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SPURIOUS QUASI-RESONANCES IN BOUNDARY INTEGRAL
EQUATIONS FOR THE HELMHOLTZ TRANSMISSION PROBLEM*
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Abstract. We consider the Helmholtz transmission problem with piecewise-constant material
coefficients and the standard associated direct boundary integral equations. For certain coefficients
and geometries, the norms of the inverses of the boundary integral operators grow rapidly through
an increasing sequence of frequencies, even though this is not the case for the solution operator of
the transmission problem; we call this phenomenon that of spurious quasi-resonances. We give a rig-
orous explanation of why and when spurious quasi-resonances occur and propose modified boundary
integral equations that are not affected by them.
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1. Introduction and statement of the main results. The goal of this paper
is to explain, and also provide a remedy for, the feature of spurious quasi-resonances
in boundary integral equations for the Helmholtz transmission problem. This fea-
ture is illustrated in numerical experiments in section 1.4, with the explanation and
our remedy given in section 1.5. Sections 1.1-1.3 define, respectively, the Helmholtz
transmission problem, its solution operator, and the standard first- and second-kind
direct boundary integral formulations of this transmission problem.

1.1. The Helmholtz transmission scattering problem. We consider the
scattering of an incident time-harmonic acoustic wave by a penetrable homogeneous
object that occupies the region of space Q= C RY, d = 2,3, which is a bounded
Lipschitz open set. We first introduce notation necessary for a precise mathematical

statement of this transmission problem. Let QF := R4\ Q~, T' := 9Q~ = 0QT,
and let n be the unit normal vector field on ' pointing from Q= into QF. For any
o € LE (RY), we let o= = p|g- and ¢ = ¢|g+. With HL (QF,A) = {v :

xv € HY(QF), A(xv) € L2(QF) for all x € Coonp(RM)}, we define the Dirichlet and
Neumann trace operators

vh t Hpbo(Qu) — HY2(T)  and  ~F : Hb(Qx, A) — H-V(D),

with 75 := vF|p and 73 such that if v € H2 (Q4), then viv = n-y5(Vv). Let

loc

& := (v5,73) be the Cauchy trace, which satisfies
~E  HY(QF,A) — HY2(D) x H-V2(TD).
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Given ¢ € CY(R?\ Bg), for some ball By := {|x| < R}, and x > 0, ¢ satisfies the
Sommerfeld radiation condition if

(1.1) Tlingo rie <8gg(rx) - imp(x)) =0
uniformly in all directions, where r := |x|; we then write ¢ € SRC(k).

Given n;,n, > 0 and frequency k > 0, the Helmholtz transmission scattering
problem is that of finding the complex amplitude u of the sound pressure, with v €
HL (R4\T) the solution of

(A+E*nj)u” =0 inQ~,
(1.2) (A+E*no)ut =0 in QF,
. You = gqu + 'ygul on I

ut € SRC(ky/my),

where the incident wave u!

tion in R?,

is an entire solution of the homogeneous Helmholtz equa-

(1.3) (A +E2n)u’ =0 in R

This setup means that = is the total field in Q= and u™ the scattered field in Q.

In principle, the jump ')/JCFqu — vyou~ of the Cauchy trace of u across I' can be
more general than the Cauchy trace of an incident wave. This leads to the following
generic Helmholtz transmission problem.

DEFINITION 1.1 (the Helmholtz transmission problem). Given positive real num-
bers k,n;, and n, and f € H'/2(T') x H=Y(T'), find u € H} (R?\ T) N SRC(k\/ny)
such that

(A +E*n)u™ = inQ~,
(1.4) (A + E*n,)ut =0 in QF,
You  =~tut +f onT.
The following well-posedness result is proved in, e.g., [24, Lemma 2.2 and Appen-
dix A].

LEMMA 1.2. The solution of the transmission problem of Definition 1.1 exists and
is unique. Moreover, if £ € H'(T') x L*(T'), then y5u* € H'(T') x L*(I).

Remark 1.3. The transmission problem of Definition 1.1 is not the most general
form of the transmission problem. If the transmission condition in (1.4) is replaced
by

- + o4 10
(1.5) You = Dvyiu" +f, where D := 0 o )
for o a constant, then this covers all possible constant-coefficient transmission prob-
lems; see, e.g., [24, p. 322]. In Appendix A we outline how our results extend this
more general transmission problem. We see that, although the main ideas remain the

same, more notation and technicalities are required, hence we have chosen to focus
on the simpler problem of Definition 1.1.
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1.2. Solution operators and quasi-resonances.

DEFINITION 1.4 (solution operators). Given positive real numbers k,c;, and c,,
let

S(ci, co)f == vou,

where u € HY (R?\ T') N SRC(ky/co) is the solution of the Helmholtz transmission
problem

(A+E*c)u” =0 nQ,
(1.6) (A + K?co)ut =0 in QF,
You = 'ygqu +f onT.

Lemma 1.2 implies that S(c;, c,) is well defined and bounded on either H/?(T) x
H='Y2(I') or H'(T') x L*(T"). We introduce the abbreviations

Sio :=S(ni,ne)  and Sy := S(ne, ).

We refer to S;, as the “physical” solution operator, since it corresponds to the trans-
mission problem of Definition 1.1, and S,; as the “unphysical” solution operator, since
it corresponds to the transmission problem where the indices n; and n, are swapped
compared to those in Definition 1.1. The results of this paper show that to under-
stand the behavior of boundary integral operators (BIOs) used to solve the “physical”
problem, one needs both the “physical” solution operator and the “unphysical” one
(this is made more precise in Theorem 1.10 below).

The spurious quasi-resonances we study in this paper are related to the high-
frequency behavior of BIOs. We therefore recap here the high-frequency behavior
of S;,; recall that this depends on which of n; and n, is larger. Indeed, if n; < n,
and Q7 is Lipschitz and star-shaped with respect to a ball, then Lemma 4.5 below
shows that the norm of S;, has, at worst, mild algebraic growth in k; this result
uses the bounds on the solution operator from [24], with analogous bounds obtained
for smooth, convex Q~ with strictly positive curvature in [9]. If n; > n, and Q~ is
smooth and convex with strictly positive curvature, then Lemma 4.6 below, based on
the results of [29], shows that there exists 0 < k1 < ka < ... with k; — oo such that
the norm of S;, blows up superalgebraically through k; as j — oo. (Similar results
in the particular case when Q™ is a ball were obtained in [7, 8] and summarized
in [1, Chapter 5].)

We call these real frequencies k; quasi-resonances, since they can be understood as
real parts of complex resonances of the transmission problem lying close to the real axis
(with this terminology also used in, e.g., [1, 7, 8]); the particular functions on which
Sio at k = k; blows up are called quasimodes. The relationship between quasimodes
and resonances is a classic topic in scattering theory; see [32, 33, 34], [17, section 7.3].
The Weyl-type bound on the number of resonances of the transmission problem when
Q7 is smooth and convex with strictly positive curvature in [10, Theorem 1.3] implies
that the number of quasi-resonances in [0, K] in this case grows like K¢ as K — oo.

Remark 1.5. The physical reason for the existence of quasi-resonances when n; >
n, is that, in this case, geometric-optic rays can undergo total internal reflection when
hitting I' from Q7. Rays “hugging” the boundary via a large number of bounces
with total internal reflection correspond to solutions of the transmission problem
localized near I'; in the asymptotic-analysis literature these solutions are known as
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“whispering gallery” modes; see, e.g., [3, 4]. The existence of quasi-resonances of the
transmission problem has only been rigorously established when 2~ is smooth and
convex with strictly positive curvature. The understanding above via rays suggests
that such quasi-resonances and quasimodes do not exist for polyhedral Q~ (since
sharp corners prevent rays from moving parallel to the boundary), although solutions
with localization qualitatively similar to that of quasimodes can be seen when 27 is
a pentagon [21, Figure 13] or a hexagon [6, Figure 23].

1.3. Calderédn projectors and the standard first- and second-kind direct
boundary integral equations. Since all the layer potentials and integral operators
depend on k, we omit this k-dependence in the notation. Let the Helmholtz funda-
mental solutions be given by

iHél) (k\/mb( — y|) for d = 2,
(I)i/o(xv y) = elFvTizolx—yl

—— ford=
ppp— or 3,

where Hél) is the Hankel function of the first kind and order zero; see [30, section 3.1].
As in [30, equation (3.6)], the single-layer, adjoint-double-layer, double-layer, and
hypersingular operators are defined for ¢ € L?(T") and ¢ € H*(T') by

(1.7)

0 i/o\X,
Voo i= [ Bbey)o)asty) Ko = [ T gy asty)

(1.8)
Koot = [ P gy as(y). and
(1.9)

Y(y)ds(y)

. 0 a(I)i/o(xa y)
In(x) /r on(y)

for x € T' (note that the sign of the hypersingular operator is swapped compared to,
e.g., [11]). When T is Lipschitz, the integrals defining K;/, and K;/o must be un-
derstood as Cauchy principal values (see, e.g., [11, equation (2.33)]), and the integral
defining W;/, is understood as a nontangential limit (see, e.g., [11, equation (2.36)])
or finite-part integral (see, e.g., [22, Theorem 7.4(iii)]), but we do not need the details
of these definitions in this paper.

Let the Calderén projectors Pij/to be defined by

Wi/ow(x) =

1 K; -V
+ . o i/o ifo |,
(1.10) Pi/o = §Ii M;)o,  where  M;,, = Wi, _Kz{/o ;

see, e.g., [30, section 3.6], [11, p. 117]. Basic results about Pf/to (including that they

are indeed projectors) are in section 2, but we record here that

(1.11) Pl + P, =1

Let the BIOs Aj and Ay be defined by

_(Ki+K0) Vvi"'vo

= = + = .7 —_ + =
(1.12) A:=P, —P =P - P, Ww. Ktk
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and

_ _ K, — K —(V; = V,)
— + _ pt+ _ 9 o % o
(113) An:=P, +P" " =2I-P —P =1+ (W, —W,) —(K!—K)

LEMMA 1.6. If u is the solution of the Helmholtz transmission problem of Defini-
tion 1.1, then

(1.14) Ai(vou™)=P;f and An(you™) =P, f.

In particular, if u solves the Helmholtz transmission scattering problem (1.2), then

(1.15) Ai(ygu™) =~gu'  and  An(ypu~) =vpul.

These boundary integral equations (BIEs) are called single-trace formulations.
The first-kind BIEs in (1.14) and (1.15) appeared in [16], [38] and are also derived in,
e.g., [13, section 3.3]. Their counterparts for electromagnetic scattering are known as
the PMCHWT (Poggio—Miller-Chang—Harrington-Wu-Tsai) formulation [28]. The
second-kind BIEs in (1.14) and (1.15) can be found in, e.g., [14] and are known as the
Miiller formulation in computational electromagnetics [26].

LEMMA 1.7. (i) Both A; and Ay are bounded and invertible on H'/?(T)x H—'/2(T).
(i) A is bounded and invertible on H'(T') x L*(T).

The proofs of Lemmas 1.6 and 1.7 are contained in section 2.

The reason for the choice of spaces in Lemma 1.7 is the following. From the point
of view of computation, the natural space in which to consider Ap is the trace space
H'Y2(I') x H='/2(T"), and the natural space in which to consider Ay; is the L-based
space H(T') x L?(T") (see, e.g., the discussion in [14] and the references therein); these
choices are both included in Lemma 1.7. It turns out that all the results for A on
H'(T') x L*(T) also hold on HY?(T') x H=/2(T"), and thus we include this second
choice of space for Apy.

1.4. Spurious quasi-resonances for the standard BIOs. Lemma 1.7 shows
that the BIEs of (1.14) and (1.15) are well-posed. It is then reasonable to believe that
the solution operators of these BIEs inherit the behavior (with respect to frequency)
of the solution operator of the transmission problem. The following numerical results,
however, show that this is not the case.!

Example 1.8. If T is a circle for d = 2 or a sphere for d = 3 all BIOs Vi/os Kl{/o,
Ko, and W;,, can be “diagonalized” by switching to a “modal” L?(T")-orthogonal
basis of Fourier harmonics in two dimensions or spherical harmonics in three dimen-
sions, respectively. The corresponding eigenvalues can be found in, e.g., [2] for d = 2
and in, e.g., [37] for d = 3. All relevant norms have a simple sum representation with
respect to these bases. Therefore we can compute the norms of the solution operators
as the maximum of the Euclidean norms of 2 x 2-matrices, one for every mode. We
did this in MATLAB for the modes of order at most 100, which seems to be sufficient,
because the maximal norm was invariably found among the modes of order < 25.

We report the computed norms of the solution operator S;, along with the
norms of A; ' and Aj;" (i.e., the solution operators for the BIEs (1.15)) on the space

1/2 ~1/2 : :
HY?(T') x H~Y/?(T"), where we use the weighted norm || - ||H,1/2(F)xH,:1/2(F) defined in

IThe code used to produce the numerical results is available at https://github.com/moiola/
TransmissionBIE-OpNorms.
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Unij circle transmission problem, classical formulations: n; =3, n, =1 Unix circle transmission problem, classical formulations: n; =1, n, = 3
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Fic. 1. T' unit circle: Norms of operators Sio, A;l, and Aﬁl on H1/2(F) X H’1/2(I‘) for
n; =3, no =1 (left) and n; =1, n, = 3 (right).

UnitS sphere transmission problem, classical formulations: n; = 3, n, = 1 Unitssphcrc transmission problem, classical formulations: n; =1, Mo = 3
— A4 —l1A; "]
— AL — 4l
[|Sioll | 4 [|Sioll
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Operator norm
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Wavenumber k Wavenumber &

FiG. 2. T unit sphere: Norms of operators S;o, A;l, and Aﬁl on HY2(I) x H’1/2(F) for
n; =3, no =1 (left) and n; =1, n, = 3 (right).

section 4.1. We plot these norms for different frequencies k and give the results for
d = 2 in Figure 1 and for d = 3 in Figure 2.

When n; > n, (plots on the left) we see the typical spikes in the norms as a
function of k, expected because of the results recalled in section 1.2. Indeed, the
results in section 1.2 predict superalgebraic growth through quasi-resonances only for
sufficiently large k;. However, noting the logarithmic scale on the y-axis of the plots,
we see that the superalgebraic growth occurs through the spikes even for small to
moderate-sized ;.

Conversely, for n; < n, (right plots) the norm of S;, (in yellow) does not have
any spikes, whereas the spikes persist in the norms of A; L and Aﬁl.

The observations made in Example 1.8 provide evidence of spurious quasi-
resonances of A; and Ay when n; < n,: for certain frequencies these boundary
integral operators are ill-conditioned though for the same frequencies the solution
operator is stable.

On rare occasions such spurious quasi-resonances have been noticed before. In-
deed, the paper [23] computed the complex eigenvalues of A; and A and pointed
out in [23, section 2.3] the existence of “fictitious eigenvalues,” i.e., nonphysical poles
of the resolvent operators. Although [23] did not give a rigorous explanation for this
phenomenon, [23] attempted to remedy it by modifying the BIEs; these new BIEs,
however, still have issues with poles with small imaginary part—see the discussion

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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in [23, section 4]. Nonphysical spikes in the condition numbers of discretized BIEs
for Helmholtz transmission problems were also reported in [35, section 4.4], but no
deeper investigation was attempted.

The observation of the spurious quasi-resonances of Example 1.8 was the starting
point for this paper—we wanted to understand precisely why they affect Ay and Apy.
We also wanted to find alternative BIEs immune to spurious quasi-resonances. The
remainder of this paper reports our progress toward these goals.

Remark 1.9. For the standard first- and second-kind BIEs for the exterior Dirich-
let and Neumann problems for the Helmholtz operator (modeling acoustic scattering
by impenetrable objects), the occurrence of spurious (true) resonances is well known
(see, e.g., [30, section 3.9.2]): the solutions of the BIEs are not unique for an infinite
sequence of distinct ks, although the boundary value problems have unique solutions
for all k. The standard remedies for this are recalled (and linked to the results of the
present paper) in Remark 1.16 below.

1.5. Statement of the main results.
1.5.1. The relationship between the BIOs and the solution operators.

THEOREM 1.10. As an operator on HY/?(T') x H=Y2(T'), A;" has the decompo-
sition

(1.16) ATt =Si+ 8o — 1

and, as an operator on either HY/?(T') x H=Y/?(T') or H'(T) x L*(T"), Ay has the
decomposition

(117) AI_Il =1- Sio - Soi + 251’0501"

The proof of Theorem 1.10 is contained in section 3 below.

The following result uses (1.16) and results about the behavior of S;, and S,; in
Lemmas 4.5 and 4.6 below to prove that if n; # n,, then the norm of A; blows up
through the quasi-resonances of the transmission problem (1.6) with ¢; = max{n;, n,}
and ¢, = min{n;,n,}. This result explains rigorously the experiments in Figures 1
and 2. The result is stated using the weighted norm H'HH;/2(F)XH]€—1/2(F) defined in
section 4.1, with the operator norm

(1.18) abbreviated to

||.HH;/Q(F)XH;I/?(F)*)H;/2(F)XH’:I/Q(F) ”'”HimxH;l/z .
THEOREM 1.11 (superalgebraic blow-up of ||A; || for Q~ smooth and convex).

If Q is C°° with strictly positive curvature and n; # n,, then there exist frequencies

0<ky <ky<...withk; — oo such that given any N > 0 there exists C such that

HA;IHH;/?XH;}/? > CNkij fO?" all ]
J J

The proof of Theorem 1.11 is contained in section 4 below.

The reason we prove only blow-up of Aj, and not of Ay, is that Theorem 1.10
shows that Aﬁl involves not only S;, and S,; but also the composition of S;, and S,;
(whereas A1 does not), and we do not currently know how to show that this extra
term does not cancel out the blow-up of one of S;, or S,;.

The next result shows that, on appropriate subspaces, A L and Aﬁl involve
only the physical solution operator S;,. In particular, this result demonstrates that,
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because of the specific form of the right-hand sides in (1.14), only the physical solution
operator S;, is involved in the solution of the boundary value problem of Definition 1.1,
as expected. The results for Af;' hold on either H/2(I")x H~'/2(T") or H*(I") x L*(T),
but the results for A;* hold only on H/?(I') x H~'/2(T) (since we have not proved
that A; ! exists on H'(I') x L?(T)). We use the notation that R(P) is the range of
the operator P.

THEOREM 1.12 (A; and Ay as operators R(P; ) — R(FP,)).
(i) A{ 1Py = A' Py = Sio Py

o

(ii) Both A; and An are bounded and invertible from R(P; ) — R(P;) with
At = At = S,, as operators from R(P;) — R(P;).

The proof of Theorem 1.12 is contained in section 3 below.

1.5.2. Augmented BIEs. We now propose a simple way to suppress spurious
quasi-resonances in the BIEs without resorting to products of integral operators. We
work in the Hilbert space H where H := H'/?(T") x H=/2(T) for the results involving
Ay, and H equals either H/?(I')x H=/2(T") or H*(T') x L*(T") for the results involving
Apr; the norm || - |3 is then either || - ||H;/sz;1/z or || - [lz1x 2. We equip the space
‘H x ‘H with the norm

2 2 2
[ 15¢xae = leball3 + l12ll5

where ¥ = (v, ;) with ¢y, 9, € H.
Define the augmented BIOs A; and Ay : H — H x H by

~ A ~ A
(119) AI = < Pi > and AH = < PE >

The idea behind introducing these augmented operator equations is that the solution
vou~ to the BIEs (1.14) satisfies P;"ysu~ = 0 (we see this below in (2.10) in the
proof of Lemma 1.6).

LEMMA 1.13 (solutions of augmented BIEs). Let A, be one of/L and gn. Given
g € H, if the solution ¢ to the augmented operator equation

(1.20) A= ( % )
exists, then g satisfies

(1.21) g = Suig
and ¢ is given by

(1.22) ¢ = S8

Lemma 1.13 (proved in section 5) shows that the solution of the augmented oper-
ator equation (1.20), if it exists, only involves the physical solution operator S;,. Note
that if g = P, f, i.e., the right-hand side of the first- and second-kind BIEs (1.14),
then (1.21) is satisfied; indeed, it follows from Lemma 3.2 below that (S,; —I)P, = 0.

Example 1.14. As in Example 1.8 we perform a “diagonalization” of the aug-
mented BIOs of (1.19) to compute the operator norms of their pseudoinverses in

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 08/30/22 to 193.204.39.83 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

1454 RALF HIPTMAIR, ANDREA MOIOLA, AND EUAN A. SPENCE

Unit circle transmission problem, augmented formulations: n; =1, n, = 3 Unit sphere transmission problem, augmented formulations: n; = 1, n, = 3

i S h el
0/

0 5 10 15 5 10 15
Wavenumber k Wavenumber k

©
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.8
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4

V

Fic. 3. Plots of the operator norms of the pseudoinverses g}r, AVL of the augmented BIOs.

H'2(I') x H='/2(T") numerically (i.e., we compute the inverse of the smallest singu-
lar value of the block-diagonal matrix arising from truncating the Fourier/spherical-
harmonic expansion). These norms as functions of the frequency k are plotted in
Figure 3 for the case n; = 1, n, = 3, in which the physical solution operator .S;, has
small norm for all values of k considered (as shown by the right-hand plots of Figures
1 and 2).

As an agreeable surprise, we see that the norms of the pseudoinverses of the
augmented BIOs are smaller than those of .5;, for the range of frequencies considered—
augmentation has successfully removed any spurious quasi-resonances!

The following theorem rigorously explains the results in Figure 3 and is proved
in section 5.

THEOREM 1.15 (stability of augmented BIESs).

Arg,
(1.23) inf  sup (A1 %), > L
DEH\{0} pe\ {0} Dl 141l \/imax{ 1Sioll ¢3¢ » 1}
and
Aug,
(1.24) inf  su [(And:9) > L

p = .
e\ {0} e (0} 1Dl 1105 V6 + 42 maX{ 1Si0ll 33 » 1}

This theorem reveals that the operator norms of the pseudoinverses EI and EII are
bounded by C'max {|[Sio|l;,_,4 ,1} for some k-independent constant C' > 0. Hence,
if the physical solution operator S;, is well-conditioned, then this well-conditioning
carries over to the BIOs of the augmented formulations.

Remark 1.16 (the analogue of Theorem 1.10 for BIOs for scattering by impene-
trable obstacles). The analogous formulae to those in Theorem 1.10 for second-kind
combined-field BIOs for solving the exterior Dirichlet, Neumann, and impedance prob-
lems were given in [11, Theorem 2.33], with formulae for certain BIOs involving opera-
tor preconditioning given in [5, Lemma 6.1]. (We note that [5, Lemma 6.1] introduced
the idea of obtaining these formulae via Calderén projectors, and we prove Theorem
1.10 using this idea in section 3.)

For example, the standard direct second-kind combined-field BIO for solving the
exterior Dirichlet problem involves the operator A; := i1+ K' —inS, for n € R\ {0},
and [11, Theorem 2.33] and [5, Lemma 6.1] (see also [18, section 3]) prove that
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(1.25) (AL)™ =1 — (DtN* — i)D",

where DtNT is the exterior Dirichlet-to-Neumann map for solutions of the Helmholtz
equation satisfying the Sommerfeld radiation condition (1.1), and ItD ™" is the inte-
rior impedance-to-Dirichlet map (where the impedance boundary condition is vyu —
inypu = g). Recalling that A7 is also the standard indirect second-kind BIO for solv-
ing the interior impedance problem, we see that (1.25) expresses (A;,)’1 in terms of
the solution operators for the appropriate exterior and interior problems solved using
Al

! The standard indirect second-kind combined-field BIO for solving the exterior
Dirichlet problem involves the operator A, := %I + K — inS; this operator is also
the standard direct second-kind BIO for solving the interior impedance problem, and,
correspondingly,

(A,)) " =T —TtD~"(DtNT —in).

Remark 1.17 (indirect BIEs). In this paper, we have considered only direct BIEs
for the Helmholtz transmission problem, i.e., BIEs where the unknown is the Cauchy
data of the solution. It is reasonable to expect that similar results hold for indirect
BIEs for the transmission problem, just as similar decompositions into solution oper-
ators hold for the inverses of the direct BIOs for scattering by impenetrable obstacles
(see the previous remark and [11, Theorem 2.33]), but we have not investigated this.

Remark 1.18 (spurious quasi-resonances for electromagnetic BIEs). We expect
that the phenomenon of spurious quasi-resonances also occurs for the BIEs for time-
harmonic electromagnetic scattering; we have not pursued this in this paper, however.

2. Recap of results about layer potentials, BIOs, and Calderén projec-
tors. The single-layer and double-layer potentials, V;/, and K;/,, respectively, are
defined for ¢ € L(T') by

(2.1) Vijow(x) = /F<I>i/o(x,y)<p(y)ds(y) for all x e R4\ T and

(2.2) Kijop(x) = /r aqgi;gyx)’y)c,o(y)ds(y) for all x € R? \ I

these definitions for ¢ € LY(T') naturally extend to ¢ € H~*(T') for s € [0,1] by
continuity (see, e.g., [11, p. 109]).

Lemma 2.1. (1) If ¢ € H"Y2(T) with |s| < 1/2, then V;/0¢ € HTH(RY) N
C?*(R*\T) N SRC(k,/m;/5).

(il) If v € HSTY(T) with |s| < 1/2, then K; o € HEPHRI\T) N C*HRI\T) N
SRC(k,/M;/5).

References for the proof. See, e.g., [11, Theorem 2.15]; we note that the mapping
properties for |s| = 1/2 crucially use the harmonic analysis results of [15], [36]. O

The potentials (2.1) and (2.2) are related to the integral operators in (1.7), (1.8),
and (1.9) via the jump relations

(2.3)

1 1
’%Vi/o = Vi/os ’Y]j\[sz‘/o = ¥§I+ Kg/o, 'ﬁSKi/o = i§f + Ki/os Vfrlci/o =—Wijo;
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see, e.g., [22, section 7, p. 219]. Recall the mapping properties, valid when T' is
Lipschitz, k € C, and |s| < 1/2,

(24a)  Vijp: HSTVHD) — HPV(D), Wijo s HPY2(T) — H7V2(T),
(24b) K, HSTVHT) — HPVA(T), K}, : HVA(T) — H7V2(T);

see, e.g., [11, Theorems 2.17 and 2.18] (similar to the results of Lemma 2.1, the
mapping properties for |s| = 1/2 crucially use the harmonic analysis results of [15],
[36]). The mapping properties (2.4) imply that P;D is a bounded operator from
HY2(I') x H=Y/2(I) to itself and from H(T') x L*(T") to itself.

We use the following notation for spaces of Helmholtz solutions:

H™ (k) :=={ve H'(Q7)NC*(Q7), (A+~x*)v =0},
H (k) :={v € HL.(Q") nC*(Q") NSRC(x), (A + x%)v = 0}.

LEMMA 2.2. R(Pf/to) = ’Y%«Hi(ks/ni/o)-

Proof. By the jump relations (2.3) and the definitions of Pij/to (1.10), with ¢ =
(¢17 (7252)7

(2.5) P70 = +v5(Kijob1 — Visoho);

see, e.g., [11, equation (2.49)]. Both when ¢ € H(T') x L?(T') and when ¢ € H'/?(T') x
H~'Y2(T"), the right-hand side is then the trace of an element of Hi(k\/m) by
Lemma 2.1, so that R(Pio) C 'ngi(k\ﬂT/o). To prove the reverse inclusion, given
ut € Hjt(k\/rT/o)7 ut = :I:(ICi/o’yﬁu — Vi/ofyﬁu) by Green’s integral representation
(see, e.g., [11, Theorems 2.20 and 2.21]); (2.5) with ¢1 = v5u and ¢o = y5u then

implies that Hi(k\/TT/o) - R(Pij/to)- .

The following two lemmas are proved in, e.g., [11, p. 118 and Lemma 2.22], re-
spectively.?

Lemuma 2.3. (P))? = P},
H=Y2(T) or on HY(T) x L*(T).

LEMMA 24. (i) If v € H™ (k/m;/,), then

and (P, )% = b, as operators either on HY2(I') x

i/o [

(2.6) P ycv =cv.
i) If v e H (k. /m;7,), then
/
(2.7) P:/rofygv =y

The next lemma is a converse to Lemma 2.4.

LEMMA 2.5. Let ¢ € HY/?(T) x H=*/2(T") or H'(T') x L*(T).
(i) If P ,¢ = ¢, then ¢ =~ycv for some v € H™ (k/Mi/0)-
(i) If P;/roqb = ¢, then ¢ = v5v for some v € H+(k\/rT/o).

2Strictly speaking, [11, section 2.5] only considers Pij/:o as operators on H1/2(F) X H’1/2(F), but
the proofs of the results on H(I') x L?(T") are the same.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 08/30/22 to 193.204.39.83 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

SPURIOUS QUASI-RESONANCES 1457
Proof. (i) Given ¢ such that PJO(;S = ¢, let

(2.8) v(x) = —(Kijop1 — Vijot2)(x) forx € Q.

By Lemma 2.1, v € H_(k\/m). We therefore only need to check that ¢ = vy v.
However, by (2.5) and the definition of v (2.8), ¢ = PJO(JS =Y.
(ii) Given ¢ such that Pj/'ocﬁ = ¢, let

(2.9 0() = (Kijotr — Vijot) (x) for x € Q7.

Similar to in (i), v € H*(k,/m;/5), and, by (2.5) and the definition of v (2.9), ¢ =

PZ.J/FO¢ = 'ygv. ]
Proof of Lemma 1.6. By (1.4) and (2.6), P, you~ =~you~, so that, by (1.11),

(2.10) Prysu™ =0.

Similarly, by (1.4), (2.7), and (1.11),

(2.11) Prytut =0.

Applying P, to the transmission condition v u~ = ')/Z,uJr +f in (1.4) and using

(2.11), we find that

(2.12) P (you™) =P, f.

Subtracting (2.10) from (2.12), we obtain the first-kind BIE in (1.14). Adding
(2.10) to (2.12), we obtain the second-kind BIE in (1.14).

To obtain (1.15), observe that, for the Helmholtz transmission scattering problem
(1.2), f = you! with u! satisfying (1.3). Then P, youl = youl by (2.6), and thus
the right-hand sides of (1.14) are just youl. O

LEMMA 2.6. Let A, equal either Ay or Ay. Then A, is an injective, bounded
operator on either H'Y/2(T') x H=Y/2(T") or HY(I") x L*(I).

Proof. The boundedness of A, follows from the expressions (1.12)/(1.13) and the
boundedness of Pio Injectivity follows by repeating the arguments in the proof of
Theorem 1.10 below with g = 0 (these arguments use uniqueness of the Helmholtz
transmission problem of Definition 1.1). d

Proof of Lemma 1.7. The result for A; follows from Lemma 2.6 combined with the
coercivity result in H/2(T') x H=/2(T") of, e.g., [13, Theorem 7.27] (see [13, Corollary
7.28]); we do not know of an analogous coercivity result in H(T') x L?(T), hence why
our results for Ay are only in H'Y/2(T') x H-Y/%(T).

The result for Ap follows from Lemma 2.6 combined with the fact that Ay — I is
compact on both H'Y/?(T') x H=Y/?(T") and H'(T') x L*(T"). This latter result follows
if we can show that
K; — K, is compact H'/?(T') — HY?(T') and H(T') — H'(T),

V; — V, is compact H~Y/?(T') — H'/?(I') and L*(T) — H'(T),
W; — W, is compact H/?(T') — H~'/?(T") and H'(T') — L*(T"), and

e K!— K! is compact H~Y/?(T') — H~Y/?(T) and L*(T) — L*(T).
Since ®; — P, = (P; — Dy) — (P, — Dy), where P is the Laplace fundamental solution,
these mapping properties follow from the bounds on the difference of the Helmholtz
and Laplace fundamental solutions in [11, equation (2.25)] and the fact that the
inclusion H*(T') — HY(T') is compact for —1 <t < s < 1. d
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3. Proof of Theorems 1.10 and 1.12.
LEMMA 3.1. Given ¢,f in either H/?(T) x H='/2(T") or H'(T') x L*(T),

AR o &
Similarly,
(3-2) ¢ = Soif  if and only if { %:?qs::z;’) i"g

Proof. We prove (3.1); the proof of (3.2) is the same with ¢ and o swapped.

We first prove the forward implication in (3.1). Given f, let u be as in the
definition of S;, (Definition 1.4), i.e., u satisfies (1.6) with ¢; = n; and ¢, = n,. By
definition ¢ = vy u, so P, ¢ = ¢ by (2.6). The jump condition in (1.6) implies that
¢ — £ =~Ztu, and (2.7) then implies that Pf (¢ —f) = ¢ — f.

For the reverse implication in (3.1), given ¢ satisfying the right-hand side of (3.1),
part (i) of Lemma 2.5 implies that ¢ = v w™ for some w™ € H™(ky/n;). Similarly,
part (i) of Lemma 2.5 implies that ¢ — f = y5w* for some wt € H (ky/n,). Let
w:=w"inQF and w :=w~ in Q7. Then yow™ —yiw" = ¢—(¢—f) = f. Since the
solution of the transmission problem is unique, w equals the function u in the definition
of S, (i.e., Definition 1.4 with ¢; =n; and ¢, =n,), and ¢ =y w™ =y u~ =S;f. O

We now prove Theorem 1.10.

Proof of the result (1.16) in Theorem 1.10. Assume that v,g € HY?*(T) x
H~Y2(T) or HY(T') x L*(T") with Aj¢p = g, i.e.,

(3.3) (P —Phy =g
Step 1: apply P to (3.3). Applying P, to (3.3) and using the fact that P, is a
projection (by Lemma 2.3), we have
P (v—-Pfy-g) =0,
that is, by (1.11),
(3.4) P (Py¢y—g)=0.
Let ¢ := P, and let f:=g. Then by Lemma 3.1 and the fact that P is a
projection, ¢ = Sy;g, i.e.,
(3.5) Py = Sug.

Step 2: apply P, to (3.3). Applying P, to (3.3) and using the fact that P, is a
projection (so that, in particular, P, P,” = 0), we have
(3.6) P (Pl_w — g) =0.

Let ¢ := P71 and let f:=g. Then by Lemma 3.1 and the fact that P, is a
projection, ¢ = S8, i.e.,
(37) Pz_’(/) = Siog'

Step 3: use (1.11) and (3.3) and the results of Steps 1 and 2. By (1.11), (3.5),

(3.3), and (3.7) (in that order),
(38) 'w:(P()_+P:_)¢:Soig+Pi_¢_g:(Soi“‘sio_[)ga
which is the result (1.16). d
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Proof of the result (1.17) in Theorem 1.10. Assume that ,g € HY?*(T) x
H~Y2(T) or H'(T') x L*(T) with Ajj¢p = g, i.e.,
(3.9) (Py + P )Y =g

Step 1: apply P, to (3.9). Applying P, to (3.9) and using the fact that P, is
a projection (by Lemma 2.3), we see that (3.4) holds. Let ¢ := P, % and let f :=g.
Then by Lemma 3.1 and the fact that P, is a projection, ¢ = S,;g, i.e., (3.5) holds.

Step 2: apply P, to (3.9). Applying P, to (3.9) and using the fact that P, is a
projection, we see that

P, (¢ + P —g)=0.
Let qﬂz_") := P, so that
Py (¢ +2PF 4 —g) =0.
Eet f = —2P1 + g. Then by Lemma 3.1 and the fact that P, is a projection,
b = S;f, ie.,
P74 = Sio( = 2P +g).
Using (3.9) and then (3.5), which holds by Step 1, we have

(310) Pi_'lp = Sio (QPJ¢ - g) = Sio (2S0ig - g)~
Step 3: use (1.11), (3.9), and the results of Steps 1 and 2. By (1.11) and (3.5),
(3.11) Y= (Py + P )y =Sug+ Py

Using (1.11) in (3.9) and rearranging, we have
Pfp=—P ¢ +2p —g,
and using this in (3.11) we find that
Y= (I-Su)g+ P 9
the result (1.17) then follows from using (3.10). ad

To prove Theorem 1.12, we need the following consequences of the definitions of
Sio and Sm'.

LEMMA 3.2. S;,P)f = 0 and S;oP; = P as operators on either Hl/Q(F) X

?

H='2(T) or HY(T) x L2(T). Similarly, Sp;P;t =0 and S,;P; = Py .

Proof. We prove the relationships involving S;,; the proofs of those involving S,;
are completely analogous. Given f € HY?(T') x H-Y2(I') or HY(T') x L3(T), by
Definition 1.4, S;, P f = ygv~, where

(3.12) vt e HY (ky/n,), v~ €H (ky/n;), and ~gv~ =~5vT + Pff.

By Lemma 2.2 and (2.5), there exists w™ € H*(k/n,) such that yiwt = Pff.
Thus v~ := 0 and v" := —w™ is a solution of (3.12), and by uniqueness of the
Helmholtz transmission problem (Lemma 1.2) it is the only solution. Therefore
SioPff =~ov™ =0.

The proof that S;, P, = P, is similar. Indeed, again using uniqueness of the
Helmbholtz transmission problem, we have S;, P, f = yow™ with w™ € H™(ky/n;)
and yow~ = P f. O
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Proof of Theorem 1.12. Part (i). By (1.16), Al_lp(; = (Sio+ Soi —I)P, . Lemma
3.2 shows that (S,; — I)P;” = 0, and thus A; ' P, = S;,P;". The equation A;' P, =
Sio P~ follows similarly.

Part (ii). By the second equality in (1.12), Lemma 2.3, and (1.11),

AIP;:(Pf_Pj)Pf:(I_PJ)P;:PO_P;v
so that Ay : R(P; ) — R(P;). Similarly, by (1.13),
AnP; = (P, + PP =P, P/,

so that Ay : R(P;) — R(P,"). By Definition 1.4, S;, maps into the space of Cauchy
data of H™(ky/n;); by (2.6) and Lemma 2.2, this space is R(P, ). Therefore, by
part (i), both A7 and A;' map R(P;) — R(P;) and both equal S;, as operators
between these spaces. 0

4. Proof of Theorem 1.11. Throughout this section we use the notation that
a < b if there exists C > 0, independent of k, such that a < Cb. We write a ~ b if
both a <band b < a.

4.1. Definitions of k-weighted norms and associated results. For ¢ €
HY(T) x L?(T) with ¢ = (¢1, ¢2), let Vré1 be the tangential gradient of ¢; on I' and

2 2 2 2 2 2
6115 0y = IVl 2y + K’ 161llz2(ry s 1@z 0y 22y = N2l ry + D2l (ry -
Define H;/Q(F) by interpolation between H](T') and L?*(T') and then H;1/2(F) by
duality. As in section 1, we use the abbreviation (1.18).

For a bounded Lipschitz open set D C R?, let

2 2 2
1l () = IVVlIz2 oy + & 0l z2 () -
Fix kg > 0. Then, with H;/Z(ﬁD) defined above, by, e.g., [27, Theorem 5.6.4],
(4.1) ||’7Dv”H,1/2(aD) < ”””H;(D) for all v € H'(D) and k > ko,
and there exists E : H'/2(9D) — H'(D) such that
(12) wEG =6 and Bl ) S 16l 4002 0p,

LEMMA 4.1. Ifv € HY(D,A) with (A + k*c)v =0 and k > ko, then

(4.3) H’YNU”H;lN(aD) S ”v”H;(D)

(where the omitted constant depends on ¢ and ko).

Sketch proof of Lemma 4.1. This follows by repeating the argument in, e.g., [22,
Lemma 4.3] (which starts from the definition of the Neumann trace via Green’s iden-
tity) and then using weighted norms and, in particular, the bound (4.2). 0

4.2. From resolvent estimates to bounds on S;, and S,;.

LEMMA 4.2. Given c,,c;, R positive real numbers and g € HY/?(T') x H=/(I),
let v e HL (R*\T)NSRC(k\/c,) satisfy
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(A+K%c;))v™ =0 inQ,
(A+k%c)vt =0 in QF,
You = *yénﬁ +g onl.

Assume that, for all f € L*(R?) with supp f C Bg and w € H\ (R¥\T)NSRC(k+/c,)
that satisfy

(A + K2 c)w™ = f~ inQ,
(A + K2c)wt = fF in Q7
Yow™ =~5wt  onT,
the following bound holds:
(4.4) [l 22 (8) < Csol(Fs By iy co) [1fl| L2 -

Then, given kg > 0,
(45) ||U||Hé(BR) S k(l + Csol(ka Ra CZ‘,CO)) HgHHi/z(F)XHk—lm(F) fO’f’ all k 2 ko.
COROLLARY 4.3. Under the assumptions of Lemma 4.2,

1S (¢isco) S k(14 Csalk, R, ci, o).

”H;/sz;l/?

Proof of Corollary 4.3 from Lemma 4.2. This follows from combining the result
of Lemma 4.2 and the trace results (4.1) and (4.3). ad

Proof of Lemma 4.2. Let u € H'(R?\ T') N SRC(k+/c,) be the solution to

(A + (k* +ik)c)u™ =0 inQ™,
(4.6) (A + (K* +ik)co)ut =0 in Q" N Bpr,
You = 'ygtﬁ +g onl

(this choice of auxiliary problem is motivated by the proof of [5, Theorem 3.5] using [5,
Lemma 3.3]). We prove below that

(4.7) lull ey 0y S K lglgr2oyxrrr2r) -

Given R > 0 such that Q= € Bg, choose xy € O, (R%) with supp x C Br and y = 1

comp

on Q7. Let w =v — yu; then w € H} (R \ T') N SRC(k\/c,) satisfies

loc
(A + K c))w™ = ikcyu™ inQ~,
(A + E?c)wt =ike,xu™ —2Vut - Vxy —uTAyx in QF,

+

Yow™ = 'ygw onT.

Using the fact that w = v — xu, the fact that supp x C Bg (by construction), and the
bound (4.4), we have that, given ko > 0,

||U||H;(BR) S HWHH;(BR) + ||“||H,§(BR) S Csal(k, R, ci, co) ||u||H,§(BR) + ||UHH,1(BR)

for all k > ko; the result (4.5) then follows from the bound (4.7).
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It therefore remains to prove (4.7). First observe that, thanks to the ik term in
the PDE in (4.6), u™ decays exponentially at infinity, and thus u* € H'(QT). Next,
apply Green’s identity to u~ in 2~ and u™ in QT to obtain that

_2 . 2 o
(4.8) ||Vu HL2(Q,) — (k* +ik)¢; ||u ||L2(Qf) = (yyu ,7pu )T,

2 . 2
(4.9) HVU+HL2(Q+) - (k2 +ik)co Hu+||L2(Q+) = 7<7]T7u+77gu+>1‘-
The jump condition in (4.6) implies that, with g = (9p, gn),

(4.10) (vwuT vpuT)r = (dut, vhut)r = gn, vpuT )T + (v, gp)r-
Therefore, adding (4.8) and (4.9), taking the imaginary part, and then using the
Cauchy—Schwarz inequality on terms arising from (4.10), we obtain

min{c;, ¢, }k ||“||2L2(Q+) < HQNHH,ZW(F) H’YBU_HH;/Q(F)
(4.11) + HVJ-\‘}U-FHHEQ(F) ||9D||H;/2(p) .
Adding (4.8) and (4.9), taking the real part, adding a sufficiently large multiple of

k times (4.11), and then using the Cauchy—Schwarz inequality on terms arising from
(4.10), we have

(4.12)

2 —
HUHH;(m) S k( HQNHH;W(F) [vpu HH;/"‘(F) + ||VJJ{7“+||H;1/2(F) HgD”H;”(r) )
The bound (4.7) then follows from using the inequality
(4.13) 2ab < ea® + €102, a,b,e >0,

and the trace bounds (4.1) and (4.3) in the right-hand side of (4.12). ad

4.3. k-explicit bounds on S;, and S,;. We recall the notions of star-shaped
and star-shaped with respect to a ball.

DEFINITION 4.4. (i) 2~ is star-shaped with respect to the point xq if, whenever
x € Q7 , the segment [xg,x] C Q™.

(ii) Q~ s star-shaped with respect to the ball B,(xg) if it is star-shaped with
respect to every point in By (Xo).

LEMMA 4.5 (“good” behavior of S;, when n; < n,). If Q7 is star-shaped with
respect to a ball and n; < n,, then, given ko > 0,

1Sioll 172, =172 Sk for all k> ko.

Proof. [24, Theorem 3.2] proves that (4.4) holds with Cso1(k) ~ 1, and the result

then follows from Corollary 4.3. O
LEMMA 4.6 (“bad” behavior of S;, when n; > n,). If Q= is C* with strictly
positive curvature and n; > n,, then there exist 0 < ki < ky < ... with k; — oo such

that given any N > 0 there exists Cy > 0 such that

1Sioll yy1s2. —1/2 > CnkN  for all j.
H,'“xH, J
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In the proof of Lemma 4.6, we use the notation that a = O(k~*°) as k — oo
if, given N > 0, there exists Oy, ko such that |a| < Cxk™" for all k& > ky, ie., a
decreases superalgebraically in k.

The ideas behind Lemma 4.6 are that (i) if there exist quasimodes with O(k~°)
remainder (in the sense of (4.15) below), then the norm of S;, has O(k*) blow up
(immediately from the definitions of quasimodes and S;,), and (ii) if Q= is C°° with
strictly positive curvature and n; > n,, then quasimodes with O(k~°°) remainder
exist by [29]. To prove Lemma 4.6, we need the following bounds on the Newtonian
potential, i.e., integration against the fundamental solution. Let

Nipof @)= [ ®isolo) ) o
R
LEMMA 4.7. Given f € L?(RY) with supp f C Br and ko > 0,
1
P Z |’aa(M/0f)||L2(BR) + HM/OfHH;(BR) S Hf”Lz(BR)
|| =2

Jor all k > ko, where the omitted constant depends on n;;, and R.

References for the proof of Lemma 4.7. See, e.g., [17, Theorem 3.1] for d = 3 and
[19, Theorem 14.3.7] for arbitrary dimension (note that [19, Theorem 14.3.7] is for
fixed k, but a rescaling of the independent variable yields the result for arbitrary
k). O

Proof of Lemma 4.6. We are going to show that there exist g; € H'Y2(T) x
H='2(T), j = 1,2,..., such that the solutions v; to (1.6) (with ¢; = n; and ¢, = n,
and f = g;) are such that given N > 0 there exists Cy > 0 such that

- _ N .
H’Yc’l}j HH;/Z(F)XH,ZIM(F) Z CN]CJ ||gj||H;/2(F)XH’:1/2(F) for all 75
i.e., that

”gj ||H;/2(F)><H,:1/2(F)

(4.14) =0(k;>) asj— oo

H’YZ’UJ‘_HH;/?(F)xH;”"’(F)

By [29], there exist k; € C, with |k;| — oo, 0 > Sk; = O(k; ™), w;-—L € C=(0F)
with the support of w;—L contained in a fixed compact neighborhood of I'; and such
that |vpw; |2y =1,

(4.15)
H(A + k;nl/o)w]iHm(Qi) = O(k{oo), H’YE%U; - 7gijH2(F)XH2(F) = O(k;w)>

as j — oo. We now claim that we can

1. change the normalization from ||y w; [|L2r) =1 to ||’wa;||H‘1k/2‘ ) = |k;|1/2
i

(or indeed any finite power of |k;|), and
2. assume, without loss of generality, that £; € R for all j.
Indeed, [24, Corollary 6.1] shows that the results of [29] imply existence of a quasimode
normalized by ||WBwJ7HH‘1k () = |k;|, and then [24, Corollary 6.2] shows that this
g
implies existence of a quasimode with k; € R for all j, normalized by [|[vpw; |z () =
J
k;. To obtain the claim involving points 1 and 2 above, we need to justify that we can
. . _ —_ . —_ —_ _ 1 2 .
replace the normalization |v,w; \|H|1kj‘(p) = |kj| by [|[vpw; HHllk/Jg‘ ) = |k;|*/2. This

follows by repeating the arguments in [24, Corollaries 6.1 and 6.2] with
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e the bound on the Dirichlet-to-Neumann map from H}(I') — L*T) from

[25, Lemma 5] replaced by the analogous bound from H;/z T) — H,;l/z (1)
obtained by interpolation (see, e.g., [12, Lemma 4.2]), and
e the bounds on the L?(T') — L% (R?) norms of V;/, and K,/, from [31,

comp

Lemma 4.3] replaced by analogous bounds on the H;l/Q(F) — L2, (RY)

comp
and H ,1/ *T) — LZomp (R?) norms, respectively; these bounds are proved
using the bounds in Lemma 4.7, the trace result (4.1), and arguments similar
to those in the proof of Lemma 4.1.
Note that, in both these points, the precise algebraic powers of k; don’t matter, since
they are dominated by the O(k;>) coming from the quasimode.

With the changes to the quasimode wji in points 1 and 2 above, we now let
(416)  wv; =w; + N ((A+ kanz)wj_) and v;-r = w;' + N, ((A+ k?no)wj')
(where the arguments of AV; and N, are extended by zero outside their supports) and
observe that, since wj' has compact support, v;f € SRC(k;+/no). Let

8j = Vcv; — VS
then v satisfies (1.6) with ¢; = n; and ¢, = n, and f = g
We now show that (4.14) holds. On the one hand, by the definition of g;, the
second equation in (4.15), Lemma 4.7, and the first equation in (4.15),
— = T
I3l /20y 2oy < vews =& ara ey oy

+ ’|76M((A + k?m)w;) ’|H;]/_2(F)><H;jl/2(r‘)

I ENe (A + ko)) | ara oy 2

(4.17) =0(k;) asj— oo.

On the other hand, using (4.16), the normalization ”'VBU’;”H;/? ]@]14/27 Lemma
J

4.7, and (4.15) (in that order), we have

™~

‘76U;’|H;;2(F)XH@1/2(F) > HWBU;HH;J(?(F) 2 H’wa;HH;f(F)

~ B (A + Enw) )|z ey

(4.18) =k +0(k;™) asj— oo
The bound (4.14) (and hence the result) follows by combining (4.17) and (4.18). 0O

Proof of Theorem 1.11. This follows by combining Theorem 1.10, Lemma 4.5,
and Lemma 4.6. Indeed, if n; < n,, then S;, has “good” behavior via Lemma 4.5,
but S,; has “bad” behavior via Lemma 4.6. If n; > n,, then S;, has “bad” behavior
via Lemma 4.6, and S,; has “good” behavior via Lemma 4.5. O

We also record the following upper bound on ||A;"|| /2, g-1/2, valid for all

k k
Lipschitz Q7.
THEOREM 4.8 (inverse is algebraically bounded in frequency for almost all fre-

quencies).  Given positive real numbers n;,n,, ko, 0, and €, there exists a set J C
[ko,00) with |J| < § and C = C(d,e, ko) such that

AT 272 gy 172 < CREFSU24 - for all k € [ko, 00) \ .

k
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This result shows that, at high frequency, the blow-up associated with spurious
quasi-resonances is extremely localized in frequency, thus giving a possible reason why
spurious quasi-resonances seem to have rarely been noticed in the literature.

Proof of Theorem 4.8. This follows from Theorem 1.10, Corollary 4.3, and the
results of [20]. Indeed, [20, Theorem 1.1] implies that, for arbitrary positive real
numbers n;,n,, the assumptions of Lemma 4.2 (and hence also Corollary 4.3) are
satisfied with Cyo1(k) ~ k°¥/2F1%¢. To see this, we note that [20, Theorem 1.1] holds
for problems fitting in the “black-box scattering” framework, and the transmission
problem fits in this framework by [20, Lemma 2.3 and Remark 2.4]. Furthermore, [20,
Theorem 1.1] is an L? — L? bound, but this implies a bound of the form (4.4)
with Cyo1(k) ~ k54/2+1+¢ thanks to Green’s identity—see the comments around [20,
equation (1.3)]. 0

5. Proofs of Lemma 1.13 and Theorem 1.15 (the results about the
augmented BIEs).

Proof of Lemma 1.13. We first prove the result when A, = Ap By the first equa-
tion in (1.20) ¢ = Al_lg. Then, by the second equation in (1.20) and the expression
for A7 (1.16),

0=P"¢p=PrA'g =P (Sio + Soi — I)g.
By (3.1) PS;, = 0, and then
(5.1) Pt (S, — g = 0.

Now, by (3.2), P; (So; — I)g = 0, and thus the constraint (1.21) follows by (1.11).

3

Then, by the first equation in (1.20) and (1.16), ¢ = A;'g = (Sip + Soi — I)g, and
the result (1.22) follows by (1.21).

We now prove the result when ﬁ* = EH. Similar to before, by (1.20) and the
expression for Ay (1.17),

0=P"¢p=PrAg'g = P (I — Sio — Soi +2Si650i)g = P;"(I — Soi)g,

since P;"S;, = 0 by (3.1); we therefore obtain (5.1), and the constraint (1.21) follows
exactly as before. The result (1.22) then follows from using the constraint (1.21) in
the expression for A;' (1.17). d

Proof of Theorem 1.15. We first prove (1.23). Let @ = (11, ,) for ¢, ¢, € H.
Then

(AI¢7¢)HX'H = (AI¢7¢1)'H + (P)i+¢a ¢2)H
Given ¢, let 9, := P;"¢. Since ¢ = Pi+¢ + P ¢,
(ﬁl@b’ ‘/’)ny = (AIPi+¢»¢1>H + (AIPi_d” 1/’1)7{ + "Pi+¢”j{ )

Motivated by Theorem 1.12, let v, := S}, P, ¢. By Theorem 1.12, S;,A; = I as an
operator R(P;”) — R(P; ), and thus

(glqbv’p)?{x% = (A1Pi+¢7 Si*on‘b)H + (SiOAIPf(b»Pf@b)H + HPiJrngj-L
= (AP, ST PE 8),, +||PT ol + 120l
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Now, by the second equality in (1.12), Lemma 2.3, and (1.11),
(AIPi+¢7 S:opi_qb)y.[ = (SiO(Pi_ - Pj)Pqu, Pi_¢)H»

which equals zero since P;” P;” = 0 by (1.11) and S;, P;" = 0 by Lemma 3.2. Therefore,
with this choice of 1,

(5.2)
o R Vo i L PR L R Lo
19l blocr g, /]

St ol IPF el 1hem e Sl 1)

By (1.11), the triangle inequality, and the inequality 2ab < a? + b* for a,b > 0,

_ 1
(5.3) 17 ¢ll5, + 1P 5 = 5 el -

The result (1.23) then follows from combining (5.2) and (5.3).

We now prove (1.24). As above, let ¥ = (¢, 1) for ¥, 1, € H. Motivated by
the proof of (1.23), given ¢ € H, let ¢, := S} P, ¢. Then, by the definition of A
and Theorem 1.12,

(Aud. ), 4, = (SicAne, P @), + (P, 1p,),,
(5.4) = (SiwAuP ¢, P @), + |2 8|5, + (P é.42),,0

Now, by the definition of Ay (1.13), Lemma 2.3, (1.11), and the fact that S;, P;t =0
by Lemma 3.2,

(5.5)  (SioAuP ¢, P ¢),, = (Sio(Py + 1) P b, Pr ), = 2(SioP" ¢, P ¢),,.

We now let 1, := P;"¢ — 25} P, ¢. This definition along with (5.4) and (5.5) implies
that

(A, )y, = 2(SioPi b, P 6)y, + B 8|15, + 1P 613, = 2(BF 6. S5, 9),.
= P gl + 17785, -
Therefore, with this choice of 1,
|(ﬁ11¢,¢)yxy| _ HPf‘Z’Hi + HPz‘+¢H§{ .
19l 1l gl /155,57 05, + 1P — 254,P0)95,

We now use the triangle inequality and (4.13) to find that

|55, P7 || + ||(F - 255,P7 )¢
<8517 |12 ol* + (1B ¢l + 21851 | P o]])?
<[1SLIP 1P 8l + (177 gl
4S5 17 1P el + 4| Bl 1S5 | P el
< (1+26)||PF o))" + 5+ 2/0) ISLI1 1P @)l
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if e =1+ /2, then 5+ 2¢ = 1 + 2¢ = 3 + 2/2 and thus

~ — 2 2
L o A Lo i e
Dl 1 llagsre — @5, V3 +2v2max { [|Sioll35 - 1}
The result (1.24) follows from this inequality and (5.3). ad

Appendix A. Extension of the results to the more general form of the
transmission problem. We now sketch how the decomposition (1.16) of the first-
kind BIE extends to the more general transmission problem of Definition 1.1 with
the transmission condition in (1.4) replaced by (1.5). The analogous extension of the
decomposiiton (1.17) for the second-kind BIE is very similar.

Derivation of the first-kind BIE. Equation (2.10) holds as before, but now the
analogue of (2.12) is

Py D 'you~ =P, D'
Therefore, the analogue of the first-kind BIE Ay in (1.14) is
AF"youT = P D,
where

AF" =P, D' - D 'Pr=D"'P - PfD!

—(K; + K,) Vi + a1V,

(A1) Wi+ W, a MK+ K

Solution operators. Let S(c;,c,) be the solution operator of the boundary-value
problem (1.6) with the transmission condition replaced by (1.5). Let S(c¢;, ¢,) be the
solution operator to (1.6) with the transmission condition

You = Dil’yéﬁu+ + f;

i.e., a is replaced by a~! compared to S(c;,c,). Let Si, := S(n;,n,) and let S, =

S(Tlm ’I’LZ)
LEMMA A.1.
(A.2) (A"~ = §,,D + DS, — D.
Sketch of the proof. The analogue of Lemma 3.1 is now that
_ o« . . P ¢ = ¢, and
(A.3) ¢ = S;of  if and only if { P-D-Y(¢— £) =0,
and
_ T . . P ¢ = ¢, and
(A4) ¢ = Spf  if and only if { P D(¢—f) = 0.

We then repeat the steps in the proof of Theorem 1.10. Assuming that Af"¢ = g
and applying P, D, we find that the analogue of (3.4) is that

Pi_D(P(;Dilw - g) =0,
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so that, by (A.4),

(A.5) PyD 7' = S,g.

Similarly applying P, to A"t = g, we find that the analogue of (3.6) is
Py (D™'P 4 —g) =0,

so that, by (A.3),

(A.6) P = Si,Dg.

Then, using that Af" = g, (A.1), (A.5), and (A.6), we find that the analogue of
(3.8) is

Y = (P} + P )y = DP; D™ — Dg + P74 = DS,g — Dg + S, Dg,

which is (A.2). |

Acknowledgments. EAS thanks Zois Moitier (KIT) for telling him about the
references [6] and [21], and Alastair Spence (University of Bath) for useful discussions
about augmented operator equations. We thank the referees for their careful reading
of the paper and constructive comments.

REFERENCES

[1] G.S. ALBERTI AND Y. CAPDEBOSCQ, Lectures on Elliptic Methods for Hybrid Inverse Problems,
Cours Spéc. 25, Société Mathématique de France, Paris, 2018.

[2] S. AMINI AND N. D. MAINES, Preconditioned Krylov subspace methods for boundary ele-
ment solution of the Helmholtz equation, Internat. J. Numer. Methods Engrg., 41 (1998),
pp. 875-898, https://doi.org/10.1002/(SICI)1097-0207(19980315)41:5(875:: AID-NME313)
3.0.CO;2-9.

[3] V. M. BABICH AND V. S. BULDYREV, Short- Wavelength Diffraction Theory: Asymptotic Meth-
ods, Springer-Verlag, Berlin, 1991.

[4] S. BavLac, M. DAUGE, AND Z. MOITIER, Asymptotics for 2D whispering gallery modes in optical
macro-disks with radially varying index, IMA J. Appl. Math., 86 (2021), pp. 1212-1265.

[5] D. BaskiN, E. A. SPENCE, AND J. WUNSCH, Sharp high-frequency estimates for the Helmholtz
equation and applications to boundary integral equations, STAM J. Math. Anal., 48 (2016),
pp- 229-267.

[6] H. Ca0 AND J. WIERSIG, Dielectric microcavities: Model systems for wave chaos and non-
Hermitian physics, Rev. Modern Phys., 87 (2015), p. 61.

[7] Y. CAPDEBOSCQ, On the scattered field generated by a ball inhomogeneity of constant index,
Asymptot. Anal., 77 (2012), pp. 197-246.

[8] Y. CaPDEBOSCQ, G. LEADBETTER, AND A. PARKER, On the scattered field generated by a
ball inhomogeneity of constant index in dimension three, in Multi-scale and High-Contrast
PDE: From Modelling, to Mathematical Analysis, to Inversion, Contemp. Math. 577, AMS,
Providence, RI, 2012, pp. 61-80, https://doi.org/10.1090/conm/577/11463.

[9] F. CarDOsO, G. Porov, AND G. VODEV, Distribution of resonances and local energy decay in
the transmission problem 11, Math. Res. Lett., 6 (1999), pp. 377-396.

[10] F. CarRDOsSO, G. Poprov, AND G. VODEV, Asymptotics of the number of resonances in the
transmission problem, Comm. Partial Differential Equations, 26 (2001), pp. 1811-1859,
https://doi.org/10.1081/PDE-100107460.

[11] S. N. CHANDLER-WILDE, I. G. GRrRAHAM, S. LANGDON, AND E. A. SPENCE, Numerical-
asymptotic boundary integral methods in high-frequency acoustic scattering, Acta Numer.,
21 (2012), pp. 89-305.

[12] S. N. CHANDLER-WILDE, E. A. SPENCE, A. GIBBS, AND V. P. SMYSHLYAEV, High-frequency
bounds for the Helmholtz equation under parabolic trapping and applications in numerical
analysis, STAM J. Math. Anal., 52 (2020), pp. 845-893.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.


https://doi.org/10.1002/(SICI)1097-0207(19980315)41:5<875::AID-NME313>3.0.CO;2-9
https://doi.org/10.1002/(SICI)1097-0207(19980315)41:5<875::AID-NME313>3.0.CO;2-9
https://doi.org/10.1090/conm/577/11463
https://doi.org/10.1081/PDE-100107460

Downloaded 08/30/22 to 193.204.39.83 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

(36]
37]

[38]

SPURIOUS QUASI-RESONANCES 1469

X. CLAEYS, R. HipTMAIR, C. JEREZ-HANCKES, AND S. PINTARELLI, Novel multitrace boundary
integral equations for transmission boundary wvalue problems, in Unified Transform for
Boundary Value Problems: Applications and Advances, A. S. Fokas and B. Pelloni, eds.,
SIAM, Philadelphia, 2015, pp. 227-258.

X. CLAEYS, R. HIPTMAIR, AND E. SPINDLER, A second-kind Galerkin boundary element method
for scattering at composite objects, BIT, 55 (2015), pp. 33-57, https://doi.org/10.1007/
s10543-014-0496-y.

R. R. CorrMAN, A. MCINTOSH, AND Y. MEYER, L’intégrale de Cauchy définit un opérateur
borné sur L? pour les courbes lipschitziennes, Ann. of Math., 116 (1982), pp. 361-387.

M. COSTABEL AND E. STEPHAN, A direct boundary integral equation method for transmission
problems, J. Math. Anal. Appl., 106 (1985), pp. 367-413.

S. DyAaTLOV AND M. ZWORSKI, Mathematical Theory of Scattering Resonances, AMS, Provi-
dence, RI, 2019.

C. L. EPSTEIN, L. GREENGARD, AND T. HAGSTROM, On the stability of time-domain integral
equations for acoustic wave propagation, Discrete Contin. Dyn. Syst., 36 (2016), pp. 4367—
4382.

L. HORMANDER, The Analysis of Linear Partial Differential Operators 11: Differential Opera-
tors with Constant Coefficients., Springer, New York, 1983.

D. LAFONTAINE, E. A. SPENCE, AND J. WUNSCH, For most frequencies, strong trapping has
a weak effect in frequency-domain scattering, Comm. Pure Appl. Math., 70 (2021), pp.
2025-2063.

M. LEBENTAL, N. DJELLALI, C. ARNAUD, J.-S. LAURET, J. Zyss, R. DUBERTRAND, C. SCHMIT,
AND E. BOGOMOLNY, Inferring periodic orbits from spectra of simply shaped microlasers,
Phys. Rev. A, 76 (2007), 023830.

W. McLEAN, Strongly Elliptic Systems and Boundary Integral Equations, Cambridge Univer-
sity Press, Cambridge, UK, 2000.

R. Misawa, K. N1iNO, AND N. NISHIMURA, Boundary integral equations for calculating complex
etgenvalues of transmission problems, SIAM J. Appl. Math., 77 (2017), pp. 770-788.

A. MoioLA AND E. A. SPENCE, Acoustic transmission problems: wavenumber-explicit bounds
and resonance-free regions, Math. Models Methods Appl. Sci., 29 (2019), pp. 317-354.

C. S. MORAWETZ AND D. LUDWIG, An inequality for the reduced wave operator and the justi-
fication of geometrical optics, Comm. Pure Appl. Math., 21 (1968), pp. 187-203.

C. MULLER, Foundations of the Mathematical Theory of Electromagnetic Waves, Grundlehren
Math. Wiss. Einzeldarstellungen, Springer, Berlin, 1969.

J.-C. NEDELEC, Acoustic and Electromagnetic Equations: Integral Representations for Har-
monic Problems, Appl. Math. Sci. 44, Springer-Verlag, Berlin, 2001.

A. J. Pocaio aND E. K. MILLER, Integral equation solution of three-dimensional scattering
problems, in Computer Techniques for Electromagnetics, R. Mittra, ed., Pergamon, New
York, 1973, pp. 159-263.

G. Porov AND G. VODEV, Resonances near the real axis for transparent obstacles, Comm.
Math. Phys., 207 (1999), pp. 411-438.

S. A. SAUTER AND C. SCHWAB, Boundary Element Methods, Springer Ser. Comput. Math. 39,
Springer-Verlag, Berlin, 2011.

E. A. SPENCE, Wavenumber-ezplicit bounds in time-harmonic acoustic scattering, STAM J.
Math. Anal., 46 (2014), pp. 2987-3024.

P. STEFANOV, Quasimodes and resonances: Sharp lower bounds, Duke Math. J., 99 (1999),
pp. 75-92.

P. STEFANOV, Resonances near the real axis imply existence of quasimodes, C. R. Acad. Sci.
Ser. I Math., 330 (2000), pp. 105-108.

S. H. TANG AND M. ZWORSKI, From quasimodes to resonances, Math. Res. Lett., 5 (1998),
pp. 261-272.

E. vAN 'T WouT, S. R. HAQSHENAS, P. GELAT, T. BETCKE, AND N. SAFFARI, Boundary Integral
Formulations for Acoustic Modelling of High-Contrast Media, https://arxiv.org/abs/2104.
04618, 2021.

G. VERCHOTA, Layer potentials and regularity for the Dirichlet problem for Laplace’s equation
in Lipschitz domains, J. Funct. Anal., 59 (1984), pp. 572-611.

F. Vico, L. GREENGARD, AND Z. GIMBUTAS, Boundary integral equation analysis on the sphere,
Numer. Math., 128 (2014), pp. 463-487, https://doi.org/10.1007/s00211-014-0619-z.

T. VON PETERSDORFF, Boundary integral equations for mized Dirichlet, Neumann and trans-
mission problems, Math. Methods Appl. Sci., 11 (1989), pp. 185-213.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.


https://doi.org/10.1007/s10543-014-0496-y
https://doi.org/10.1007/s10543-014-0496-y
https://arxiv.org/abs/2104.04618
https://arxiv.org/abs/2104.04618
https://doi.org/10.1007/s00211-014-0619-z

	Introduction and statement of the main results
	The Helmholtz transmission scattering problem
	Solution operators and quasi-resonances
	Calderón projectors and the standard first- and second-kind direct boundary integral equations
	Spurious quasi-resonances for the standard BIOs
	Statement of the main results
	The relationship between the BIOs and the solution operators
	Augmented BIEs


	Recap of results about layer potentials, BIOs, and Calderón projectors
	Proof of Theorems 1.10 and 1.12
	Proof of Theorem 1.11
	Definitions of k-weighted norms and associated results
	From resolvent estimates to bounds on Sio and Soi
	k-explicit bounds on Sio and Soi

	Proofs of Lemma 1.13 and Theorem 1.15 (the results about the augmented BIEs)
	Appendix A. Extension of the results to the more general form of the transmission problem
	Acknowledgments
	References

