u, v) + s(u, v) with s(u, v) = Syg,u (V).
3 infroduce penalty  /(u,v) = AgT? fQ WuWv + Aq, T~} Jo,uv  Ag,Aq, > 0.

» The solution u of the impedance IBVP satisfies b(u,v) = F(v) Vv “smooth”, with
b(u, v) ::/ [MuWo + (8 + d)dudy + (6 + 26 — dé)Vu - Vo]
9

+ / [€x - (OuVv+ Vudw) — B(T — vT)(dudv + AVu- V)]
Qr

t
+/ A Mudyv — e duMv + €x - n(—0udv + AVu - Vo
(o Mude t (=Busdy Ve

-

+AQT2/WuWU +AQOT—1/ n 0
Q Qo

F(v) ::/ —f/\/lv—/ ngMU+AQT2/fWU+AQOT_1 UV
Q = Q

Qo

+ / [¢x - (w1 Vv + Vg 9pv) + BvT (wdev + *Vug - V) |
Qo



Norm, continuity and coercivity

Simplest norm to ensure (explicit) continuity of b(-,-), F(-): (L := diam )
3= owly  + levoly  + T Wl vl < [Ivllv < [1Vllk2g)
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+ Lol + LleVold [F(v)] < Cr o]y



Norm, continuity and coercivity

Simplest norm to ensure (explicit) continuity of b(-,-), F(-): (L := diam )
lIf = loewllyz — + lleVollyg — + T*Wold Wl g) S lvllv S vlleg)

+ T(|0ev]|Bo00r + TIeVUlRgua, + T VIS, Ib(w, v)] < Cp [lully V]l

+LIow[E  + LVl [F(v)| < Crllv]y
Coercivity
If Qis star-shaped wrt Bs;, (i.e. n-x> /L qa.e.on dfN), n

&d—1) L=
£, Ag,Ag, >0, v>1, B>max( ¢t (L +1) Q ,"(‘/,’
1) A
e 0+ 3) oo L
. 0

Then, Yu with ||ufv < co. b(u, u) > min {% Ag, AQO} [l

The proof is elementary: only uses Cauchy-Schwarz, Young, mn-x > 6L...
Star-shapedness assumption is related to non-tfrapping of rays.
With § = Ag = Aq, = 1,v=2: coercivity constant = ¢/4.



Function spaces

We have a C&C formulation in norm || - ||y, but... what is the right function space?

V= C>(9)

-l
)

W= {ve L*(Q), |lvllv < oo}

dense closed dense
c VvV C -

H*(Q) H'(Q)

sV =W?

Equivalently: is C>(Q) dense in W?
Related question for Tst-order systems in (BERGGREN, HAGG, JDE 2021).
Relevant because equivalence IBVP-VF is proved for smooth functions and using density.



Function spaces

We have a C&C formulation in norm || - ||y, but... what is the right function space?

V= C>(9)

-l
)

W= {ve L*Q), |v|y < oo}

dense closed dense
c VvV C -

H*(Q) H'(Q)

sV =W?

Equivalently: is C>(Q) dense in W?
Related question for Tst-order systems in (BERGGREN, HAGG, JDE 2021).
Relevant because equivalence IBVP-VF is proved for smooth functions and using density.

Let u be the impedance IBVP solution.
> IfucV = usolves b(u,v) =F(v)Vve V.
» Ifu¢ W = formulation is not applicable.
» Whatifue W\ V? Isit possible at all?
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Galerkin discretisation

The formulation and any conforming Galerkin scheme are well-posed: VVy CV
A uy € Vy such that b(uN, UN) = F(UN) Yoy € Vy.

Explicit quasi-optimality:
with coefficients Ag=Aq, =¢=1, v=2, B>p*:=d+(0+45)%

[u—unllv < Cqo inf [lu—vnv
UNEVN

Coo = % max {35 +d, (1 n %) (1 n 2ﬂcLT)} (linear in T)

The error is controlled in a norm stronger than H(Q).

Norm ||v[|y contains residual term [[Wu]|,:

Piecewise-smooth space Vy is  V-conforming <= Vy C C(Q).
E.g.: IGA spaces made of splines.



» Extensions

» Numerics: smooth and singular solutions
» A posteriori estimator and adaptivity

» CO-interior penalty formulation
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Extensions: variable wavespeed and scattering problems

1 Smooth c e C1(Q):  add to bilinear form b(u, v) the term —/ 2¢6(c3Ve - x)oudv
9

Coercivity follows assuming radial monotonicity: Ve -x <0 O
2 Piecewise-constant ¢ with interface Zp: ny, points from {c = c;} to {c = 2}
add to bilinear form b(u, v) the term — | & -ny.(c;? — ¢, %)0ud
SF
Coercivity follows assuming radial monotonicity: x-ny, < dpLr, ¢ > C2 Q
3 Impenetrable Dirichlet obstacle T'p: Lp = diamTI'p
add to bilinear form b(u, v) the term + / SpUMU + ApLpc—20,ud;v
JTpx(0,T)

+ suitable term to RHS if Dirichlet BC is not homogeneous. > L

o . , . ot L & X
Coercivity follows if obstacle is star-shaped: —x-n > dpLp I‘;‘J TS5 ¢

Radially decreasing wavespeed 1-2 (increasing refraction index)
and star-shaped obstacle 3 are non-trapping assumptions!



Main drawback of XT methods: need 1o solve large linear system. Let’s quantify this.



Linear system size

Main drawback of XT methods: need 1o solve large linear system. Let’s quantify this.

Take maximal-regularity IGA space QP(Tx) N CP~1(@Q) on uniform Cartesian mesh:

t
Q= (0,L)% x (0,T), L~T~cn~1, N, = L/h,, N; = T/hy, =
d+1 }

€= |lu—un|mg ~ h? ~max{Ng?,N; P},  #DOFs~ NIN,~¢€ v



Linear system size

Main drawback of XT methods: need 1o solve large linear system. Let’s quantify this.

Take maximal-regularity IGA space QP(Tx) N CP~1(@Q) on uniform Cartesian mesh:

t
Q= (0,L)% x (0,T), L~T~cn~1, N, = L/h,, N; = T/hy, =

X
d+1 —

€= |lu—un|mg ~ h? ~max{Ng?,N; P},  #DOFs~ NIN,~¢€ v

Compare with a single fime-step of an implicit method, using QP N CPs—1(Q) in x only.
Assume time-step does not infroduce any error other than approximation in space.
d

To get same error e one needs #DOFsts ~ Nf,rs =€ brs,
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Main drawback of XT methods: need 1o solve large linear system. Let’s quantify this.

Take maximal-regularity IGA space QP(Tx) N CP~1(@Q) on uniform Cartesian mesh:

t
Q= (0,L)% x (0,T), L~T~cn~1, N, = L/h,, N; = T/hy, =

X
d+1 —

€= |lu—un|mg ~ h? ~max{Ng?,N; P},  #DOFs~ NIN,~¢€ v

Compare with a single fime-step of an implicit method, using QP N CPs—1(Q) in x only.
Assume time-step does not infroduce any error other than approximation in space.
d

To get same error e one needs #DOFsts ~ N;j{Ts =€ brs,

We get comparable accuracy and #DOFs for full XT method on @ or T implicit time-step
if we use slightly higher polynomial degree and coarser elements in the XT method:

d+1 £rs 2
p~—g Prsi Ne~Ne~ Npg ~ Nig (de{1,2,3})



Matlab, d=1, uniform tensor-product meshes and splines, Q3(Th) NCHQ)



Numerical test: smooth solution, parameter sensitivity

Matlab, d=1, uniform tensor-product meshes and splines, Q3(Th) N CY(Q)

Difference of 2 Gaussians bouncing against impedance wall,
f:g:O/ C:2, 0:10, Q:(—I,I)X(O,l)




Numerical test: smooth solution, parameter sensitivity

Matlab, d=1, uniform tensor-product meshes and splines, Q3(Th) N CY(Q)

Difference of 2 Gaussians bouncing against impedance wall,
f:g:o, C:2, 0:10, Q:(—I,I)X(O,l)

Parameterstudy: ¢=1,v=2,8=p4* Ny=N;=32
vary penalty terms Ag, Ag,: . ‘ ‘
m < Cantake Ag = 0, drop [, WuWu!

v Relative L?(Q) error and condition #
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Numerical test: smooth solution, parameter sensitivity

Matlab, d=1, uniform tensor-product meshes and splines, Q3(Th) NCHQ)

Difference of 2 Gaussians bouncing against impedance wall,
f:g:o, C:2, 0:10, Q:(—I,I)X(O,l)

Parameterstudy: ¢=1,v=2,8=p4* Ny=N;=32
vary penalty terms Ag, Ag,: . ‘ ‘

Z —llu—unllg2 (Q)/H L2 (g) < Can take AQ =0, drop fQ WLLWU!

v Relative L?(Q) error and condition #

1076 |-

10— 1012 10-10 108 105 104 10-2 100 10? VOI’yfﬂ

10°
l 10 10?
100 '
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Numerical test: smooth solution, errors

i T2 1
v Relative errors: L*(Q), H'(Q). V Galerkin energy error v

= Galerkin, _ _ _ = best approx
10t g T T T
E JLTTTTTT T T R —r—y -
100 3 E MW
o ] ] ! WWW I
1072 ] | | | |
E T 0.5 0.6 0.7 0.8 0.9 1
1073 & il t
E 100 S DAL B M
104 & - 10-2
1 10t — 10-1
10~ . r 1w
] 10~ ‘—0—~; £ (64 — un)/ Supreqo 1 &t 1)
[ 1 e = on v /o)
1076 ol vl l Ll - nev e vnlv /v
1071 100 101 102 1072 10! 100

ha/he
A Uncondifional stability test, hy = 0.125



Numerical test: singular solufion

Singularity from incompatible boundary data:
f=g9=0

Up, Uy = 7l,l6 € COO(Q)

Q=(-1,1)x(0,1), c=6=1
ueC(Q\CQ) — ueHY?(Q)
Ag=1

06
05
04
03

02

100

10—t

10—2

10—3

I |

1071

10°



A posteriori error estimator

With Théophile Chaumont-Frelet
Let uy be Galerkin solution.

Define residual error estimator  7* = ng +ng +n%  with

L L
né = <([7’1/)Z + EZTi + Al> TZHC(f WuN)||Q

(¢L)® -
U%O=<2<CT>2+2( w)? (TN Vuo—Vun[[, + Tlle™ (w —dun)[[d,) + A5, T le™ uo—unl|3,

. o (cT)?
(24 002 L5 ) Ll ~ (@aay + (e0) o)

%




A posteriori error estimator

With Théophile Chaumont-Frelet

Let uy be Galerkin solution.  Define residual error estimator 7> = n2 + 03, +n%  with

né = <(J’I/)2 + (cT)2 + Al> TZHC(f WuN)||Q

¢L)? T
ngoz<2(‘ S+ 2000)7 ) (T Vuo—Vun |3, + Tlle™ (w —0wun)|13,) + A5, T e uo—un||3,

cT
= (& 0020 ) Lo Gu + @) o2
Reliable and efficient: reliability equal to the coercivity constant
. (&6 n 1 cT §L
mm{Z’AQ’AQO} = Tu—wlly = eIl iy L (*BH or T4 +AQ°)

Fully explicit and computable
Localisable on mesh elements and faces: allows mesh adapfivity



A posteriori estimator and adaptivity: numerical results
Double-Gaussian example as before. Matlab+GeoPDEs, maximal regularity splines
Without adaptivity:

103 [ R

10*

1073

Ll |
10-2 10-1

h

Degree p = 2 Degree p = 4
= flu—unllv & [u—ullv
-A- 7 -A- n

h n/u = upllv
p=2 p=4
5.0-10"1 | 62.151 | 63.952
2.5-1071 | 47.454 | 37.068
1.3.1071 | 25.581 | 27.652
6.3-1072 | 23.502 | 22.741
3.1-1072 | 22.838 | 22.442
1.6-1072 | 22,573 | 22.409
7.8:1073 | 22.466 | 22.403
3.9-1073 | 22.424 | 22.401




A posteriori estimator and adaptivity: numerical results

Double-Gaussian example as before.,
Without adaptivity:

10% -

10t

10-1 |

1073

10-2 10-1

h

—a—
.

Degree p = 2

Degree p = 4

lle = unllv = [lu—ullv
" —a- n

h n/llu = wnllv

p=2 | p=4

1071 | 62.151 | 63.952
1071 | 47.454 | 37.068
21071 | 25.581 | 27.652
<1072 | 23.502 | 22.741
21072 | 22.838 | 22.442
21072 | 22,573 | 22.409
21073 | 22.466 | 22.403
21073 | 22,424 | 22.401

Matlab+GeoPDEs, maximal regularity splines

Adaptivity, Dérfler marking

Truncated hierarchical

B-splines (THB)
p=2,4,6 »

(#DOFs)~ 51

‘

iy —e— 7 --

O(ndof~B-1/451)y |

0.9

0.8

0.7

0.6

Mesh obtained for p = 2:

=

10°

102

10t

10°

I
10%
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XT C%-interior penalty formulation

With Théophile Chaumont-Frelet

C!-discretisations are cumbersome, want formulation that allows any C°-FEM space!
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C!-discretisations are cumbersome, want formulation that allows any C°-FEM space!

» Partition XT domain @ in simplicial mesh Ty Assume ¢ = c¢(x) elementwise constant

» Do Morawetz identities elementwise and sum
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XT C%-interior penalty formulation

With Théophile Chaumont-Frelet

C!-discretisations are cumbersome, want formulation that allows any C°-FEM space!

» Partition XT domain @ in simplicial mesh Ty Assume ¢ = c¢(x) elementwise constant
» Do Morawetz identities elementwise and sum
» Add terms with jumps [e] and averages {e} on inner faces to bilinear form b(u, v):

/ —n wn (MU} [0ar] + [Gaul M} ) — cx n((Vrw) T [WIVro)
e

2
(n' |Wn)*/?[0au] [0av] W=diag(-1,..., —1,c72) ¢ R4FIxdHL

L
+ Ap
h
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XT C%-interior penalty formulation

With Théophile Chaumont-Frelet

C!-discretisations are cumbersome, want formulation that allows any C°-FEM space!

» Partition XT domain @ in simplicial mesh Ty Assume ¢ = c¢(x) elementwise constant
» Do Morawetz identities elementwise and sum
» Add terms with jumps [e] and averages {e} on inner faces to bilinear form b(u, v):

/ —n wn (MU} [0ar] + [Gaul M} ) — cx n((Vrw) T [WIVro)
e

2
(n' |Wn)*/?[0au] [0av] W=diag(-1,..., —1,c72) ¢ R4FIxdHL

L
+ Ap
h

» Get coercive formulation on continuous piecewise-polynomial space PP(7;,) N CO(Q)
if App > &+ %(5 + ﬂy%)z use standard inverse estimate
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XT C%-interior penalty formulation

With Théophile Chaumont-Frelet

C!-discretisations are cumbersome, want formulation that allows any C°-FEM space!

» Partition XT domain @ in simplicial mesh Ty Assume ¢ = c¢(x) elementwise constant
» Do Morawetz identities elementwise and sum
» Add terms with jumps [e] and averages {e} on inner faces to bilinear form b(u, v):

/ —n wn (MU} [0ar] + [Gaul M} ) — cx n((Vrw) T [WIVro)
e

2
(n' |Wn)*/?[0au] [0av] W=diag(-1,..., —1,c72) ¢ R4FIxdHL

L
+ Ap
h

» Get coercive formulation on continuous piecewise-polynomial space PP(7;,) N CO(Q)
if App > &+ %(5 + ﬂy%)z use standard inverse estimate

» Slightly modified quasi-optimality (1 + Cc(fe”rg), estimator, a posteriori analysis. . .

21



XT CO-IP: numerics

Same double-Gaussian u as before
Quasi-uniform unstructured triangular meshes, h-convergence forp=2,...,7:

10 |- - |
100 - | i
10-1 |- 4 |
102 N i
10-3 |- B .
} h? _
101 |- . Bt 106 | -
10-5 L Lodiii Ll 1077 R R i LoD IR
10— -t 10” 0-2 10! 100 10-2 10—t 107
T T T T T T T T T T T T 1777
T
i T T T o ) i
107F - 10-2 | -
10-2 - B
1072 |- 1074 -
10-1 - E
10-5 |- 10-6 |-
10-6 -
1077 |- et B
1075 - -0 et B
1079 - 1
10-10 |- i0-12 - .
Ll L L4l 1 IR 1l 1 Lo i il Il 11 il 1l 1 ol 1 I R
10-2 10—t 100 w2 w0t 10” w02 10-? 10°
= lu—wlpa/lulle = fu—wlp /el —— = sl /v,
--- infuev, lu—vpllpa/llullpe --- infuev, llu—vpllge/lullyr —-- infuey, [lu— oy, /lully,

@ NGSolve

S\

|

L?(Q) ~ hPt!
H'(Q) ~ h?P
V ~ hP!1
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That's alll

Coercive & continuous space-time variational formulation for impedance wave IBVPs
Explicit analysis based on Morawetz multipliers
Requires star-shaped domains and either C'-conforming discrete spaces or C°-IP

Extensions & improvements
» Wider class of non-trapping non star-shaped domains, non-reflecting BCs
» Sparsification, solvers, preconditioners, optimal ratesin H!(Q), L?(Q)
» Maxwell, elasticity
» Clarify function space questions: V.= W? Minimal data regularity ensuring u € V

Paper: Bignardi, Moiola, Numer. Math. 157(4), 2025
Paolo’s PhD thesis: https://iris.unipv.it/handle/11571/1519237
4 O C! Matlab code: https://github.com/pbignardi/CoerciveWaveTests/

adaptive— https://github.com/pbignardi/SplinesTests-XTWave/
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That's alll

Coercive & continuous space-time variational formulation for impedance wave IBVPs
Explicit analysis based on Morawetz multipliers
Requires star-shaped domains and either C'-conforming discrete spaces or C°-IP

Extensions & improvements
» Wider class of non-trapping non star-shaped domains, non-reflecting BCs
» Sparsification, solvers, preconditioners, optimal ratesin H!(Q), L?(Q)
» Maxwell, elasticity
» Clarify function space questions: V.= W? Minimal data regularity ensuring u € V

Thank youl!

Paper: Bignardi, Moiola, Numer. Math. 157(4), 2025
Paolo’s PhD thesis: https://iris.unipv.it/handle/11571/1519237
4 O C! Matlab code: https://github.com/pbignardi/CoerciveWaveTests/

adaptive— https://github.com/pbignardi/SplinesTests-XTWave/
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