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1 Fluid models for transport in semiconductors

In this section we recall the Drift-Diffusion model, already but quickly addressed in
Chapter I, and we describe the initial /boundary conditions which complete the model.
We also consider in more detail the Energy-Balance transport model. For a more com-
plete discussion of these issues we suggest the books by Markowich [102], Markowich,
Ringhofer and Schmeiser [105], Jerome [82], Jiingel [89] and Selberherr [150].

1.1 The Drift-Diffusion model

It is possible to view classical or semiclassical modelling of transport in semiconductors
as a hierarchical structure, sweeping from the Boltzmann Transport Equation (BTE)
down to the Drift-Diffusion (DD) model, passing through all the systems derived from
the moments of the BTE with respect to increasing powers of the carrier group velocity
(cf. Section 4.6 of Chapter I). The Hydrodynamic (HD) model and its inertial limit,
that is a type of Energy—Transport (ET) model, are examples, among others, of these
intermediate steps. The ET model will be briefly presented in Section 1.4. For the HD
model we refer to Chapter V and to the references therein.

The DD model is by far the best understood of the above models. It was introduced
by Van Roosbroeck back in 1950 [159] as a conservation system for electron and hole
carriers, along with the electric field determined from the Poisson equation in a self-
consistent fashion. Other derivations of the model are also possible, starting from the
BTE and making use of the diffusion approximation, see e.g. [48, 139, 51]. For a
mathematical theory on the subject we refer to [130, 132, 131, 68, 107, 103]. As a
general comment, the DD model is a good approximation of the underlying physical
phenomena when

e All of the scattering processes are elastic. The spatial variation of the relaxation
times and of the band structure of the semiconductor are neglected, i.e., slow
variations of the doping profile are assumed.

e Degeneration effects in the approximation of the collision integral are neglected.

e The electric field depends mildly on the spatial position and the magnetic induc-
tion vanishes.

e The carrier temperature coincides with the lattice temperature, which is constant.
This prevents simulating hot carrier and velocity overshoot phenomena.

e The energy bands are parabolic.

From a mathematical viewpoint, when appropriate scalings are employed for the quan-
tities appearing in the DD system, one finds that the conservation part of the system
is convection dominated. In particular, there is a scaling which makes the order of



magnitude of the electron and hole concentrations equal to 1. The convection dom-
ination arises from the potential, solving Poisson equation, which can be singularly
perturbed. This issue will be addressed in Section 1.3. Major breakthroughs in the
solution of the model occurred during the 1960’s thanks to the pioneering work by H.
K. Gummel and D. L. Scharfetter. Gummel introduced in [72] the system decoupling
through a nonlinear Gauss-Seidel iteration, and Scharfetter and Gummel provided an
exponential fitting approximation for the continuity equations in 1-d [146] (this scheme
had been previously introduced in fluidynamics applications by Allen-Southwell [5]).
The nonlinear map (or family of maps) that arises from the Gauss-Seidel iteration is a
compact continuous map whose fixed point characterizes the solution of the DD model,
and is since then called Gummel’s map. It will be the object of Section 2. The expo-
nentially fitted difference scheme proposed in the one-dimensional case in [146] will be
the object of multidimensional extension in Sections 4.1, 4.2, 5.1.1 and 6.2.

1.2 The DD system

The geometrical model of a semiconductor device consists of a bounded and simply
connected portion Q of R%(d = 1,2,3), which is constituted by a semiconductor part,
denoted by g, and, in the case of Metal-Oxide-Semiconductor (MOS) devices, also by
one or more subdomains of thin oxide adjacent to {2¢ and whose union we denote by
Q0. We also denote by 2 € R? the independent spatial variable and by ¢ € (0,tf) the
time variable.

The DD model is given by the following set of equations for the electric field
E [Vem™'], and the electron and hole current densities .J,,.J,, [Acm™?], respectively:

div (eE) = p in @ :=Q x(0,t),
O _ div] = —qR in Qg == Qg x (0,1

QE —dawvd, = —¢q in Qs := s X ( ) f)’ (1.1)
dp . .

q§+dlvlp:—qR in Qs := Qg x (0,t),

where ¢ [As] is the (positive) electron charge, € [AsV "'em™] is the dielectric constant
of the materials, and the following constitutive relations hold:

E = -V in @,
~ [alp—n+C@)=qp—n+Nj-Ny)  inQs, (1.2)
"7 o in Qo.

In (1.1)-(1.2) ¢ [V] is the electrostatic potential, n, p [cm™] are the electron and
hole concentrations inside the semiconductor (n|o, = plo, = 0), p [Asem™] is the net
charge density in the device and is zero inside the oxide, which is assumed to be neutral,



C(z) = N, — Ny [em™3] is the so-called doping profile, which is assumed to be a given
datum of the problem in terms of the ionized donors and acceptors concentrations N;)
and N}, respectively. Moreover, the oxide is assumed as a perfect insulator; thus we
have J,,|q, = lp|go =0.

The next step towards the completion of the DD system is to provide constitutive
relations for .J,,.J, in the semiconductor and for the source term R [em™*s~']. This
last one can be interpreted as the net generation/recombination rate of carriers in unit
time and volume: R > (0 means net recombination, R < 0 means net generation. More
details about the modeling of R will be given in Section 1.2.1.

Physically, the current density is the product of the elementary charge ¢, the carrier
density, and the mean velocity (drift velocity), i.e.,

L, = —qnu,, J, = qpy,,

3

where v,,, v, [ems™'] are the drift velocities of the carriers. We have then to determine
some relations which link these velocities to the electric field and to the carrier concen-
trations. This can be done from the BTE. Another approach consists in carrying out
a singular perturbation expansion of the current densities with respect to relaxation

times. Actually, introducing the mobilities ju,, p, [cm?V "1s71]

Hn = an/m;kw Hp = qTP/m;’

in terms of the effective masses m;,, m; [kg] and of the relaxation times 7,, 7, [s], we
obtain (see [150])

0J 1

oJ 1

ot
where Kp [VAsK™!] is the Boltzmann constant and T [K] denotes the lattice tem-
perature. Given that the relaxation times are “very small” we can proceed with an
expansion where the singular perturbation parameters are the relaxation times

Truncating at the first term (j = 0), assuming that the temperature 7" of the crystal
is constant, and assuming Einstein’s relations

KgT KgT
Dn:,un%a Dp:,up g ) (13)




for the diffusion coefficients of the carriers D,,, D, [em*s!], we obtain eventually the
classical DD relation for J,, lp

Jp = quunE +qD,NVn = —qu,nV+q¢D,Vn,

(1.4)
J, = qupE —qD,Np = —(qupypN v +qDpNp),

in which we can recognize two different contributions to the current densities: a drift
term proportional to nE (pE), and a diffusion term proportional to V. n (V p).

Let us recall the Maxwell-Boltzmann statistics relating the carrier concentrations to
the electrostatic potential and the quasi-Fermi levels ¢,,, ¢,

%b—sﬁn) <9911_1/)>
n = n; exp , p=mn;exp| —1, 1.5
( Vin Vin (1.5)

where Vi, = KpT'/q is the thermal voltage and n; is the intrinsic concentration of the
semiconductor (see, e.g., [157]). Substituting relations (1.5) into (1.4) we obtain the
following alternative expression of the current densities:

S = —=quanN on, I, = —qupN . (1.6)

These can be interpreted as two drift currents where electron and holes are driven by
the effective fields
E,=-Vo¢,, E,=-Vo,

Looking back at (1.5), a new set of independent variables can be derived by setting

Pn 9910
n = ex -, = €Xx - ] 1.7
p p ( Vw) pp = €xp <V2h> (1.7)

The new unknowns p, and p, have been first introduced by Slotboom in [154], and
therefore are usually denoted as the Slotboom variables associated with electron and
hole densities n and p. Substituting (1.7) into (1.5) we get

- (-2)
— i ne _— s = i e _—— s 18
n = n;p, exp (Wh D = Nipp €xXp TV (1.8)

and the current densities become

Y Y
Jp = qDnn; exp <ﬁ Von  J,=—qDyn;exp v Y pp- (1.9)

These can be interpreted as two diffusion currents of the equivalent concentrations n;p;,

and n;p, with diffusion coefficients D, exp (%) and D, exp (—%), respectively.



Three sets of dependent variables have been introduced so far: the primitive vari-
ables (¢, n, p), the set including the Slotboom variables (¢, p,, p,) and the set com-
prising the potentials (¢, ¢, ¢,). The first set is the most widely used in computations,
although the three unknowns have different physical meaning and attain strongly vary-
ing numerical ranges. The second one is useful for analytical purposes, as will be seen
in Section 2, since the current continuity equations (1.1)s-(1.1)3 become self-adjoint.
However, the set (¢, p,, p,) can be used in numerical simulation only for low-bias appli-
cations due to the enormous dynamic range required by the evaluation on the computer
of the Slotboom variables. Compared with the two previous sets of variables, the set
(¢, ¢n, pp) has the advantage of collecting physically homogeneous quantities which
have the same order of magnitude, at the price of introducing an exponentially nonlin-
ear diffusion coefficient in the current continuity equations. Moreover, strictly positive
concentrations are a priori guaranteed due to (1.5). For further details on a comparison
between the various sets of dependent variables (including other possible choices that
have not been addressed here) we refer to [150], Section 5.2 and to [128].

1.2.1 Boundary conditions and physical modeling

In this section we provide the DD model with appropriate boundary conditions in the
case of steady state problems. Let us assume that Q = Qg U Qo C R? (d < 2) is an
open bounded set. A two-dimensional example of domain for semiconductor simulation
is shown in Figure 1 where the cross-section of a MOS transistor is schematically
represented.

gate contact

source contact drain contact
C D
A B oxide E F
n-domain n-domain
p-domain
X
2 H G

bulk contact

X

Figure 1. Cross-section of a MOS transistor.



The boundary of a semiconductor device can be subdivided in two disjoint parts
0Qp and 04, respectively. The first one is a physical boundary, e.g., the metal
contacts where the external potentials are applied. The second one is an artificial
boundary which separates several devices on the same chip by symmetry axes or in-
ternal interfaces, or adjacent parts of a same device but with very different properties,
e.g., the oxide-semiconductor interfaces. Both parts of the device boundary can be
subdivided into disjoint portions pertaining to the semiconductor and to the oxide re-
spectively, so that we have 0Qp = 0Qp g U 0po and 00y = 024,56 U 0Q4,0 U 0,
where 027 denotes the oxide-semiconductor interface. In the example of Figure 1 we
have 8Qp75 = EUWUW, 3Qp70 = @, 6QA,5 = EUW, 6QA,O = WU ﬁ
and 0Q; = BE. We shall consider Dirichlet-Neumann boundary conditions, typically
nonhomogeneous Dirichlet conditions for (¢, n,p) on the segments 0Qp (ideal ohmic
contacts) while on the remaining parts we shall let the fluxes of the electric field and of
the current densities vanish, i.e., homogeneous Neumann conditions for (¢, n,p). For
a more exhaustive survey of boundary conditions, see [102, 150, 122].

We start by describing the boundary conditions on 9€)p and consider first the
part 0Q2ps. This is made by ohmic contacts where external voltages are applied to
electrically drive the semiconductor device. From a mathematical viewpoint, an ideal
ohmic contact is a Dirichlet segment where thermodynamic equilibrium is assumed,
i.e., the mass-action law

npaaes = N, (1.10)

and the charge neutrality

posps =40 —n+C)po,s =0 (1.11)
hold. By combining (1.10) and (1.11) and denoting by C,, the restriction of the

doping profile to the ohmic contact we obtain the following values np and pp for the
concentrations of the carriers

n‘agp,s =Nnp =

VC% +4n? + Cyy,
2 )
v 5 )

(1.12)

Poaps = PD =

Concerning the boundary conditions for the electrostatic potential ¢, the value of ¢ at
the contacts is obtained by summing the external applied voltage V.,; with the so-called
built-in potential between the metal and the semiconductor

w‘BQP’S = leaﬂP,S = ext‘aﬂp,g + r(/)bi‘aﬂpys' (113)

The built-in potential ¢y; is computed in order that the semiconductor is in thermal
equilibrium when all the applied external voltages are zero. This amounts to assuming
that the energy levels of the semiconductor in the neighborhood of the contact are
horizontal (flat band approximation).



From the Maxwell-Boltzmann statistics (1.5) we obtain the following relations for
the built-in potential (see (1.11))

n; exp <—%> — n,; exp (%) +Con =0,

th th
from which it follows

. (C, .. (N —=Ny
1/)bi\anp‘5 = Vjp, sinh ! <2nh> = Vi sinh ! <DT_A|BQP,S>' (1'14)

(3

In the case when one of the two dopant species is dominant over the other, (1.14)
simplifies into

Nploap s N B
Ubijpaps = Vinln o Np > Ny,
(2
Ny laa _
¢bz‘\aﬂp,s ~ —%h In (% NA > N;
(3

Let us now consider the boundary conditions on the part d{lpo. This is made by
gate contacts which are located over the oxide region 2o and where external voltages
are applied to control the current flow between the input-output contacts of the MOS
transistor. Since n = p = 0 within the oxide, only a boundary condition for the
electrostatic potential ¢» can be prescribed on 0€2p o and reads

wlaﬂP,O = ,l/)D‘BQP,O = ‘/eil?t|aﬂpyo - ®msa (115)

D,,s = &, — D, being the metal-semiconductor work function difference, referred to an
intrinsic semiconductor, i.e., such that

— L

E.
Py =x+—"",
q

x being the semiconductor affinity, E. the conduction-band edge, and F; the intrinsic
Fermi level within the semiconductor (see [13]).

As for the Neumann data, we assume homogeneous conditions on 0€24,¢ U 04 o,
i.e., vanishing fluxes of the electric field and of the current densities

9 _

a_n|3QA,s = a_n|3QA,o = ln 'ﬂ|3ﬂA,s = ip : @‘39,4,5 =0, (1'16)

where n is the unit outward normal vector to the boundaries.

The so-called material interfaces deserve a special treatment. We denote them by
09, e.g., the interface between the oxide and the semiconductor, which in the example
of Figure 1 is 9Q; = BE. In this case the Neumann condition for the electrical potential
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is a consequence of the Gauss law. Assuming for simplicity that the surface charge
density is zero and letting [-] denote the jump function, and €,;, €sem the dielectric
constants of the oxide and of the semiconductor, respectively, we have

esem X e Q
W, =0, [, =0 el = { o TS (117)

In order to complete the description of system (1.1), we provide some constitutive
relations for the function R and the mobilities ji,,, p1,. We recall that in thermal equilib-
rium the mass-action law (1.10) holds. When the device works under nonequilibrium
conditions, e.g., when some external voltages are applied, the carrier concentrations
move away from their equilibrium values. In this case some recombination/generation
mechanisms arise in order to bring the system back to equilibrium. The mechanisms
typically considered in the simulations are the Shockley-Hall-Read, Auger, and Impact
Ionization phenomena (for a physical description, see, e.g., [157]). The mathematical
expressions of these mechanisms are

2
Rsur (p+£?+f ) (1.18)
Ray = (pn—n2)(Cyn+ Cpp), (1.19)
Ry = —(an(lEDILal/q + ap(|EDIL,]/9), (1.20)
where 77, 7 are the carrier lifetimes, C,, C), are the Auger coefficients, and ay, c, are

the ionization rates for electrons and holes, respectively. The recombination/generation
rate is eventually computed as

R - RSHR + RAU + R[[.

As for the carrier mobilities, the modeling has to take into account that, for high
electric field, the drift velocities (|vy,,| = fin,p|V 1)|) saturate. A commonly employed
model is the one suggested by Caughey and Thomas [36]

_1
Bn,p

0
,un,p

0 \V4 Br.p
- (un,pls;d)I)
vn,p
sat

where v;% are the carrier saturation velocities, 8, = 2, 5, = 1 and ul p are the low-field
mobilities. For the details about the modeling of all the above coefficients we refer to
[150], Chapter 4.

The analysis of the multi-dimensional boundary-value problem in steady-state is
not trivial because of the presence of mixed boundary conditions. Actually, this is a

g = (1.21)

9



situation in which gradient singularities may occur at the boundary transition points.
This issue has been addressed in the literature for the case of linear elliptic equations
(see [166, 92, 11, 70] for asymptotic expansions and [126] for gradient integrability).
A study of asymptotic behavior in the two-dimensional case has been carried out in
[62], where the case of a singularity at a corner formed by the oxide region of a MOS
device is also considered. As for the transient model, some developments can be found
in [46, 81].

The first mathematical study of the DD model is due to Mock [121], who dealt
with the steady-state case. He used a decoupling map acting on the potential (the
quasi-Fermi levels are computed as an intermediate step). Since then, many variants
of such an approach have been introduced in the literature, all defined by an appro-
priate decoupling procedure, and they are referred to as Gummel fixed point maps.
Complicate geometries or parameter models affect the structure of the fixed point
map. An example of such map will be discussed in Section 2. We refer the reader to
the literature for existence results [149, 122, 101, 61, 80, 102]. Global uniqueness of
the solution of the DD system cannot be expected in the general case, since there are
devices, such as thyristors, whose performance is based explicitly on the existence of
multiple steady—state solutions [157]. However, there are uniqueness results close to
thermal equilibrium [122, 102]. For the analysis of the transient problem we refer to
[122].

1.3 Scaling

The physical quantities in system (1.1) have different physical dimensions and, in order
to compare their orders of magnitude, these quantities have to be made dimensionless
first by appropriate scalings. We introduce for system (1.1) two closely related scalings,
and we shall refer to these scalings as the De Mari and the Unit scalings.

1. De Mari scaling (see [54])

e Potentials scaled by Vy
e Concentrations scaled by the intrinsic concentration n;

e Length scaled by a characteristic Debye length Lp = /€Vi/(qn;)
2. Unit scaling (see [150] and [102])

e Potentials scaled by Vy,

e Concentrations scaled by C' = sup |C(x)|
zEN

e Length scaled by a characteristic device dimension [

10



After any of the above scalings, the scaled dimensionless DD system reads

([ div(\2E) =p—n+C(x),

E - leln = —R,

dp | .

E_{—dlvlp — _R, (122)
E= *ZT//U

[ Lp = —1(¥p+pV ),

where for simplicity we used the same unscaled symbols for the variables, the mobility
coefficients and the recombination/generation term. For either scalings we have

eVin

N=_
lzcalqcscal ,

lseaw = Lp or [, Cyear = ni or C. (1.23)
The entire list of scaling factors used to deduce (1.22) is reported in Table 1, where 1
denotes the maximum mobility. Moreover, numerical values of the physical quantities
in the case of Silicon at 300 K are given.

In the case of the De Mari scaling A> = 1, whereas in the case of the Unit scaling,
A%~ 107! + 1077 (for instance, with the choices of Table 1 we have A\? ~ 107%). With
the De Mari scaling the doping is of the order 107 =10 and the carrier concentrations
are expected to have these values too. In the Unit scaling all the concentrations are
expected to be maximally of order 1. The scaled Debye length A\ acts as a singular
perturbation parameter and the behavior of the solution of (1.22) as A — 0" (quasi-
neutral limit) can be analyzed. We refer to [101, 3, 104, 77, 106] for studies in the
stationary case and to [102, 105] for an overview. The study of the quasi-neutral
limit in the transient case is more intricate and still a subject of active research (see
[136, 137, 64, 65], e.g.).

A different form of scaling is more appropriate for pn—junctions (which are the
boundaries between p-regions and n-regions) under extreme reverse biasing condi-
tions. In that case a so—called depletion region forms about the junction, where very
few carriers exist and n,p ~ 0 holds. By changing the scaling factor of the potential to
ql?C /e, the singular perturbation parameter (still the scaled Debye length \) appears
in the current continuity equations, rather than in the Poisson equation, and in the de-
pletion region Ay ~ —C holds. Consequently, the depletion region does not disappear
in the limit when A — 0. Actually, the limiting problem is a free boundary problem
where the free boundaries coincide with the edges of the depletion region. We refer to
[28, 25, 34, 147, 148, 125] and to [105] for an overview.

11



Quantity | De Mari | De Mari Unit Unit

factor | factor value factor | factor value
Y Vin 0.0258 V Vin 0.0258 V/
n,p n; 1.482 x 10'° ¢m 3 C 108 em 3
z Lp 3.357 x 1073 em l 107* em
Loy Hp DoVt | 38.68 em?Vts7t o 1000 em?V st
D, D, Dy 1 em?s™! Vi 25.8 em?s~!
Iosd, qDon;/Lp | 0.71 x 1075 Aem™2 qViniC /1 | 4.13 x 105 Aem ™2
R Don;/L% | 1.314 x 10* em ™35! | Vi mC /12 | 2.58 x 10%° em 3571
t LL/Dy | 1127 x 1075 s 2/(Vinp) | 4 x 10710 5

Table 1: De Mari and Unit scaling factors.

1.4 The Energy—Transport Model

As already pointed out in Section 1.1, the DD model provides a good description of the
electrical behavior of the semiconductor devices only close to thermal equilibrium, but
it is not accurate enough for sub-micron device modeling, owing to the rapidly changing
fields and temperature effects. In the last years, various models, either of kinetic or
of macroscopic type, have been derived in order to improve the physical description of
the transport in semiconductor devices. The semiconductor Boltzmann equation gives
quite accurate simulation results, but the numerical methods to solve this equation (for
instance, with Monte-Carlo methods) are too costly and time consuming to model real
problems in semiconductor production mode where simulation results are needed in
hours or minutes. Extended drift-diffusion models able to describe temperature effects
in sub-micron devices are the so-called Energy-Transport (or Energy-Balance) models.
They consist of the conservation laws of mass and energy, together with constitutive
relations for the particle and energy currents.

The first Energy-Transport model has been presented by Stratton in 1962 [156]. In
the physical literature, Energy-Transport equations have been derived from Hydrody-
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namic (HD) models usually by neglecting the inertia terms in the momentum transport
equation (see, e.g., [141], [155] and references therein). This approach can be made
mathematically rigorous by considering a diffusion time scaling [66]. For HD models,
which can be regarded as the Euler equations of gas and fluid dynamics for a gas of
charged and colliding particles in an electric field, we refer to Chapter V where they
are extensively discussed.

Another approach is to derive the Energy-Transport model from the semiconductor
Boltzmann equation in the diffusive limit, by means of the Hilbert expansion method
[20], [21]. In this derivation, the dominant scattering mechanisms are assumed to be
electron-electron and elastic electron—phonon scattering. The Energy-Transport model
for electrons reads as follows:

on .
qa —divJ, =0,
O divS, = E-d, + W T,),
= -V (1.24)
e A — 2L, )=
I 11( n J(37h> +'<1(BJ; 2 11) T, '
Vn ¢V Loy 3 AVAYIS
= Ly [ =" — _ 2L .
| 490 ”(n 1@n>+@@n 2”)7;

The variables are the electron density n, the electron temperature 7;,, and the elec-
trostatic potential ¢. Furthermore, U = %nKBTn is the internal energy, J,, S, are
the particle current and energy flux densities, respectively. The diffusion coefficients
L;j = Lij(n,T,) and the energy relaxation term W (n,T},) are non-linear functions
of n and T, depending on the physical assumptions (distribution function ansatz,
energy band diagram and so on). For instance, if we assume the parabolic band ap-
proximation, non-degenerate Boltzmann statistics (the distribution function being a
Maxwellian) and a special form of momentum relaxation time, the diffusion matrix
takes the form

1 SKgT,
L = (Lz]) = /LnKBTeqTL 9 s (125)
and the energy relaxation term is given by

3
W(n,T,) = fEnKB(Tn — T /Ty, (1.26)

where T denotes the lattice temperature (assumed to be constant) and 7, denotes
the energy relaxation time. This corresponds to the model introduced in [37]. More

13



general diffusion coefficients, including non—parabolic energy band cases, are computed
in [20, 52] and corresponding numerical simulations are shown in Section 7.4.
When the diffusion matrix is taken as

(1.27)

L = (L) KsT, ! 2ol
= ij) — Hn nTl )
i) = Hnp SKuT, (2 + ko) (KpT,)?

with kg > 0, system (1.24) corresponds to the model known in the literature as Energy-
Balance model. It reads

(div (eE) = q(C —n),

qaa—? — div J, =0,

T, —T%

U divs, =gt Suky T,

ot 2 Tw, (1.28)

E = —21/),

KgT,
J, =qD,NVn—qu,nV <1/J — l; > ,
Sn = anTn + §KBTTL lna
2 g

\

where D,, is the non—constant diffusion coefficient given by D,, = u, KgT,q¢ "', and &, is
the non constant heat conductivity coefficient corresponding to the Wiedemann Franz
law k5, = koK% gt nT,,.

We complement the equations with physically motivated mixed Dirichlet-Neumann
boundary conditions

n=nmnp, Tn :jﬂD7 1/):1/)D on FD, (129)
J,n=8,-n=VY9y-n=0  only, (1.30)

modeling the contacts I'p and the insulating boundary parts I'y. We have assumed
that 90 =T'pUT'y and I'p Ny = (. The boundary conditions are usually taken as
for the DD model: at ohmic contacts, np is defined by (1.12), v is given by (1.13)
and Tp = T*. Moreover, initial conditions for n and 7T,, are prescribed.

We point out that these models reduce to the classical DD model under the sim-
plifying assumption of vanishing relaxation time (i.e. 7,, — 0) which amounts to
considering the carriers in thermal equilibrium with the crystal lattice, T, = T,
yielding

The mathematical analysis of the equations (1.24) has been recently carried out in
[49, 50], under the assumption of uniformly bounded diffusion coefficients. The exis-
tence and uniqueness of weak solutions to both the stationary and the time-dependent
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(initial) boundary-value problems have been proved. For an overview, we refer also
to [89]. Existence results under different assumptions (for instance, near-equilibrium
situations) have been shown in [4, 69, 86].

2 A nonlinear block iterative solution of the semi-
conductor device equations: the Gummel map

In this section we introduce the so-called Gummel map, a nonlinear block iterative
algorithm that splits the DD semiconductor device equations into the successive so-
lution of a nonlinear Poisson equation for the electric potential ¢/ and two linearized
continuity equations for the electron and hole densities n and p.

The basic form of the iterative map was first proposed by Gummel in [72]. Since
then, the map has become the most established approach in computer simulations due
to its good convergence properties (even in case of a badly chosen initial guess), ease of
implementation, and reduced computational effort (compared, for instance, to a fully
coupled solution of the DD system using Newton’s method).

Due to its successful use in semiconductor device simulation, a considerable amount
of mathematical work has been carried out to analyze the convergence of Gummel’s
iteration (see, e.g., the papers [93, 94] and the books by Markowich [102], Markowich
et al. [105] and Jerome [82]). In the following, we review the basic formalism and
notation needed for a mathematically consistent presentation of the algorithm.

With this aim, the scaled DD system is formulated in Section 2.1 in terms of the
Slotboom variables introduced in Section 1.1. Using these new unknowns, the linearized
carrier continuity equations assume a self-adjoint form which is convenient in view of
the analysis.

The Sections 2.2 and 2.3 are devoted to the presentation and discussion of the
Gummel map as a fixed-point iteration. In Section 2.2 the Gummel map is used as
an abstract tool for constructively proving the existence of a (weak) solution to the
DD system in the stationary case. In Section 2.3 it is shown how to utilize the Gum-
mel map as an iteration scheme for the approximate computation of the solution of
the semiconductor device problem. In particular, we summarize the main theoreti-
cal convergence results for the iteration and briefly address the delicate matter of its
acceleration, referring for more details on this subject to Chapter 7 of this book.

Finally, in Section 2.4 the differential subproblems involved in the decoupled iter-
ative solution of the DD equations are cast into the unified framework of a reaction-
diffusion model problem. This will be the object of the discretization techniques dis-
cussed in the forthcoming sections of this chapter.
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2.1 The drift-diffusion equations in self-adjoint form

We will use henceforth the Unit scaling introduced in Section 1.3. Under this assump-
tion the scaled Slotboom variables are

Pn = eiwn; Pp = e(Pp, (21)
while the scaled Maxwell-Boltzmann statistics and the current densities become
n=02p,e?, p=0dpe?, (2.2)

and
in = 52 Hn ewzpna J = _52 Mpe_wzppa (23)

“p
where 62 = n;/C. Notice that in thermal equilibrium conditions (i.e., zero external
applied biases) ¢, = ¢, = 0 and correspondingly p, = p, = 1 which clearly implies
J, = J, = 0. Moreover, by definition p, and p, are strictly positive quantities.

Using the triplet (¢, pn, pp), and assuming for simplicity that Qo = (), the DD
system (1.22), can be written in Qg = Q as

( —div (\2E) = §%pe™V — 0%ppe? + C(x),
P
520lone”) divJ, = —R,
ot
Appe™®) ..

(522715 +d1Vip = —R,

I = 60%pn ¥ Y pn,

lp = _52Mp 6_1/}2,%,

Y =1p, Pn = Pnpy, Pp= Ppp on I'p,
 E-n=Vp, n=Vp,-n=0 on 'y,

where I'p and I' 5 denote the Dirichlet and Neumann portions of the boundary, respec-
tively, with 02 =: T' = I'p UT'y, and the strictly positive Dirichlet boundary data p,,
and p,,, are related to the corresponding data for n and p through (1.8) as

YD

oo pp =02pype VP, (2.5)

np = 8% pupe
where np,pp are computed according to (1.12). The advantage of working with the
Slotboom variables is that the spatial part of the continuity equations is, for given R,
in self-adjoint form, which greatly facilitates the mathematical analysis. On the other
hand, for given p, and p, the Poisson equation becomes nonlinear in the unknown 1/,
so that a suitable linearization technique (for example, Newton’s method) is required
to carry out its abstract analysis as well as its discretization.
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2.2 The Gummel map in the stationary case

In this section we introduce the Gummel map for the solution of the semiconductor
device equations. Without loss of generality, only the stationary case will be considered
since a semidiscretization in time (using for instance the Backward Euler method)
modifies the continuity equations by the addition of a zero-order term proportional to
the reciprocal of the time-step At in the right and left-hand sides. The presentation
follows the guidelines of [102], Chapter 3, and [82], Chapter 4, to which we refer the
interested reader for more details and for the proofs of the results. We also refer to
Section 3.1 for the definition of the functional spaces that will be used in the sequel.
Assume that there exist two positive constants ppin, Pmae Such that

0 < Pmin S pn(-r)‘FDa pp(x)\FD S Pmaz V.I S FDa

and let
K = max {| log(pmin)|7 | log(pmax)|} :
Let (p,(zo),pz(,o)) € (L*(2))? be a given pair of positive essentially bounded functions

such that
e < p9(2), pz(,o) (z) < €F a.e.in Q. (2.6)

n

The Gummel abstract fixed point iteration consists of:

(1) solving the semilinear Poisson equation

—div(\2 Y ¢) = 52pVe v — 52p0et + C(x) in Q, (2.7)
Y =1¢ponlp, Vi-n=0onTy, ‘
for ¢ = pM):
(2) solving the two decoupled continuity equations
—div (/’Lnew(l)zpn) = —R(l‘, ¢(1)7 Pn;s IOI(’O)) in Q; (2 8)
Pn = pap On I'p, Vp,-n=0onTy, '
for p, = pg), and
div (e ¥ py) = < Rla, w0, p) i 29)
pp=pponlp,  Yp,-n=0onTy, '
for p, = pz(,l).
Let

N = {(u,v) € (L*()* e * < u(x),v(z) < ae.in Q}.



It can be checked that pg), pp € N. Steps (1)-(2) implicitly define an operator
T: N—>N

such that

T, 40 = (4, 0.

Under suitable assumptions on the doping profile C, on the mobilities y,, and p,, and
on the net recombination rate R (see [102], p. 34), it can be shown that 7" admits a
fixed point (p, p3) € (H'(Q) N L°°( )? with pi, p5 € N. This in turn allows us to
prove that there exists a solution w* = (¢*, py, ps) € (H'(Q) N L*(Q))? of the DD
system (2.4). Explicit bounds for * can be found in [102]. The decoupling abstract
procedure described above is the basic Gummel iteration that is commonly employed
in semiconductor device simulation. Its actual implementation is the object of the next
section.

2.3 A fixed-point iteration for the approximate solution of the
drift-diffusion system

In the following we use the Gummel fixed-point iteration introduced in the previous
section to construct a sequence of approximate solutions of the semiconductor DD
system (2.4) in the stationary case. For ease of presentation the algorithm will be
described “on the continuous level”, although it can be applied to discrete schemes
or, conversely, the “continuous” iterative scheme can be discretized appropriately (see,
e.g., [16] or [82], Chapter 5).

Let k > 0 be a fixed integer; for given (¢*), pgk), op ) the Gummel map consists of
solving successively the following boundary-value subproblems:

—div(A2V o) = 62pFev — 52pPe? + O(x)  inQ, (2.10)
Y =1p on I'p, Vi-n=0onTly, ‘
for ¢ = o+,
—div (e po) = =R, 0, pf) i@ 1)
Pn = pnp on I'p, Vpn-n=0on Iy,
for p, = p,(fﬂ), and
—div (Mpe_’”('““)ypp) — _R(x’¢(k+1 ,pglk-l-l),pp) in Q, (2.12)
Pp = Ppp OHFDa pr'Q:OOHFNa .

for p, = pF  Steps (2.10)—(2.12) can be simply written as T(pgf), o )) = (,og“l), pﬁ,kﬂ)).

We prefer to use the triplet (¢®), p (k ), ,01(, )), instead of the pair (p% ), pék)), in order to
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emphasize the fact that 1/(® is used as an initial guess for solving the nonlinear problem
(2.10).

Looking at the structure of the Gummel map, we recognize a nonlinear block Gauss-
Seidel iteration which can be subdivided into two main loops: (i) a nonlinear inner
iteration for solving the semilinear Poisson equation (2.10); (ii) two iterations for solving
the continuity equations (2.11) and (2.12), which will be suitably linearized in the
following. Typically, a damped Newton method is used for dealing with (i) (see [15]);
this leads to the following inner nonlinear iteration:

(A) set ul® = k).
then, for j = 0,1,... until convergence execute the following steps (B)-(D):

(B) set _ _
) = g2pMles?  pl) = 2pheu,
(C) solve
—div (\2Y ¢) + () 4+ pi)p = ~Ry(u))  in €, (213
¢=0onlp,  Vé-n=0onTy, '
(D) and set

w0+ — () + tj¢> tj € (07 1]_

The right-hand side in (2.13) is the residual of the Poisson equation at the j-th step of
Newton’s iteration and is defined as

Ry(V) = —div (N2 V) + 62pPe” — 6%pFe™ — C(x).

The damping coefficients ¢; can be chosen as suggested in [15] in such a way to ensure
a monotonical reduction of the norm of the residual. As for the solution of step (ii) of
Gummel’s iteration, suitable exponentially-fitted box-like schemes are usually employed
for a stable and accurate discretization (see, e.g., [150], Chapter 6).

A convergence proof of iteration (2.10)-(2.12) has been first given in [93] under
the assumption of vanishing recombination/generation rate (i.e., R = 0). Using
contraction-type arguments, and always assuming R = 0, it is possible to prove the
convergence of the Gummel map only close to thermal equilibrium, i.e. for small values
of the applied external biases ¢)p (see [102], Theorem 3.6.5 and [82], Theorem 4.1.1).
Convergence results under less restrictive conditions do not exist, although numeri-
cal experiments show that the iteration is always rapidly converging (even if a bad
initial guess is chosen) whenever the magnitude of the current densities and of the
recombination-generation rate is not too large (see [102], formula (3.6.56)). On the
contrary, the convergence of the decoupled iteration becomes very slow in the case of
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high injection, or in the presence of impact ionization phenonema. This prompts for
devising suitable acceleration techniques that improve the performance of Gummel’s
map.

This latter issue will be more extensively addressed in Chapter 7. Here we just
mention the vectorial acceleration methods proposed in [71] that produce a superlin-
ear asymptotic rate of convergence without excessively increasing the CPU time and
the memory resources. A different approach has been pursued in [113] where a vari-
ant of Gummel’s map based on the use of BI-CGSTAB method has been developed.
Acceleration methods based on Newton-Krylov subspace iterations have been recently
proposed in [95], and an extension of their techniques to the simulation of optoelec-
tronic semiconductor devices under high voltage operation conditions has been carried
out in [23].

2.4 The decoupled drift-diffusion system

Each differential subproblem that has to be solved at each step of the Gummel iterative
procedure (2.10)-(2.12) can be cast under the following general form of a reaction-
diffusion problem
—div (aVu)+yu=f in Q,
u=g on I'p, (2.14)
aVu-n=20 on I'y.
Actually, the linearized Poisson equation that has to be solved within the Newton inner

iteration (2.13) can be recovered from (2.14) (after dividing by A?) by letting u = ¢
and taking

a=1, Y= (n(j) +p(j))/)‘27 f - _Rw(u(j))/)‘Qa g=0.

As for the solution of the linearized continuity equations, assume, as in Section 1.2.1,
that the recombination-generation term R can be written as

R(xawapmpp) = F(x7¢7lompp)(pnpp - 1) - G(LL‘, |V’l/)|, |in|7 |lp|)

for a positive function F(-,-,-,+) in (2 x R x (0, +0c)?) and a nonnegative function
G(- -+, +) in (Q x (0,+00)3). The first term at right-hand side models the Shockley-
Read-Hall and Auger recombination rates while the second one is a net generation
rate modelling impact ionization phenomena (see (1.18)—(1.20)). Namely, —G is the
(scaled) term defined in (1.20), and

52
F : 2.15
S Gl + 1) 73 (one? + 1) (219)
Fay = 6*(Cppne? + Cpppefw). (2.16)
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Finally, we have
F(xawapnapp) = FSHR+FAU.
Then we can recover problems (2.11) and (2.12) from (2.14) by setting

(k1) k) (k) (k
w=pu, a= ety = Fa, @, ol o)l

k) (k
f:F(wi(k—’_l),p?(l)apl()))+G(x,|vd)(k+1)|,|iv(zk)|’|i;k)|)7 9= Pnp;

and
w=py a= ey = Pla, g, pl Y pl0y Y,
£ = Fla, g0, 0, 0) + Gl [Vt D] LISV LLOD, g = pyp

As anticipated in Section 1.2, the use of the Slothoom variables in numerical computa-
tion is typically restricted to low-bias applications due to possible overflow /underflow
problems. For this reason it is convenient to formulate the Gummel map in terms of
the variables (¢, n, p). By doing so, the linearized Poisson equation remains in the
form of the model problem (2.14), while the linearized current continuity equations
can be cast in the form of linear advection-diffusion-reaction problems, where the ad-
vective term is represented by the electric field (see for the details [102], Sect. 3.6).
The discretization of these latter problems using mixed methods will be addressed in
Sections 4.1 and 6.2. Next section will address the mixed finite element discretization
of the reaction-diffusion problem (2.14).

3 Mixed Formulation of Second Order Elliptic Prob-
lems

We shall introduce here the mixed formulation of the second order elliptic model prob-
lem (2.14). From now on, €2 is assumed to be a convex polygonal domain in IR?, with
unitary measure, and f, ¢ are given functions, with f € L*(Q), and g € H'2(Tp).
Moreover, a = a(x) and v = 7(z) are given regular functions on (2, bounded from
above and below, i.e.,
Jag, apr  such that  ap > a(z) > ag > 0, (3.1)
39, yar  such that — ya > y(x) > 79 > 0. (3.2)

The key point for deriving the mixed formulation of (2.14) is to introduce the flux
o = a¥Y u as an independent variable, so that (2.14) becomes

alc—Vu=0 1in Q,

—dive+yu=f in Q,

U=y on I'p,

o-n=20 on I'y.
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When treating the (scaled) Poisson equation (2.13), the flux o, from the physical point
of view, will represent the (scaled) electric displacement. When taking into account the
(scaled) continuity equations (2.11) and (2.12) , ¢ will represent the (scaled) current
density for electrons and holes, respectively.

We have now to introduce the proper functional setting for writing the variational
formulation of (3.3). For that, let us first set a few notation. Some of the functional
spaces have been previously used without precise definitions.

3.1 Notation

We shall constantly use Sobolev spaces on  C IR?, for which we refer to [1], [96], [127].
They are based on

LQ(Q) = {1} / |1)|2d.73 == ||U||%2(Q) < +OO}, (34)
Q

the space of square integrable (and measurable) functions on Q. The scalar product in
L?(2) is denoted by

(1, v) = /Q wod. (3.5)

We then define, for m integer > 0,

H™(Q) := {v| D" € L*(Q), V]a| <m}, (3.6)
where

poy— 2% 3.7
U_al.inamgzﬂ la] = a1 + ay, (3.7)
these derivatives being taken in the sense of distributions. On this space we shall use

the seminorm
vfma= D [ID%0/[72q), (3.8)

la|=m

and the norm

lollfo =D loliq (3.9)

k<m

The space L*(Q) is then H°(Q2), and we shall usually write |[v]|o o to denote its norm
|[v]|L2()- We shall also use the space of traces on I' = 99 of functions in H'(Q):

H'Y*(T) := (H(Q))rr, (3.10)

with the norm

= inf . 3.11
lolhyar =0 [l (3.11)
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The space Hj(Q) will denote, as usual, the space of functions in H'({2) vanishing on

the boundary:
Hi(Q) :={v|ve H(Q), yr=0}. (3.12)

For v € H}(Q), or v € H'(Q) and vanishing on a part of the boundary, the Poincaré
inequality holds

0.0 < C(Q)|v

1,9 (3.13)

and the seminorm |.|; o is therefore a norm in H}((2), equivalent to the ||.||;o norm.
We denote, for 1 < p < 400,

[lv

LP(Q) == {U / v’ dz = [[v][},q) < +oo}. (3.14)
Q

As usual, L>(€2) denotes the space of essentialy bounded functions, with norm

|]|00,0 = sup ess eqlv(z)]. (3.15)
For1 <p<+oolet
W(Q) := {v| D*v € L*(Q), V|a| < 1}, (3.16)
equipped with the norm
o0y = 32 ID DI . (3.17)
laf<1

Finally, we denote by H(div;{2) the space of vector-valued functions
H(div; Q) := {z € (L*(Q))*| divz € L*(Q)}, (3.18)
equipped with the graph norm
||Z||%I(div;ﬂ) = ||I||(2),Q + ||div1||(2)797 (3-19)

where the symbol [|.||o,o denotes as well the L:-norm for vector valued functions.

3.2 Mixed formulation

We are now ready to write the variational formulation of system (3.3). For that, define
the spaces

Y = {re(L*(Q)*|divr € L*(Q), 7-n=0onTy} C H(div;Q), (3.20)
Vo= L}Q), (3.21)
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with norms

I7lls = 7l o) (3.22)
0.0 (3.23)

ol = lv

Next, we introduce the following bilinear forms

alo, 1) = /alg-zdaﬁ, 0,7 €Y, (3.24)
Q

b(v,7) = /vdivzdz, veV,rey, (3.25)
Q

c(u,v) = /’yuvdx, u,veV. (3.26)
Q

Then, the mixed formulation of (2.14) is

Find (o,u) € ¥ x V' such that
ale, ) +b(u,7) =< g,7-n >, V1€, (3.27)
b(v,g)—C(U,U):—(f,U) VUE‘/;

where the bracket < .,. >r, denotes the duality between Hl/Q(FD) and its dual space
H~'2(T'p). Following [24] and [27], in order to prove existence, uniqueness and stability
for problem (3.27) the following properties are needed

(¢) the bilinear form af(.,.) is bounded on ¥ x ¥ and coercive on Ker B, that is,
3 M, > 0 such that la(o, 7)| < Myllallsllz]ls, VzoeX, (3.28)
3 a >0 such that a(r,7) > allzl|% V1 e KerB, (3.29)
where B : ¥ — V' is the operator associated with the bilinear form b(.,.), and

KerB ={reX|blv,r)=0 VveV}; (3.30)

(1) the bilinear form b(.,.) is bounded on V' x ¥, and satisfies the inf-sup condition,
that is,

M, >0 such that  |b(v,7)| < My||v||vl|z]ls, Yv eV, €X, (3.31)

b
35> 0 such that  infsup -0 5 5 (3.32)
veV res [[v]|v [|z]ls

(here and in the following the inf is obviously taken over functions v not identi-
cally zero, and we will omit to specify ||v||y # 0);
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1i7) the bilinear form ¢(.,.) is symmetric bounded on V' x V' and positive semidefinite
) ) p ’
that is

IM,. >0 such that |c(u,v)| < M||ullv||v]ly, Yu,veV, (3.33)
clv,v) >0  YveV. (3.34)
Let us recall the abstract Theorem 1.2 of Chapt. II in [27].

Theorem 3.1 Let X, V' be two Hilbert spaces with norms ||-||s, ||-||v, and let f € V",
ge X, (V', X being the dual spaces of V, X, respectively). Consider the problem

Find (o,u) € ¥ x V' such that
a(a, 1) +b(u,7) =< ¢,7 >wxss VI €D, (3.35)
b(’l},g)—C(U,U) =< f7v>V’><V VUE‘/:

where < -,- > denotes the duality brackets. Under assumptions (3.28)—(3.34), problem
(3.35) has a unique solution for all f € V', g € ¥'. Moreover, there exists a positive
constant M, depending nonlineraly on M,, M,, M., o, [, such that

ol + Tl < M gl + 1F1lv) (3.36)
where
gl =sup S22 7 = sup 22 (3.37)
QTN 9P ol

Let us now check that the abstract hypotheses of Theorem 3.1 are verified for problem
(3.27). Boundedness of the bilinear form (3.24) follows trivially from (3.1) with M, =
ag'. Next, notice that Ker B is characterized by elements of ¥ C H(div; Q) with null
divergence, so that ||z||xs = ||z]on for 7 € Ker B. Then property (3.29) holds with
a=a,; (see (3.1)).

Symmetry, boundedness, and property (3.34) for the bilinear form (3.26) follow imme-
diately from definition and assumptions (3.2); in particular (3.33) holds with M. = yy,.
Boundedness of the bilinear form (3.25) holds trivially, with A, = 1, by definition. In
order to prove (3.32), we consider, Vv € L?(Q), the following auxiliary problem:

—Ap =w in(Q
% =0 onlp (3.38)
Yeo-n =0 onl'y.

Problem (3.38) has a unique solution ¢ € H'(Q2), and ||¢|l1.0 < Cl|v|loq. Then, the
vector 7 = —V ¢ verifies 7 € £, divr = v and ||7]|x < VC? + 1||v||y. Therefore, the
inf-sup condition (3.32) holds with 8 = (C? + 1)~Y/2,
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Remark 3.1 The solution ¢ of the auziliary problem (3.38) actually belongs to W' (L)
for some p > 2, and

lellwrir@) < Cllv]loo- (3.39)
(See, e.g., [70]). Hence, setting

¥t ={re (L")’ |divz € L*(Q),z - n=0on Iy}, (3.40)
we see that the inf-sup condition (3.32) holds with ¥ replaced by ¥*:
b(v, 1)

35" >0 such that inf sup
vllv Izl

veV TED*

> [ (3.41)

s

We also notice that the inf-sup condition (3.32) implies that
the operator B is surjective in V (Vv € V,31 € ¥ such that divr =v). (3.42)
Moreover, (3.41) implies that
the operator B has a continuous lifting from V into ¥*. (3.43)

We can then restate Theorem 3.1 applied to problem (3.27).

Theorem 3.2 For every g € H'/?(I'p), and for every f € L?(R), there exists a unique
(o,u) € ¥* x V solution of problem (3.27). Moreover, the following bound holds

llells + [lully < M([lgllmawy) + 11 fllz2@) (3.44)

with M dependent nonlinearly on ag, Yar, o, 5.

Remark 3.2 We explicitly point out that the solution of (3.27) is such that u coincides
with the solution of (2.14), and ¢ = aN u. Therefore u, a priori seeked in L*(8), is
actually more reqular (at least u € HY(Q)), according to the reqularity of the solution
of (2.14).

3.3 Discretization schemes: an abstract framework

Let {74}, be a family of regular decompositions of  into elements K, with boundary
0K, made in such a way that there is always a vertex of T, on the interface between I'p
and I'y. Following [41], a family of decompositions is regular if there exists a constant
K* such that D
“E <K VKeT, (3.45)
PK

where Dy is the diameter of the smallest circumscribed circle of K and pg is the
diameter of the largest inscribed circle in K. Inequality (3.45) immediately implies
that

Dk < K'px < Khg VK €T, (3.46)
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where hg denotes the diameter of K, and I denotes, here and in the sequel, a generic
constant depending only on *. Finally, we set h = maxyg hg. For every triangulation
T, we define

5= {ZGLZ(Q) 1€HH(div;K),z-Q:0onaKﬂFN,VKGE}, (3.47)
K

with the norm

Izl = lIzllse + > lldiv ]} (3.48)
K

and we notice that
lzlls = llzlls VI eX (3.49)

For all K € Ty, we introduce finite dimensional spaces Q(K) for vector functions and
P(K) for scalar functions. For the sake of simplicity, we might assume that there
exists an integer k£ > 0 such that, on each K, Q(K) and P(K) consist of polynomials
of degree < k. Let us define the following discrete spaces

Yp = {Zh€§|zh|K€Q(K)7VK€ﬁL}> (3.50)

Vi, = {’UhEV|Uh‘K€P(K),VKE7Z}. (351)
As we shall see, the discrete solution will be seeked in a more regular space
X C ih, (352)

still equipped with the norm || - ||5. ¥, will include ‘some’ continuity of the normal
component across the interelements but, in general, a nonconforming approximation
will be allowed, with X, not included in . The abstract formulation which we intro-
duce here includes the well known Raviart Thomas [135] and Brezzi Douglas Marini
[26] elements, and the elements introduced in [98]. Actual choices of Q(K) and P(K)
will be given in Section 3.5. _

Definition (3.47) makes the bilinear form (3.25) meaningless on X. For this reason we
introduce the discrete bilinear form

bp(v, 1) = Z/ vdivdz veV, rex, (3.53)
~ JK

and we notice that
bp(v,7) = b(v, 1) veV, Tex. (3.54)

Accordingly, instead of (3.30) the following weaker definition will be used from now on
Ker B = {[€i|bh(v,[):0 VUGV}, (3.55)
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B being the operator > — V' associated with the bilinear form bu(.,.). Definition
(3.55) implies that Ker B is made of vectors which are divergence-free element by

element B
TeKerB=—divr=0 in K, VK ¢€T, (3.56)

Similarly we define
Ker B;, = {zh € §h| bp(vn,1,) =0 Yo, € Vh}. (3.57)
The discrete formulation of (3.27) is then:
Find (0}, up) € ¥, x V), such that
a(ap, 7p) + bn(un, 7)) =< 9,7, -n >, VT, € By, (3.58)

bp(vn, ap) — c(un, vy) = —(f,vn) Vop € V.

In order to prove existence and uniqueness of the solution of (3.58), and optimal error
bounds, we need to state, at this very abstract level, the assumptions on the spaces
Y, Vi, that allow to derive optimal error estimates. The following two assumptions
are crucial guidelines to introduce proper discretizations:

KerB), C KerB:; (3.59)
there exists an operator II, : X* — ¥, such that
bp(vp, 7 —Ipr) =0 Yoy, €V, (3.60)
and
Mxz]ls < Cllzllss V€T, (3.61)

with C' a constant independent of h.
We note that (3.60)-(3.61) imply that the finite dimensional spaces ¥y, and V}, verify
a discrete inf-sup condition (see [59]):

b
348>0: inf supMZ 3. (3.62)
eV ez, |[onllv [zallg

Indeed, as a consequence of the inf-sup condition (3.41), which holds for the continuous
problem, for v, € V}, C V there exists 7 € ¥* such that

b(Uh, I) > *

> (3.63)
onllv [zl
Due to (3.60), (3.61), and (3.54), from (3.63) we obtain
by (v, 1nT) o bn(vn,7) -1 b(vn, T) > -1t (3.64)
[onllv [Tazllg [onllv [Izl]s- [onllv [Izl]s-

Hence, (3.62) holds with 3 = C~!3*.
We have the following result.
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Theorem 3.3 Under assumptions (3.59) and (3.62), problem (3.58) has a unique so-
lution.

Proof. For the proof we could apply the abstract theorem 3.1. However, the problem
being finite dimensional, uniqueness implies existence, and the proof can be simplified. For
the convenience of the reader we report it here. Let (o, u}) € Xj x Vj, be the solution of the
homogeneous discrete problem associated with (3.58). Taking 7, = o} in the first equation
of (3.58), and using the second equation with v, = uj we obtain

a(a},a}) + elujup) = 0. (3.65)

This implies that o} = 0, and, if v9 > 0, uj = 0. Instead, if 79 = 0, we make use of the first
equation of (3.58), which reduces to

b(uf,7,) =0 V1, €3y (3.66)
Thanks to (3.62), this implies uj = 0. O

Remark 3.3 A direct consequence of (3.59) and (3.56) is that
/K’UhdiVThd:L':O Vo, € P(K) = divr,, =0 VK €T, (3.67)
so that dim(P(K)) > dim(div (Q(K))). On the other hand, from (3.62) it follows
/th divrydr =0 V1, € QK) = mx =0 VK €T, (3.68)
and consequently dim(div (Q(K))) > dim(P(K)). Therefore, assumptions (3.59) and

(3.62) imply
dim(div (Q(K))) = dim(P(K)) . (3.69)

Moreover, for any choice of basis functions {v', ---, v"}, and {d*, ---, d"} in P(K)
and div (Q(K)) respectively, the matriz

/ dvide i,j=1,r (3.70)
K

18 nonstngular.

3.4 Error Estimates in the Abstract Framework

In order to derive error estimates we introduce an interpolation operator P, from V' to
V4, which can be defined locally by

/ (v—Pw)divr,de =0 V1, € Q(K). (3.71)
K
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In order to see that P, is well defined, thanks to (3.69) it is sufficient to check unique-
ness, that is,

/ Powdivr,de =0 V1, € Q(K)= Pyw=0. (3.72)
K
This is an immediate consequence of the (3.70). Next, for any v € H'(Q2) we introduce

Ny(v, 7)) = Z <V, Ty N> — <V, T N>r, T, € X, (3.73)
K

and we notice that for u solution of (3.27) , which belongs to H'(Q2) (see Remark 3.2),
we have

Ni(u,7,) =) <u,7 n >k — < g7, 0>, Ty € Sa. (3.74)
K
It is easy to see that the solution (o, u) of (3.27) verifies

{ a(a, 7p,) +br(u, 7)) — Nu(u,7,) =< 9,7, -n >, V1, €, (575
3.75

by (vn, o) — c(u,vp) = =(f, vp) YVop € V.

The term Np(u,7,) is a measure of the possible nonconformity of the space ¥, and it
will be zero, due to the regularity of u, for conforming choices of ¥j. By subtracting
(3.58) from (3.75), and using (3.71) and (3.60), we obtain the error equations

a(g - Qhth) + bh(Phu - Uhth) - Nh(U;Ih) =0 Vr, € Xy,
(3.76)

by (v, o — 0p,) — c(u — up,vp) =0 Yy, € V.
We can prove the following result.

Theorem 3.4 Let (o,u) be the solution of (3.27) and (g, us) that of (3.58). Under
assumptions (3.28)-(3.34), (3.59) and (3.62) there exists a constant C' independent of
h, such that the following estimate holds

Np(u, T
|Ilho — aylls + || Paw — uy, oq+ Sup n( h))‘

00 < C(llo = Thallon + lu — Py
nesn |ITalls

Proof. We add and subtract a(Ilyo,1},), with I, defined in (3.60)-(3.61), in the first
equation of (3.76), and ¢(Ppu,vy), with Pyu defined in (3.71), in the second equation of
(3.76), thus obtaining

{ a(llha — oy, 1p) + op(Pru — up, 7p,) = a(llya — o, 7)) + Ny(u,74) V1, € B, -

br(vp, Hpo — a;) — e(Pru — up,vp) = c(u — Pyu,vy) Yoy € V.
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Problem (3.77) has the form (3.35) and verifies the hypotheses of Theorem 3.1. Hence, from
(3.36) we get

a(llyo —o, T Ny(u, T
Mo~ onllg +1Pau = wnllog < M ( sup SHEZETn) 4 gy, Mltn)
mexn  ITalls mex, nlls
+ sup c(u — Phu,vh))‘
vR€Vh thHO,ﬂ
Then, the result follows. O

Remark 3.4 Under the same assumptions of Theorem 3.4, we immediately deduce,
via triangle inequality and the obvious observation that || -

oo < Il

Np(u, T
oot lu=unllog < O(|lg~Malloa+ lhu—Pruflog sup “Z) (378
mexn |ITllg

llo—a,
Similarly, whenever an estimate for |lo — I,o||5 is available, we also deduce

Nh U, T,
o=l + lfu—wnllos < (1l — Malls +|u— Prullpa+ sup “rZe)
S, Tz

).@7@

3.5 Examples of Mixed Finite Elements

We shall provide here examples of finite elements which fit the abstract framework
introduced above. The first four examples refer to well known families of mixed fi-
nite elements, namely, the Raviart-Thomas (RT) and Brezzi-Douglas-Marini (BDM)
families, while the last two examples were introduced in [98].

Example 1 The Raviart-Thomas elements [135] over a triangular decomposition of
Q. For any integer k£ > 0, and for any triangle K € 7T, define

QK) = (Pu(K))? +2Py(K), (3.80)
P(K) = Py(K), (3.81)

where x = (21, x9), and Py(K) denotes the set of polynomials of degree < k in K.

Example 2 The Raviart-Thomas elements [135] over a rectangular decomposition of
Q. For any integer k£ > 0, and for any rectangle K € T, define

Q(K) = (Qr(K) + 1,Q(K)) x (Qk(K) + 22Qk(K)), (3.82)
P(K) = Qu(K), (3.59)

where Qi (K) denotes the set of polynomials of degree < k in each variable z; and z.
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Example 3 The Brezzi-Douglas-Marini elements [26] over a triangular decomposition
of ). For any integer k > 1, and for any triangle K € 7T,, define

QK) = (Pu(K))?, (3.84)
P(K) = P (K). (3.85)

Example 4 The Brezzi-Douglas-Marini elements [26] over a rectangular decomposi-
tion of €). For any integer k > 1, and for any rectangle K € 7T, define

QK) = (Pu(K))®® {curl(z125%")} @ {curl(zpa}™)} (3.86)
P(K) = P (K), (3.87)

where curl ¢ = (G2, —01), for ¢ € H(Q).

The choice of P(K) identifies the space of scalars V}, defined in (3.51), while the choice
of Q(K) identifies only the space of vectors 3. In order to define the space X C ih,
where the solution of (3.75) is seeked, the regularity assumption must be specified.
We shall show that, with the above choices of polynomial spaces, it is possible to
define degrees of freedom, and consequently to construct local bases, that guarantee
continuity of the normal component of vectors in ¥, across interelement boundaries,
thus giving rise to a conforming approximation:

) = {[h € H(div;Q)| 7,5 € QUK) VK € Tho 7, -n= 0 on FN} . (3.88)

Indeed, for each k that identifies the pair (Q(K), P(K)) in the above families, let us
introduce the spaces of polynomials on the edges of K

R(e) = Py(e) for each edge e of K, R(0K) = H R(e). (3.89)

ecOK

Notice that, in all the previous examples,

€ Q(K) = 1 nyx € R(OK). (3.90)
Moreover,
div Q(K) = P(K). (3.91)
Next, let D be the space
D ={qeQK)| divg, =0, g-np =0}, (3.92)

and notice that D = {0} for the low elements of the four families.
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Proposition 3.1 For any q € Q(K), the following relations imply q = 0:
/ug-@ds = 0 Vedgee of K, Vu€ R(e), (3.93)
/ ¢-Yvdr = 0 VYve P(K), (3.94)
K

0 YpeD,. (3.95)

S
2
IS

S
=
Il

Proof. For any fixed k, we have that ¢-n), € R(e). Hence, (3.93) implies ¢ - nj9x = 0.
Moreover, the trace of a function v € P(K) belongs to R(0K) in all the examples. Hence,
integration by parts and (3.93)—(3.94) give

/ diqudx:—/ q-Zvda:—i—/ vq-nds =0 VYv e P(K), (3.96)
K K~ oK

which implies divg = 0, due to (3.91). Then, (3.93)-(3.94) imply ¢ € D. Reciprocally, it is
obvious that (3.93)-(3.94) hold for ¢ € D. Hence, (3.93)-(3.94) are equivalent to ¢ € D, and
(3.95) gives ¢ = 0. O

To see that (3.93)-(3.95) can be used as degrees of freedom, after choosing local bases,
it remains to check that (3.93)-(3.94) are linearly independent. For this we refer, e.g.,
to [27] Section II1.3, Lemma 3.1. It is then possible to use 7 - n among the degrees
of freedom, and then to impose continuity at the interelements, thus constructing a
conforming approximation. In particular, for the lowest order Raviart—Thomas trian-
gular elements (RTp) of Example 1 a local basis for Q(K) is uniquely defined by the
following degrees of freedom

/Zi'ﬂjdszdij i,j=1,3. (3.97)
e
Conformity, together with relation (3.91) (which is a stronger property than (3.69)),
will allow to simplify (and somewhat improve) the abstract results. In particular,
conformity implies that the discrete bilinear form by,(.,.) defined in (3.53) is not needed

here, since it will always be applied to elements of X. Hence, it can be replaced by the
bilinear form b(.,.) defined in (3.25):

bh(vh,zh) = b(vh,zh) Vvh S Vh, T € Xy, C XL (398)

From property (3.91) it is immediate to check that the first abstract hypothesis (3.59)
is fulfilled. An important consequence of (3.91) is that the operator P, defined from
V to Vj, in (3.71) coincides with as the usual L?—projection

/ (v—Pw)wde =0  VYw € P(K). (3.99)
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It remains to define uniquely the element II,7 € Q(K) verifying (3.60)-(3.61). Propo-
sition 3.1 implies that, Vr € ¥*, II,7 € ¥, can be uniquely defined locally through
(3.93)-(3.94)-(3.95) as:

/,u(T— [,7)-nds = 0 Vedgeeof K, Vue R(e), (3.100)
/(I—th)'Zvd:r ~ 0 Ve P(K), (3.101)
K
/(I—th) cqdr = 0 VqeD. (3.102)
K

Conditions (3.100)—(3.102) define an interpolation operator II, from X* to X, which is
uniformly bounded from ¥* to ¥, C X, that is,

Tzl < Cfl7]

. (3.103)

with C' independent of h and of 7, as shown, e.g., in [27]. Moreover, since the trace
of a function v € P(K) belongs to R(OK), integration by parts, and (3.100)—(3.101)
imply, for all v € P(K),

/div(z—th)vdx:—/(E—th)-Zde—l—/ (r —Tp7) -nvds = 0. (3.104)
K K oK

Collecting the various properties (3.104), (3.98), and (3.99) we deduce that the com-
muting diagram property [55] holds

.
th l P, (3.105)

This means, in other words, that for every 7 € ¥* one has
div (Ily7) = Pydivr. (3.106)

therefore, the discrete inf-sup condition (3.62) holds. This, together with (3.59) allows
to apply the abstract theory of Sections 3.3 and 3.4. In particular, error estimates
(3.78)-(3.79) hold with N,, = 0, due to the regularity of v and to the continuity of the
normal component of elements in .

Since in the next sections the lowest order Raviart-Thomas element RTy will be ex-
tensively used, we report here, for the reader convenience, the definition of the discrete

spaces
Vi ={vn € L*(Q) | vajx € Po(K) VK € Ty}, (3.107)

Sy = {zh € H(div;Q) | 7y, € QUK) VK € Tho 7 -1 = 0 on FN} . (3.108)
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with Q(K) = (Py(K))? + 2Py(K). Notice that dim(V},) = # of elements in 7y, and
dim(X,) = # of edges not belonging to I'y. According to (3.97), a basis function
7" € 3, is defined requiring that, for each edge e® not belonging to I'y,

/ 7" - n’ds = 6,,, (3.109)

where n® is the normal unit vector to e®, whose orientation is chosen once and for all.
Consequently, considering the two elements having e® in common, n® is outward for
one triangle and inward for the other one. Error estimate (3.79) gives

g = aplls + [lu = unlloo < Chllgh,o + |divali,o + [ul,0). (3.110)

Indeed, the interpolation errors are (see [41, 27])
lo = Thalls < Chlolio+ [divala), llu—Pullug < Chluhg.  (3111)

The key properties to obtain the commuting diagram property are conformity and
(3.91). We provide now an example, taken from [98], of conforming approximation
which violates (3.91), though remaining in the abstract framework.

Example 5 Consider a triangular decomposition of (2. For each triangle K € T, we
choose the finite—-dimensional polynomial sets as follows

Q(K) = span{r' 1’} , (3.112)
P(K) = Py(K), (3.113)

where
= (1,0), 72 =(0,1), 7° = (¢1, 1) . (3.114)

The choice for ¥; and ) is
Y1, e € Py(K), (3.115)

and, having chosen an edge é of K, 2 = (vy,15) is defined through the following
degrees of freedom

13'2\6 :17

13 'ﬂ‘e =0 e # éa (3 116)
fK¢1d!L‘:fK¢2dl’ 207 ‘
I3£(m) :07

where m is the midpoint of €, and ¢ denotes the unit tangent vector.

Proposition 3.2 The degrees of freedom (3.116) uniquely define 3.
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Proof. Since 73 is seeked in a space of dimension 12 (see (3.115)), and the number

of degrees of freedom (3.116) is precisely 12, it is sufficient to check uniqueness. Let then
7 = (71, 72) be a vector verifying

i) 1o =0 Ye i) /Kﬁdacz/KTQdaszo, i) - t(m) = 0.

From i) we deduce 7 - npx = 0. From 41), after integration by parts, we have

0:/ I-Zpldx:—/ divzpi dz Vp € Pi(K), (3.117)
K K

which gives divz = 0. Hence,

0
T = curl ¢, with ¢ € P3(K) and 8_<p =0 on 0K, (3.118)
s

where 9p/ds denotes the tangential derivative of ¢ along 0K. Consequently, ¢ = constant
on 0K, ie., ¢ = a(AA2A3 + ¢), and T = acurl(MA2)3), where \;, i = 1,3 being the
barycentric coordinates. Condition i) becomes a(9(A1A2A3)/0n)(m) = 0, implying a = 0,
since (O(A1A2A3)/0n)(m) # 0. O

With this choice, condition (3.91) is violated, since div 7% is not constant on K. How-
ever, we have

dim(div (Q(K))) = 1 = dim(P(K)), (3.119)

/ div 7dr = / % nds=1. (3.120)
K oK

Hence [, div 7,dz = 0, with 7, € Q(K), implies div 7, = 0, and the first abstract
hypothesis (3.59) is fulfilled.

The space ¥y, can be taken as in (3.88) , and an interpolation operator 1, from ¥* to
¥, verifying (3.60)-(3.61) can be defined locally by

and

/(1 —Ty7) -nds=0 Ve edge of K. (3.121)

I1,, is well defined, since the matrix fei 7/ - ntds, with i,j = 1,2, 3, is nonsingular, as
can be easily seen by construction. Moreover, it can be proved that

[Hnzlls < Ciz|

- (3.122)

The second abstract hypothesis is then fulfilled and the abstract theory applies. In
particular, since we are using a conforming approximation, error estimate (3.78) holds
true with N, = 0. In this case, (3.79) is not applicable since only an interpolation
estimate in L*(2) can be proved

Iz = azlloo < Chllzl| 0. (3.123)
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We explicitly point out that, in contrast with the previous examples, in this case
the operator P, as defined in (3.71), is not the L?-projection. Consequently, the
commuting diagram property (3.105) does not hold true for this element, but the
interpolation estimate for w in (3.111) still applies. Hence, for this element (3.78) gives

llz — anllos + llu — unlloo < Chllaha + [ulo)- (3.124)

The last example we present here has also been introduced in [98] and it is an ex-
ample of nonconforming mixed finite element: the continuity of the normal component
of the vector variable is imposed only in weak form and the inclusion of ¥, in X is
violated. In contrast with the previous case, for this example property (3.91) will be
satisfied.

Example 6 Consider a triangular decomposition of 2. For each triangle K € T, we
choose the finite-dimensional polynomial sets as follows

Q(K) = span{r', %1’} , (3.125)
P(K) = R(K), (3.126)
where
mh=(1,0), 7 =(0,1), 7° = (¢b1, ). (3.127)
The choice for ¢; and 5 is
V1, e € Pi(K), (3.128)

and, for a chosen edge € of K, 73 = (11, 5) is defined through the following degrees
of freedom

- Q\é = 1/|é| )

[, - nds =0, eF#ée (3.129)
waldﬂf = fK’l/)QdIE =0.

Proposition 3.3 The degrees of freedom (3.129) uniquely define 73.

Proof. Since 73 is seeked in a space of dimension 6 (see (3.128)), and the number of degrees

of freedom (3.129) is precisely 6, it is sufficient to check uniqueness. To fix ideas, let ! be
the special edge é, and let €2, e* be the other two edges (see Fig.2). Let then 7 = (71, 72) be
a vector verifying

i) I-E‘lelzo, i) /_z-@jds:()j;él, i) /Tldx:/ng:EZO.
e K K

J
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B
Figure 2: Local numbering of edges and vertices

Since div T is constant, from ¢)-i7) we deduce divz = 0. From this and i74), after integration
by parts, we have, for all p; € P(K),

0=/1-Zp1dm:/ I-Qplds:/z-QQplds—i—/1-Q3p1ds, (3.130)
K 0K e? e3

where in the last step we used 7). Taking p; = A2 in (3.130) (A2 being the barycentric
coordinates verifying Ayj.2 = 0, A\2(F%2) = 1 ) we obtain

/ 7-n3 Xy ds =0. (3.131)
e3

Using Simpson’s rule and i) we deduce 7 - n?(P,) = 0. This, together with 44), implies
7-n% =0 on 3. With the same argument we deduce T - n?> =0 on e¢?. Hence, 7-n =0 on
0K, together with (3.128), ends the proof. O

Due to the choice of Q(K), dim(Q(K)) = 3, but 7 - ny, € Pi(e); hence, for = € Q(K)
continuity of 7 - n on the interelement edges cannot be imposed, as for the previous
examples. However, a weak continuity can be required. More precisely, denoting by &,
the set of edges of 7y, we define

DI {zh € (L*(Q))? Th € QIK)VK € ﬁ,/[zh-ﬂ] ds =0Ve € Eh\FD} , (3.132)

where [7;, - n] denotes the jump of 7, - n across the edge e when e is an internal edge,
and, when e belongs to I'y, [z, - n] simply denotes 7, - n.
Note that (3.129) implies that

/diVTde:/T?’-nds:l = divr’|x = 1/|K], (3.133)
K é

where |K| denotes the area of K. Therefore, (3.91) is satisfied, and the first abstract
hypothesis (3.59) is fulfilled; moreover, the operator P, defined from V' to V}, in (3.71)
is the usual orthogonal L?-projection.
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An interpolation operator II, from ¥* to ¥, verifying (3.60)—(3.61), can be defined
locally by

/(z ~Ip7r) - nds=0  Veedgeof K. (3.134)

[T}, is well defined, since the matrix fei 7/ - nids, with i,j = 1,2, 3, is nonsingular, as
can be easily seen by construction. We notice that (3.134) implies

divIlp7 ) = Ppdivr g Vr1eXr (3.135)

Therefore,
[Mzlls < Cliz]

- (3.136)

and the second abstract hypothesis is satisfied. Moreover, the following interpolation
estimates hold

|7 — Hu7llo0 < Chltli0, (3.137)
Z |div (z — IL7) |5 < ChP|div[ig. (3.138)
K

In contrast with the previous examples, the term Nj is no longer zero, due to the
nonconformity of the discrete space X5, and has to be bounded properly.

Proposition 3.4 Let ¥}, be the space defined in (3.132), and let w € H*(Q)). Then

N,
sup h(wvzh)

meen |Talls

< Chlw|ia, (3.139)

where Ny, is defined in (3.73).

Proof. Let &£ be the set of edges of Tj, not belonging to I'p. We can rewrite (3.73) as

Ny(w,my) = > /w[zh -] ds. (3.140)
ecgr V€
Let P be the piecewise constant interpolant of w defined as

/(w — Piw)ds =0 Ve € £ (3.141)

e

According to (3.132), we have

Natw,z) = 3 [ = Pz - ) ds. (3.142)
ecg! €
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Any 7), € ), can be split as 7, = 7/ + 7", with 7/ € span {7!,7%}, and 7" € span {r*} in
K,VK € Ty,. Therefore, using (3.141), (3.142) reads

Natw,za) = 3 [(w = Fw) " -n) ds. (3.143)
ecg v e
Since div7” = 0 in K if and only if 7”7 = 0 in K due to (3.133), then [|div 7”||o,x is a norm.
A simple scaling argument in (3.143), classical interpolation estimates, and Cauchy-Schwarz
inequality give

Nulw,z) < € |lw = Pewlloaidiv "llo {2 (3.144)
K
< O hglwh klldiv"|lox (3.145)
K
< Chlwlallzplls, (3.146)
and the proof is concluded. a

Using (3.137), (3.138), the interpolation estimate for » in (3.111), and (3.139) in (3.79)
we deduce

le = aplls + llu = unllon < Chllalio +|divali,e + |ufia)- (3.147)

3.6 Hybridization of the mixed formulation

It is well known that problem (3.58) leads to a final linear system whose matrix can
be indefinite (this is the case, for instance, when the zeroth—order term is not present
in (2.14)). A way to circumvent this problem is to relax the continuity of the normal
component of the vectors at the interelement boundaries (even the weak one of the
nonconforming case) and to enforce it back through the use of Lagrange multipliers.
This technique, introduced in [60] in a different context, was used successfully as a
trick to deal with the algebraic system. In [10] it was also studied from the theoretical
point of view in the context of mixed formulations for the Raviart-Thomas elements.
Error estimates were derived for the Lagrange multipliers, which proved to give an
approximation of the scalar variable at the interelements better than that given directly
by wup. In [26] error estimates were proved for the BDM-family, while in [98] the
elements of Examples 5-6 of Section 3.5 were analyzed. In order to describe this
procedure, we then introduce a new space of vectors, made of discontinuous piecewise
polynomial functions (without boundary conditions) defined as

S = {zh € (L2(Q))*| 75 € QUK) VK € Th} , (3.148)

equipped with the norm

Izlli = llzllon + D bk lldivzlli s =€ S (3.149)
K
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To enforce continuity across interelement boundaries of the normal component of vec-
tors in X, we need to define a space for the multipliers. Let &, be the set of all edges
of the decomposition 7, and let £ be the set of edges not belonging to I',. For every
edge e € &, we introduce a finite dimensional space of scalars R(e). For the sake of
simplicity, we assume that, on each edge e, R(e) consists of polynomials of degree < k.
We set

Ap = {n € L* (&) | fnje € R(e), Ve € Ent, (3.150)
and
Ano = {mn € Ap| pn, =0, Ve€e &, NI}, (3.151)
equipped with the norm
enll o = Y b Mianlfo.e (3.152)
ecéy,

where h, denotes the length of the edge e. The norm (3.152) is a sort of H'/?-norm,
which is natural for a space “of traces”. We also have to introduce a bilinear form on
Eh X Ahi

dn(pn, 74) = Z/aK iy nds, € Ay, 7, € Sy (3.153)
K

We denote by [7-n] the jump of 7-n across the edge e when e is internal; for boundary
edges, [T - n)j. simply denotes 7 - n. Then, (3.153) can be equivalently written as

(i, 1) = Z/ﬂh r-nlds € An, 7, € S (3.154)
We define R
Ker D, = {zh € Sl dalpn, 1) =0 Yy € Ah,o} , (3.155)

having denoted by D; the operator from EA]h — (Ap)" associated with the bilinear
form d(.,.). Using (3.154) and the definition of A, it is easy to see that

T € Ker D, = /,uh[z-@]ds:() Vun € R(e) Ve€é,. (3.156)

Together with the abstract assumptions (3.59) and (3.62), we need two additional
hypotheses:
S = Ker D, (3.157)

and a discrete inf-sup condition for the bilinear form d(., .)

36>0: inf sup (1, 71) > 4§

> (3.158)
medn 5, lnllyzn 1zalln
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A direct consequence of (3.158) is that, for all e € &,

/,uh 7, nds =0 V1, € Q(K) with e C 0K = iy, = 0. (3.159)

e

For every function £ € L?*(I'p), define now
Ape = {uh € Ay | /(uh — &)1y, -nds =0,V1, € ih, Ve € &, N FD} . (3.160)

Note that, thanks to (3.159), condition [ (u — &)7, - nds = 0 Vr, € S, determines
uniquely s, on e. The affine manifold Ay, can be seen as the subset of A, made of
functions py, which satisfy p, = &€ on I'p in a weak sense.

The discrete formulation of (3.27) is then:

Find (G, U, An) € Sp X Vi X Ap,y such that

a(@y, Tp) + bn(Un, 71) — dp(An, 73,) = 0 VT, € S,

. _ (3.161)
bh(vhagh) - C(Uh,Uh) = —(f, Uh) Yoy, € Vi,
d(pin,3y) = 0 Yy € App.

Theorem 3.5 Problem (3.161) has a unique solution (0, Un, A\n), and (T, Up) coin-
cides with (g, up), solution of Problem (3.58).

Proof. Let (g},u;,\}) € ih X Vi X Apo be the solution of the homogeneous discrete
problem associated with (3.161). Taking 7, = o} in the first equation of (3.161), and using
the second equation with v, = uj and the third equation with p;, = A; we obtain

a(ay,op) + c(up,up) =0. (3.162)

This implies that oy = 0, and, if 79 > 0, uj = 0. Instead, if yg = 0, the first equation of
(3.161) with 7, € Ker Dy, reduces to

br(up,1,) =0 V1, € Ker Dy, (3.163)
Thanks to (3.62) and (3.157), this implies u; = 0. Hence, we are left with the equation
dy(\L,7h) =0 V1, € Sh, (3.164)

which implies A} = 0, due to (3.158). Therefore, uniqueness is proved.
The third equation of problem (3.161) gives g;, € Ker Dy, and hence, due to (3.157),

Gy € Sh. (3.165)

Notice that for 7, € X} the bilinear form dj, (A, 7)) simplifies to

dyMno1i) = Y [ Mz onds =< g,7, 0>, (3.166)
eCl'p €
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since A, € Ay 4. Hence, the first equation of (3.161) with 7, € X, reads
a(@p, 1) + bp(up,7p,) =< 9,74 " 10 >r, VT, € Xp. (3.167)

Collecting (3.165), (3.167) and the second equation of problem (3.161) we see that (g, up)
is solution of problem (3.58). a
From now on the superscript = will be dropped from the variables.

A projection Pf from L?(&,) to Ay can be defined locally as the usual orthogonal
L?-projection

/uh(u — Piu)ds =0, Ve C 0K, Yu, € R(e). (3.168)

e

Let us give now the abstract error estimate for the Lagrange multipliers.

Theorem 3.6 Let (o, u) be the solution of (3.27), and (o, un, A\n) that of (3.161). The
following estimate holds

dp(u — Pfu, T
1w = Plullyan < (HQ—ghnm 11Pot = unllo+ sup W) - (3.169)
Ieih Lk

where || - ||1,5 is defined as

ol =D " hillonll3 . Vo € Vi, (3.170)
K

and Py, is defined in (3.71).
Proof. Taking =\, — Pfu, from (3.158) we deduce
dh()\h — Pﬁu,z)

Ol|An = Prullyjzn < e T
< sup dhn —u,1) | sup dp(u — Ppu, 1) (3171)
res,  zln €S, Izl
Next, let us observe that (o, u) solution of (3.27) verifies
a(o, ) + bp(u,7) — dp(u,7) =0 VT € 5. (3.172)

Then, subtracting the first equation of (3.161) from (3.172) and using definition (3.71) we
obtain R
dp(u — A, 7) = alo — gy, 7) + by (Pru — up, 7) VT € 3. (3.173)

Using (3.53) and the Cauchy-Schwarz inequality

by (Phu — up, T)

IN

> hclldiv oo, re b || Prae = upllo,re
K

Iz lln QB I1Phu = unllf 1) = 17/ nl| P = upl[1 - (3:174)
K

IN
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Hence, from (3.173), (3.174) we have

dp (N —
sup MO =D) 1o glloa + 1P — wnlli). (3.175)
B T
Using (3.175) in (3.171) gives (3.169). O

Corollary 3.1 Under the same assumptions as in Theorem 3.6, if the decomposition
Ty 18 quasi-uniform, we have

B dp(u — Pfu, T
1A = Piullog, < C(h'||la—apllon+h"?||Pou—unllon) +h'/? sup %
Ieih Lk

(3.176)

Proof. The result follows multiplying (3.169) by h'/? and using the quasi-uniformity
assumption. O

Remark 3.5 In all practical cases, the space ih will be made of piecewise polynomials
of some given degree. This implies that the following inequality will easily hold

Iz nlf}, <Chilzll}x Yz €y, VK, Ve C 0K, (3.177)

where C' denotes a constant depending on the degree of polynomials. In these cases we
have, using (3.177) and Cauchy-Schwarz inequality,

dp(u — Pfu,T)

< Cllu = Pyulli/2,n, (3.178)
Izl |

so that (3.169) becomes

[[An = Prullij2.n < Cllla — gy

0,0+ ||Phu_uh L+ ||U—P;fu||1/27h). (3.179)

Moreover, if the decomposition is quasi-uniform, (3.176) becomes
1A= Prullog, < O lla—aylloot+h 2| Pru—up|loo+h"?|lu=Piull1/24) - (3.180)

Remark 3.6 The above estimates on the multipliers, as (3.169) and (3.176), or (3.179)
and (3.180), could be used in order to estimate the error for suitable lifting of \,. For
instance, if A\, is piecewise constant on the edges, one can introduce a new approxrima-
tion uj, to u defined as the Py-nonconforming function that, on each edge e, verifies

/(u}"l — Ap)ds =0. (3.181)

e

Similarly, one can introduce the Pi-nonconforming interpolant of u, that we denote by
uy, defined as

/(u? —u)ds = 0. (3.182)
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It is immediate to check that, for each K € Ty,

llup, = ujlloc < C D B[N — Piulloe, (3.183)

eCOK

that allows to use the above estimates in order to obtain suitable bounds for ||uy —uj||o.q
(and then for ||u — uj||oq by the triangle inequality).

We shall discuss now how the hybridization of the mixed formulation, presented
above in the abstract framework, can be applied to the examples of Section 3.5. For
this, we associate with each pair (Q(K), P(K)) suitable spaces of polynomials defined
on the edges &;.

Example 1 For any integer k£ > 0, and for any triangle K € T, define

QE) = (Du(K))* +zPy(K),
k>0 P(K) = PF(K), (3.184)
R(e) = PFyle), Veedgeof K.

Example 2 For any integer k > 0, and for any rectangle K € 7}, define

QK) = (Qk(K) + 5:1Qk(K)) x (Qr(K) + 22Qx(K)) ,
k>0 P(K) = QuK), (3.185)
R(e) = Pyle), VeedgeofK.

Example 3 For any integer £ > 1, and for any triangle K € 7},, define

QK) = (P(K))*,
k> 1 P(K) = Poy(K), (3.186)
R(e) = Pile), Ve edgeof K.

Example 4 For any integer k > 1, and for any rectangle K € 7}, define

QK) = (Pi(K))* @ {curl(z125™") } & {curl(wpai™)}
k> 1 P(K) = P (K), (3.187)
R(e) = Py(e), VeedgeofK.

Example 5 For each triangle K € 7T},, define

Q(K) = span{zrt, 72,73}, (see (3.114)-(3.116)),
P(K) = P(K), (3.188)
R(e) = Py(e), Veedgeof K.
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Example 6 For each triangle K € Tj,, define

Q(K) = span{zr', 7%, 73}, (see (3.127)-(3.129)),
P(K) = Py(K), (3.189)
R(e) = Py(e), VeedgeofK.

Denoting by R(OK) = [[.cox R(e), we see that all the triplets (Q(K), P(K), R(0K))
of the examples above are such that Ker Dy, coincides with the space ¥ used in Problem
(3.58), so that assumption (3.157) is fulfilled. Indeed, for Ezample 6 definition (3.132)
of ¥ clearly coincides with that of (3.155), as it can be easily seen using (3.156).
For Ezamples 1-5 the space ¥, is defined in (3.88), and 7, € ¥, iff 7, € f]h and
[7-n)e=0,Ve € &, that is, 7-n is continuous across the internal edges and 7-n =0
on I'y. Moreover, we have that 7 € Q(K) = 11y, € R(OK), and in particular,
[T - n]. € R(e). Then, according to (3.156), 7 € Ker Dy, implies that [T - n]. = 0,
Ve e &, Therefore, Ker Dy, = X,

We check now that the inf-sup condition (3.158) holds for the bilinear form dj,/(.,.)
in all the examples.

Proposition 3.5 For the mized finite elements of Examples 1-6 it holds

d
36>0: inf sup (s 71) > 0.
medn o cs, nllyzn |2k

(3.190)

Proof. Let us consider u* € Aj. Let e be an edge in &, and let K = K (e) be an element
of 75, having e as an edge. Take 7¢ € X, such that 7¢ = 0 in Q \ K, and in K is the vector
7¢ € Q(K) which satisfies

/uze nds = h,! /,u*pds Vu € R(e), (3.191)
/ pré-nds = 0 Vu€ R(OK), (3.192)
0K \e
/ 7°-Voder = 0 YveP(K), (3.193)
K
/ °-pde = 0 VYpeD, (3.194)
K

where D = {g €Q(K)|divg=0, q- Nk = 0} as defined in (3.92). Such a vector 7¢ exists
and is unique in Q(K) since (3.191)-(3.194) are a set of degrees of freedom for all Q(K)
considered here, as discussed in Section 3.5. Notice that the degrees of freedom (3.191),
(3.192) are always present and allow us to impose conditions on the normal component of
vectors in Q(K); (3.193) and (3.194) are needed for higher order elements.

A usual scaling argument gives

N5 & + hic||div €| < ChZ |15 - (3.195)
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Define now 7* = > _7° Since 7% on a single element K is the sum of at most three 7°,
summing (3.195) over all K € Ty, gives

1z n < CQ_ e 18" = Cllullayzn - (3.196)
[
Using the definition of 7* and (3.191) we obtain

/,u[z*-Q]ds:/u[f-@]ds:/uf-ﬂds:hgl/u*uds, (3.197)
e [ e

e

and consequently we have

dp(t*,p) = Z/M[I* -n]ds = Zh;l/u*uds. (3.198)

Hence, taking p = p* in (3.198) and using (3.196) we have

dp(T*, 1) X h Mg, _
S 2 O S o = O Iz (3.199)
||lz*{|n (e he 11 115.)
and the proof is concluded with § = C~L. O

Due to Proposition 3.5 the abstract error estimate (3.169) holds, (together with
(3.176), if the decomposition is quasi—uniform). Notice that, when conforming approx-
imations are considered, the term dj(u — Pfu, 1), with 7 € X, vanishes. This is the

case for all the Ezamples 1-5. In particular, for the RT, element, using (3.110) in
(3.176) we obtain

1A\ — Pullog, < C(h'?(|a — apllog + h™?||Pou— upllog) < C RV (3.200)

The same estimate applies to the element of Ezample 5, using (3.124) in (3.176). For
the nonconforming element of Example 6 we give the following

Proposition 3.6 Let Sy, and A, be the spaces defined in (3.148) and (3.150) associated
with the element (3.189). For w € H*(Q) it holds

dp(w — P¢
s 0 = Piu.7)

s, |zl

< Clw

Lo (3.201)

where Pf is defined in (3.168).

Proof. We can use a scaling argument on each edge e € &, and obtain for 7 € ih

[w=Prw)znds < CnP iz alloe < Clulslidlos . (3202

e

Then, (3.201) easily follows. O
Consequently, using (3.147) and (3.201) in (3.176) we deduce

I\ —Prulloe, < C(h?||o—0y|loo+h™" || Pou—un||oo+h'/|ulia) < Ch'/?. (3.203)
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Remark 3.7 The order O(h'/?) in estimates (3.200), (3.203) is not in disagreement
with the estimates for the scalar variable u. Indeed, (3.200) (or (3.203)) in (3.183)
gives back the O(h) order of convergence proved for these elements. Moreover, for the
RT, element we can use the superconvegence result (see [55])

|Pou — upllon < CR?, (3.204)

thus obtaining in (3.200)
[\ — Pullog, < Ch2. (3.205)

This, in turns, using (3.183), gives
|lup, — uilloo < C R, (3.206)

which is an optimal error bound. Estimate (3.204) (and then, in the end, (3.206)) can
also be proved for the lowest order elements of the families of the first four examples
presented here. Actually, one can consider other values of k as well, obtaining better
convergence estimates, analogous to (3.204), (3.205), and finally (3.206), for suitably
defined higher order interpolants (instead of u}) and liftings (instead of uj). We refer
for that e.g. to [10], [26]. Finally, we recall that for all the examples presented here
estimates for ||\y — Pfullo.s, can be obtained directly, case by case, dropping the quasi—
uniformity assumption on the mesh. We refer to [10], [26] and [98] for the proofs.

3.7 Algebraic treatment of problem (3.161)

Problem (3.161) is easier to deal with than (3.75). Indeed, the linear system associated
with (3.161) takes the matrix form

A B -D o, 0
Bt —C 0 up, = —F |, (3.207)
-D'" 0 0 A 0

with obvious meaning of the notation. The matrix A is now a block-diagonal matrix,
each block being a matrix of dimension equal to the dimension of Q(K), easy to invert.
Hence, the variable g, can be eliminated by static condensation,

0, = A" (DA, — Buy), (3.208)

leading to the new system
B'AT'B+C —-B'A™'D up, F
= < > . (3.209)
~D'A"'B D'A"'D A 0
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Since no continuity assumption is made on V},, the matrix B'A~'B + C' is also block-
diagonal, so that the variable u; can be eliminated by static condensation,

up = (B'A™'B + C)™(F + B'A™'D),,). (3.210)
This leads to a final system, acting on the unknown A, only, of the form
M, =G, (3.211)
where M and G are given by
M = D'AT'D—-D'AT'B(B'AT'B+C)"'B'AT'D, (3.212)
G = D'A'B(B'AT'B+C)'F. (3.213)

We present in detail the structure of the matrix M and of the right-hand side G de-
fined in (3.212) and (3.213). Since for applications to semiconductor device simulation
the low regularity of the solution makes the use of high order elements unsuitable, we
discuss here only the case of lowest order elements, namely, the lowest order Raviart—
Thomas element on triangles (R7p) and the two elements of Ezample 5-6. We construct
the element matrix M¥ and the element right-hand side G¥ associated with the cur-
rent element K. In order to give a compact presentation, we set some common notation
and recall the definition of the triplet (Q(K), P(K), R(OK)) for the three cases under
consideration.

Q(K) = span{r' 7% 7%},

P(K) = Py(K), (3.214)
ROK) = ][] Pole),
where
= (1,0), 72 =(0,1), 7° = (¥, ). (3.215)

The choice for ¢; and ¢, makes the difference of the three cases. For R1y we take

P =21y, zp = coordinates of the centroid of K. (3.216)

The reason for this choice is that [, ¢ dx = [, ¥»dz = 0, and therefore each block
of A becomes diagonal. We refer to the definition (3.115)—(3.116) for the element of
Ezample 5 and to (3.128)—(3.129) for the element of Ezample 6.

As basis function in Py(K) we make the natural choice v = 1 in K, and as basis
function in R(OK) we take p =1 on one edge e and = 0 on the others.

The functions a~'(z) and y(x) appearing in the bilinear forms (3.24) and (3.26) are
approximated by piecewise constant functions defined in each element K by

a = |1K|</Ka1(a:)dx>, (3.217)
7 = %( /K 7(x)dx>. (3.218)
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We introduce the following notation

v o= n'lé| i=1,3, (3.219)
o = [y (3.220)
K
B = /divfdx, (3.221)
K
N = /_f-@ds i=1,3. (3.222)
Then the element matrices are
K| 0 0 0
AK=a| 0 |K| 0 BfX=10 (3.223)
0 0 ¢ g
vi Vi v
DE = | vi 2 v CK =7|K| F¥ = [ fda. (3.224)
K
m n2 M3

The coefficients of the matrix M are then given by

—1Zi -V 7IK|
K] T B+ asqK

my; = (@) mn; - 4J =13, (3.225)

and the right-hand side by

K _ 5771
: =1, .22
gi ﬁ2+a5fy|K|/fdJU t=13. (3:226)

If v(z) = 0 in (2.14), the coefficients of MX reduce to

vl
A %

K|

ml = (@) (3.227)

The matrix M thus corresponds to a nonconforming piecewise linear approximation of
(2.14), where the function a(z) is approximated by its harmonic average:

LY
K= [ aHw)da

The final matrix M is then symmetric and positive definite. Moreover, if the de-
composition is of weakly acute type (i.e., every angle 6 of every triangle is § < 7/2),
then

(3.228)

a(x)

mi >0, mi <0, i, 4,5=1,3. (3.229)

113 1J
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Hence, in this case, M is an M —matrix. In the general case v(x) > 0, we see that the
quantity J|K|/(8% + @d 7| K|) is always nonnegative. As far as the 7; are concerned,
we have to discuss separately what happens in the three cases considered above. For
the RT, element, a simple computation shows that

2|K]|

g >0 i=13 (3.230)

=
Therefore, the off-diagonal coefficients of M* might be positive even if the triangula-
tion is weakly acute, and the final matrix is not, in general, an M —matrix.

Instead, the other two elements are designed to guarantee a final M —matrix. Indeed,
to fix ideas, let e' be the special edge (€ in the definitions (3.116) or (3.129)). Then,

E=e¢ = m >0, m=mn3 =0, (3.231)
with 7, = |e!| for Ezample 5, and 7, = 1 for Ezample 6. Incidentally we also notice
that, for both elements, definition (3.221) gives 3 = n;. Hence, the coefficients of MX

are given by

vt 7 K|
(@) '=——+ ————n; fori=j=1,
K 2 07| K
mk = K] B aorlK] (3.232)
' (6)*122 v otherwise
W
K| ’
and the right-hand side is given by
d fori=1
g9 = 52 +a(57|K| / fd= ot (3.233)
otherwise .

It is then clear that the final matrix is, for both elements, always an M —matrix, if the
decomposition is of weakly acute type, since the zeroth—order term gives contribution,
with the positive sign, only to the coefficient my;.

Another approach which yields the M —matrix property for the RTj element, even
in the case y(x) > 0, will be examined in the following Section 3.8.

3.8 Numerical quadrature: towards finite volumes

In this section we analyze the family of mixed finite volume methods proposed in [115]
for the approximation of the reaction-diffusion problem (2.14). All of the methods are a
suitable discretization of the dual mixed formulation (3.27) and employ the lowest-order
Raviart-Thomas (RT)) finite element spaces (3.107)-(3.108) plus a suitable quadrature
formula for the matrix corresponding to a(g,,7,). This allows the use of different
averages of the inverse diffusion coefficient a~' to enforce the constitutive law (3.3),
for the fluxes at the interelement boundaries in a finite volume fashion.
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The mixed finite volume formulation (MFV) addressed in this section is to be
viewed as an alternative approach to the hybridization procedure discussed in Section
3.6, and has been the object of several researches in the recent literature. The central
issue of the MFV formulation is to perform a lumping of the matrix A associated
with a(gy,,7,) in (3.58) through some suitable quadrature formula. In the case of
rectangular grids, this strategy has been first proposed in [129] in the case a(z) =
1. Theoretical and implementational issues that link “nodal” finite elements, mesh-
centered finite differences and mixed-hybrid finite elements have been addressed in
[75, 76]. In [124] a theoretical analysis shows that, under appropriate smoothness
assumptions, the quadrature error (in the evaluation of A and of the right-hand side
in (3.58)) does not spoil the accuracy of the mixed method with exact integration.

In the case of triangular elements, similar conclusions have been drawn in [18, 19],
where a quadrature formula to diagonalize the matrix A is proposed and examined in
the case of the Laplace operator on triangular grids. An extension of this latter lumping
procedure has been carried out in [2, 143, 144, 114] for diffusion and convection-diffusion
problems. In particular, in [2] a(x) is approximated by its harmonic average over each
triangle. In this section we analyze a family of averages, all characterized by being
piecewise constant over the dual tessellation of the domain. Moreover we also include
in the analysis the zeroth-order term.

The case of an elliptic problem where a(z) is a symmetric positive definite tensor
has been studied in [9, 35], where RT, mixed finite elements with numerical integration
are considered on both rectangular and logically rectangular grids. Another numerical
scheme on this subject has been proposed in [8], where an expanded mixed finite
element method capable to handle the case of a discontinuous tensor a(x) and general
shape elements and geometry is derived. It can be checked that in the special case of
a reference equilateral triangle and RTj finite elements, the quadrature rule proposed
in [8] to diagonalize the mass matrix yields the same result as the lumping formula of
[18]. However, the resulting method in [8] gives a ten-point finite difference stencil while
the method we are going to analyze in this section gives a four-point finite difference
stencil.

The common feature of the approaches based on a lumping procedure is that the
mixed formulation using RT} finite elements can be interpreted as a finite volume
method acting on the scalar unknown w,. This connection has been also recently
investigated in [57], where cell-centered finite difference schemes are constructed on
triangular grids of regular shape (equilateral, and isosceles right triangles). In this
respect we also mention [162] where finite difference schemes on triangular cell-centered
grids are derived under the assumption of weakly acute triangulation. In this case, and
using the harmonic average of a(x) along the Voronoi edge, the methods of [162] and
of the present section coincide, although the error analysis in [162] is carried out only
in the case a(z) = 1.

Let us now give a brief outline of the contents of this section. The dual tessellation
L, associated with 7}, is first introduced in Section 3.8.1. Notice that 7, is only re-

592



quired to be a Delaunay triangulation, while previous schemes in the literature assume
that 7, must be a weakly acute triangulation (see [30, 98, 17, 162]). The Delaunay
property allows for the presence of obtuse triangles in the mesh while in a weakly acute
triangulation all the angles are required to be < 7/2. Next, the mixed finite volume
schemes are derived in Section 3.8.2. The methods are based on the combined use
of a piecewise constant approximation @ of & = a~! over £, and of the quadrature
formula proposed in [18]. The resulting discretization is a cell-centered finite volume
scheme where the degrees of freedom for wu, are taken at the circumcenters of each
element of T,, while the interelement fluxes are computed using the values of u;, at the
circumcenters of two neighboring triangles of 7.

The error analysis is carried out in Section 3.8.3, where we proved the (optimal)
O(h) convergence of this family of methods with respect to the H(div;Q) x L*(Q)-
norm, which is the standard norm for the analysis of dual mixed methods. It is worth
noting that the derivation of the methods, as well as their convergence analysis, allows
us in every respect to call them “mixed finite volume schemes” or, equivalently, “mixed
finite element schemes with numerical integration”. In Section 3.8.4 we consider three
choices of @: two averages are suitable approximations of the harmonic average of a
(see [12]) while the third one is the trapezoidal rule.

3.8.1 Geometry and notation

In view of the mixed finite volume discretization of problem (3.27) we introduce the
following

Definition 3.1 7, is a Delaunay triangulation if, for every K € Ty, the closed cir-
cumcircle of K contains no other vertices than those belonging to K. Moreover, Ty, is a
degenerate Delaunay mesh when the above property only holds for the open circumcircle.

(cf. [53]).

We assume henceforth that 7 is a Delaunay triangulation. Moreover, we shall indicate
by Ng and N the total number of edges and triangles of 7y, respectively. Throughout
this section, any geometrical entity will be always understood as being an open bounded
subset of R? or R.
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Figure 3: Primal triangulation 7;, with the corresponding lumping regions £' (left),
mesh parameters (right).

For any pair of neighboring triangles K; and Kj; of T, 7,5 = 1,...,Ng, let [ be the
common edge. We also consider the dual tessellation £, of T, and denote its elements
by “lumping regions” (see Figure 3, left). The lumping region £' corresponding to edge
[ is obtained by joining the common vertices and the two circumcenters C; and C; (see
Figure 4). We set also £}, = £' N K}, for k =, j.

¢

Figure 4: Examples of lumping regions for acute (left) and obtuse (right) triangles.

Throughout this section it is understood that any geometrical entity referred to
by a superscript, say r, and/or a subscript, say k, has the following meaning: the
superscript and the subscript refer to an edge and a triangle, respectively. When both
the superscript and the subscript appear, we are referring to an entity depending on
the edge e” that shares the triangle K. Moreover, T'(r) is the index set of the triangles
shared by the edge e", and it is understood that the cardinality of T'(r) is one or two
depending on whether or not the edge e” € 0Q2. By E(k) we denote the index set
of the edges of the triangle K. For any triangle K; we have: three indices of the
edges of K} (say r,i,j), three corresponding edges e, €', e/ and the vectors QZ,Q};,gf;
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obtained by orienting the boundary of K} counterclockwise. Observe that e}, = —e;,
for k', k € T(r).
We assume the regularity assumptions (3.45)-(3.46) on Ty, namely (see Figure 3, right):
D
p—K <K* VK €T,  Dgx<K'pgx<Khx VK €T, (3.234)
K
where we recall that /C denotes, here and in the sequel, a generic constant depending
only on K*. It follows that the triangulation 7, satisfies

hpy <D <Kh VL' €Ly,

where D = max Dy, h = max hr and hg is the diameter of £' (see Figure 3, left).

3.8.2 A family of finite volume methods

Let us now deal with the saddle-point problem (3.58) using the lowest-order Raviart-
Thomas approximation spaces (see (3.107)-(3.109)). For any K € 7T, and for any
integrable function ¢, define its mean value as

1

= — pdr  VKj € Th. (3.235)
K| i,

Pk

Taking v, equal to the characteristic function X of the triangle Kj in the second
equation of (3.58) we obtain

Z / 0y, -y ds — /K yup dr = — fdx VK € T, (3.236)
er k

reE(k) Ky,

where nj, is the outward unit normal vector to edge e¢". Equation (3.236) can be
rewritten as

7 0 — wnlKil = —fil Kl VEL €T, (3.237)

reE(k)

where @}, is the outward flux of g, from the triangle K} through the edge e”:
o) = / o, npds, with ®; =0one" €I'y. (3.238)

Clearly, (3.237) is a genuine finite volume discretization for (2.14), provided that we
are able to express each flux @] in terms of the values u;,j € T'(r) only. With this
aim, let us consider the first equation in (3.58), and denote by e" an internal edge of
K} and by K the element of 7, such that k,j € T'(r), i.e.,, 0Ky NOK; = e”. Let 1},
be the basis function defined in (3.109), where the normal is taken outward to Kj, so
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that div 7}, . = 1/[Kj| and div 7y g, = —1/|K;|. Taking 7, = 7}, in the first equation
of problem (3.58), we get

/ agy, - 15 dx + / aoy, - T, dr + u, — u; =0, (3.239)
Ky,

K;

where we have set a := a™!. For any K, € T;, let now r,r’ € E(k); we introduce the
following exact and approximate bilinear forms restricted over K

(2} 73) = (ot 2h)o, = [ oz i (3.210
k .
ap " (Th, 1) = 0 (Th Th) o s, = @ O

where the expression for wy, is provided in the next Proposition, and @" is a suitable
average of a over L.

Proposition 3.7 Let 7}, ﬂl’ be two basis functions in Xy associated with two edges of
Ky € Ty. The quadrature formula

/ T dr ~ Gy (3.241)
Ky,

is exact on constant vectors iff the wy’s are chosen as

i,jEEk),i#j#r (3.242)

Proof. We provide in the following an alternative proof to the original one given in [18].
For ease of exposition let us switch to a local numbering of the indices of the geometrical
quantitities. In particular, we shall use the local indices 1,2,3 in place of the global ones.
Then let K be a generic triangle with edges e!, €2, e?, and let t' and n’ (i = 1,2, 3) be the unit
tangent and normal vectors to edge ¢’ (see Fig. 5 for the local numbering and orientation).

Figure 5: Local numbering and orientation of the edges of a triangle
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Finally, let e* = t![e!|, v' = n'le!| (i = 1,2,3), where |¢!| denotes the length of edge e!. We
require the numerical quadrature to be exact for constant vectors, i.e., we require the formula
to integrate exactly

T7-odx V constant vectors 7, o. (3.243)
K

For this, let us first consider ¢ = 7 = ¢, ¢ being any constant vector. Let 7t i =1,3 be
the local basis for RTy elements, defined by the following choice of degrees of freedom (see
(3.97)) :

/Ii-ﬂjds=5ij, i,j=1,3. (3.244)
el
Then ¢ can be expressed as
3
c=> ar,
i=1
where the coefficients ¢; can be easily obtained using (3.244):

3

() =)l = [ cnwids= [ (Ser) wids =
el el

=1
By imposing the quadrature formula to be exact on constant vectors 7 = ¢ we obtain

|£|2|K|E/Kg-gdm=/K(ZCizi)-(chzj)dxzzcﬁwj:

i=1 7=1 7j=1

e, )Wl (3.245)

.
i Mw
L

P

Choosing now ¢ = €', i = 1,2,3, and observing that |(e’,7)| = 2(1 — d;;)| K|, from (3.245)
we obtain ;
e PIE| = 41K [Py (1 0y)%, i=1,2,3,
j=1

that is, the linear system

using the obvious fact that (1 — (5Z~j)2 =1 — §;5. The solution to this system, given by

i Z??:l(l 251])|ej|2
T _ J .24

can be further simplified by noting that, with the orientation of Fig. 5, ¢! + €% + ¢* = 0,
so that, for instance, |e!|? = |e?|? + |€3|? + 2(e?, €3), and analogous relations hold cyclically.
Therefore, from (3.246) we have

1 D) 2 (€’ ¢e") 3 (e',e?)

=Lt =) o) 24
CETRD YT AR YT TR (3.247)
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Notice that these quantities are not necessarily all positive, as their sign depends on the
angles of the triangle. It remains to prove that (3.247) gives a solution to (3.245) also for
all possible choices of the constant vectot ¢. First, since (3.245) is homogeneous in ¢, this
can be taken of length 1. Second, letting ¢ = (cosf,sinf), 6 € R and substituting in (3.245)
leads to a homogeneous polynomial of degree 2 in cos 6, sinf that must vanish identically in
0. Thus, it suffices to require that this occurs only for three different values of 6. Since the
triangle is not degenerate, e’ (i = 1,2,3) are three independent vectors which correspond to
three different values for 6.

To conclude we have to check that the formula is exact for any pair of constant vectors
7 = ¢! # 0 = . To this end, we observe that the bilinear form

3
o(c!,¢?) = (" AK| =Y (! ) (v )w? (3.248)
7j=1

is symmetric and verifies, for w’ as in (3.247), ®(c,c )
can write ®(c' + c?, ¢! + ¢?) = 0, and derive ®(c!,c?) =0

0. Using this, for every ¢! and ¢? we
O

Remark 3.8 For each triangle Ky, and for each edge €, the quantities wy, can also be
computed using the formula :
wy = ﬂ, (3.249)
7]
where dj, is the “distance” between Cy, and the edge €”, in a sense that will be made clear
in a while. For the moment we notice that these quantities are positive when the angle
opposite to the edge €” is acute, and negative when it is obtuse. This expression is very
important in view of the finite volume interpretation of the numerical method obtained
with the quadrature formula (3.240)s. However, we point out that expression (3.242) is

easier to compute, and it is actually used for the implementation of the method.

r

|o

Figure 6: Geometrical quantities of a triangle

To prove (and explain) (3.249) note that, referring to Fig. 6, the scalar product
in the numerator of (3.242) can be written as |e’||67| cosf", where 0 < 0" < 7 is the
angle (opposite to the edge ") between edges €' and €’; on the other hand, 2|K;| =
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le*||e?| sin 07. This gives 2w, = cot 0" and, since Cy is the circumcenter of the triangle,
0" is also half the angle opposite to the edge e” seen by Cy. This finally yields cot 8" =
2dy/|e"| and thus relation (3.249), where it is understood that dj, is positive when 0" is
acute (Cy, inside Ky) and it is negative when 0" is obtuse (Cy outside of Ky).

The construction of the piecewise constant function @" will be fully discussed in
Sections 3.8.3 and 3.8.4; here we just emphasize the two basic properties of the average:

i) @ is constant on each lumping region L';
i1) @ is some average of o on a suitable subset of each lumping region L.

We notice that in the case oo = 1, the approximate bilinear form a* coincides with the
quadrature formula proposed in [18], where it is shown that the quadrature error is
O(hk). Let then (o}, u}) € X5 x Vj, be the solution of the dual mixed system (3.58)
in the presence of some quadrature error.

Using (3.240)3 in (3.239) and recalling that @ is constant over the whole lumping
region L", we end up with the following equation for the approximate interelement flux
through the edge ¢" ¢ 'y,

* *

@2’* _ (ar)*l ( e ) "], d=d, + d;-, k,jeT(r). (3.250)

Equation (3.250) holds for any edge e” in the interior of Q; if e” lies on I'p, it is
understood that the value uj is set equal to the average g" of the Dirichlet datum g
over e" and that d" = d}, is the “distance” between the circumcenter of K and e” (see
[23]).

Substituting the exact fluxes ®} in (3.237) with the corresponding approximations
(3.250), we finally obtain the family of cell-centered finite volume schemes in the new
unknown uj

=r\—1 UZ B u;(r) r * o
> @) ar €] + up e K| = ful Ki| VK, € Ty (3.251)
T

where, for an internal e, j(r) € T(r) is the index of the triangle shared by the edge
e" opposite to the triangle Kj, and u;‘.(r) is the unknown on such a triangle. For an

*
i(r
space of the constant functions over e”, as in (3.160). Finally, we recall that ®;* = 0
one" €l'y.

The set of linear algebraic equations (3.251) can be written in matrix form as

edge e" € I'p, we set u ) = g". In this last case, g" is the L2-projection of g on the

Whu* = f* (3.252)
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where the i-th component of £* is f;|K;| and the ij-th nonzero entries of the Ny x Np
matrix W* are

€ e
> (@) 1d_r|+7iKi|’ if i =
re€E(i)

we =) . (3.253)
—r(j)\— e’ if 7 ) ] )
ol it j € T(BQ), J#i

where 7(j) = E(j) N E(i) refers to the edge shared by the triangles K; and K.

Lemma 3.1 Assume that T, is a Delaunay triangulation. Then, the matriz W* in
(3.252) is a symmetric, positive definite and irreducibly diagonally dominant M-matrix.

Proof. We first notice that the Delaunay property for 7; implies that the quantities d"’s
in (3.253) are positive. As a consequence, W > 0 and W <0in (3.253), fori = 1,...,Ng
and j € T(E(i)),j # i. The expressions (3.253) show that W* is a symmetric matrix with
at most four nonzero entries on each row. Let s; denote the sum of the entries of each row 4
of W*; then

— 1 le” .
=9 D @) 1%+le1~|, if 9K; NTp £ 0.
reE(i)
e"cl'p

We see that the sum of the entries of the rows corresponding to triangles intersecting I'p
is strictly positive while it is nonnegative for the rows corresponding to internal triangles.
Thus, W* is a symmetric, positive definite irreducibly diagonally dominant M-matrix (see
[161], Corollary 1, p. 85). O

Remark 3.9 The M-matrix property ensures that system (3.252) is uniquely solvable.
This property along with the fact that W* is also positive definite and irreducibly di-
agonally dominant ensures that the family of finite volume schemes (3.251) verifies a
discrete mazimum principle (see [161, 43, 140]). In particular, provided £* > 0, the
solution u* of system (3.252) turns out to be nonnegative.

The M-matrix property is very desirable in applications. As an example, consider the
case where (2.14) is the linearized current continuity equation using the drift-diffusion
or energy-balance transport models. In such a case, the unknown w is the scaled
concentration and therefore it must be nonnegative.

Remark 3.10 (Extension to the 3D case) Let us briefly comment about the ex-
tension of the finite volume formulation at hand to the case where  is a polygonal
domain in R3.
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The extension is straightforward if Q is of the form Q = Qu, x (0, H) with Q,, C R?
and H > 0, and T, s a partition of Q into prisms obtained as “tensor product” of a
decomposition of Qg and a decomposition of [0, H|. We refer to [7] for the definition
and to [116] for the use of mized approzimations with Raviart- Thomas finite elements
on prismatic triangulations.

The extension of the mized finite volume method analyzed in this section to the case
where Ty, is a decomposition of ) into simplices is less straightforward. In particular, if
the finite element mesh is made of tetrahedra a consistent diagonalization of the mass
matriz has been provided in [19], in the case of the Laplace operator, under restrictive
conditions on the mesh. Under the same assumptions, the present mized finite volume
scheme can be formulated also in three dimensions.

In the case of a general 3D triangulation the method of this section as well as the
related approaches proposed in [18, 19, 2] cannot be extended, as pointed out in [158].

3.8.3 Analysis of the finite volume scheme

In this section we analyze the finite volume scheme defined in (3.251) by setting it
into an abstract framework of Galerkin methods with numerical quadratures for the
approximation of saddle point problems of the form (3.35). Concerning this issue, error
estimates and analysis can be found in [27], sect. 11.2.4 and [138], Ch. 3, sect. 11. For
the case under consideration, the choice of RTj finite element spaces for ¥, V}, is such
that the family of finite volume schemes (3.251) can be written in the form:

Find g, € ¥;, and u;, € V}, such that:
an(Cp, Tp) + bn(un, 7,) = (9, Tp)n V1), € Xp, (3.254)
br(vn, 0p,) — cn(un, vn) = —(f, vn)n Vo, € Vi,

where ay(+,-), by (-, *), cn(,-) and (-, ), are suitable approximations of the corresponding
continuous counterparts through the use of numerical quadratures. In this case we have

ah(ghazh) = Z a/}IL(k (ghazh)a bh(vhazh) - b(Uh;Ih);
Kir€Th
cn(un, vp) = Z Yk (uh;vh)gJ(k = c(un, vn), (3.255)
KieTy
<f7 Uh>h = Z fk (vha 1)0,K;c = (fa vh); <gth>h = <gth : ﬂ>\FD'
KieTy

(See (3.25)—(3.27) and Section 3.8.2 for notation and definitions). Hypotheses (3.31)-
(3.34) are all verified, while (3.28) and (3.29) for as(+,-) need to be checked in order
to apply the abstract Theorem 3.1. For that we recall that definition (3.57) of Ker By,
reads in this case

Ker By, = {1, € ¥4 | b(vp,7,) =0 VYo, € Vp}. (3.256)
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Lemma 3.2 There exist positive constants A and A, independent of h, such that

lan (g, m4)| < Allgyllsllzalls, Vay, 7, € X

(3.257)
ah(zhazh) Z AHIhH%}: th S KerBh.

Proof. To prove (3.257)1, let us first observe that, ap, (o}, 7;) being symmetric and positive
semidefinite, we have

1/2
an(@p,1p) < (ah(gh,gh) ah(Ihalh)) VY 04,75 € S (3.258)
Then it is sufficient to prove that
an(ty,71) < Allzp13, Ty € p. (3.259)

Consider a triangle Ky, € T, and set 7, ;. = Z @;hﬁl and wi = di /|e’|, where q);h is the
i€ E(k)

flux of 7, across the edge e', and di is the “distance” between the circumcenter Cj, of K; and

the edge e’ (see Section 3.8.2). We also set Rg, = U; ¢ E(k;)ﬁl For brevity, the subscript k&

will be dropped. On the element K the approximate bilinear form can be written as

ar (Tp,1p) = Y, @ (P ) 2w

ieE(k)
Notice that, using (3.234), we have
; D
max |wi| < =& < K*, (3.260)
i€E(k) PK

which holds both for acute and obtuse triangles. Therefore, since @ is an average of «

ok (21| < llloorse Y, 120 P lwil <K lalloogn >, |9E [ (3.261)
i€E(k) i€E(k)

Recalling the definition of flux through an edge e’ of 1, € ¥,

¢;h:/_zh'ﬂidsa
e

i

Cauchy-Schwarz inequality gives
- ) o
@7, 17 < le'f|zp - n'[G e (3.262)

Using (3.177), i.e. ||z, - nf||? ; < Ch;(1||lh”g,xa we deduce

0,ef —
195,12 < Cliralld e Yzu € She (3.263)

It can be easily checked that, in the present case of RTj elements, C < 6. Substituting in
(3.261) gives
la (24 h)| < 18K [ lloo,0lIZ4ll§ x5 (3.264)
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from which, summing over all the triangles of 7T}, the estimate (3.257); follows with A =
18K ] so.0-

Let us now prove (3.257)2. We remark that, in this case, it is not possible to work at
the element level since the geometric quantities wp’s associated with an element Kj, are not,
a priori, both positive. Actually, we are dealing with a Delaunay mesh and this guarantees
only that Z wy, > 0, the equal sign holding in the case of a degenerate Delaunay mesh.

keT(r)
Thus, we are led to working with the full bilinear form. Since any function 7, € KerBj, is
such that 7, € (Py(K))%, V K € Ty, we have |1, ]|z = ||z l0.0. Moreover, Proposition 3.7
ensures that the quadrature formula is exact on piecewise constant vectors, that is,

> (@) wh = zalldx, 4 € KerB,.

1€ E(k)
Thus
wm) = 30 Y @Rz a0)S Y @
r=1keT(r) r=1keT(r)
Nt
= Z Z wk = Qo Z ||Ih||(2),K = a0||lh||3,97
k=1reE(k k=1
where g = inga(x). We finally get (3.257)2 with A = ap. O
TE

We are in position to state the main result of this section.

Theorem 3.7 For every g € HY?(T'p), and for every f € L*(Q) problem (3.254) has
a unique solution (o, up), and the following a priori error bound holds

lg = anlls +[lu—ullv < M inf {Ilg—whllerllu—vhllv
WhEp

€V (3.265)
+ sup la(wy,, ;) — ah(whazh”}
T,€5 s lls

with (o, u) solution of problem (3.27), and M a constant independent of h.

Proof. It is an extension of the proof of Proposition 2.11, [27], which holds in the case of
exact integration and it is here omitted. The interested reader can consult [115]. O

Let us deal now with the quadrature errors occurring in the approximate bilinear
form ay(-,-). We recall that I denotes a generic constant depending only on the local
geometrical properties of the mesh, namely on K* (see (3.45)-(3.46)). With a slight
change of notation, we let K be a generic triangle and C its circumcenter. We shall
use the following result:
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Proposition 3.8 Let Ry be the union of K and of the three lumping regions associated
with its edges. Then under assumptions (3.45)-(3.46) on the mesh Ty, for every T € Ry
we have
sup |v(z) — v(T)| < Khi|v|1,007 Vv € C'(Ry). (3.266)
TERK
Inequality (3.266) follows immediately from the mean-value theorem. For more general
inequalities of this type see, e.g., [42], Section 15, e.g., Theorem 15.3.
Let us now give a bound for the quadrature error associated with a(-,-). With
this aim, let w, and 7, be any two functions in ¥,. For any K € 7, we set Wik, =

Z @Lhzz and Thik, = Z @ghz’,;. Dropping subscript k, we recall the result proved
reE(k) reE(k)
in [18]

‘(Mhaih)o,K - (whth)h,o,K‘ < Khicllwy || raivso |75 | raivs - (3.267)

Let ax be a suitable average of the function « over K, for instance equal to the value
of o at the centroid of K. This choice clearly satisfies (3.266) where v = «. The
quadrature error a® (w,,, 7,) — a¥ (w,, ;) can then be split as

aK(MhaZh) - ailz((whazh) = &1 (wy, 7p) + Ea(wy, 7)) + E3(wy, 7p)

where

Ev(wy, 1) = (awhalh)O,K - (&Kwh,lh)O,K = / (o — ax)wy, - 7),dx
K

Ea(wy,Th) = (Axtwy, 7)o, = (TcWhs T o i = / agwy, - Tpde — Y axdy B
K reE(k)

Es(wy, 13,) = (&Kﬂhalh)h,o,K —ap (wy,Ty) = Z (ax — E’")%h@;w;’;

reE(k)

Using the Cauchy-Schwarz inequality and bounding the term o — ax over K C Ry
using (3.266) we get

&1 (wp, 7h) | < Chiclalico,r | Wh| maivis) | Ta | mdiv )
while (3.267) yields
|Ea(wy, 74)| < @ Khic||wy [ m i) 175 | maiv ) -

Recalling that ax and @" are averages of a over K C Ry and L" C Ry, respectively,
we can immediately conclude that

Ea(wn )] < (maxa<m)— mina<x>) S (@ (8 |l

TERK TERK
reE(k)

< Jalioori Khie Y 1@, 119, 11wkl < Klalcomichillwy | ol Tall i),
reE(k)
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where we have used (3.266), (3.260), Cauchy-Schwarz inequality and (3.263). Gather-
ing the previous estimates yields, VK € T,

|a% (wh, 74) = @y Wy, Th)| < K (lahico0 + ltlloc.0) hicllwn v | Zallaivir).
Summing over all triangles and using the Cauchy-Schwarz inequality finally gives

sup la(wy,, ) — an(wy,, 1)

L€ 1Zalls

with C' = K (|a|1,000 + ||@|lcc.0). In particular, taking in (3.268) w, = I1,0,as defined
in (3.100), and recalling that (see, [138], p. 583)

[Mglls < C (hlglie + llellz)

< Chllwy|lm@ivie), YV, € X, (3.268)

we get
|a(th, Ih) - ah(thv Zh) |

sup < Ch(hlglio+ llalls) - (3.269)
1,€3 |1Talls
Taking in (3.265) v, = Pyu, as defined in (3.99), w, = II;0, and using the interpolation

estimates (3.110) and (3.269), we finally obtain the convergence result
le = aplls + llu = unllvy < Ch(Julra + gl + |divalia) . (3.270)
We have proved the following

Theorem 3.8 Assume that the solution (o, u) of problem (3.27) is such that (o,u) €
(HY(Q))? x HY(Q) and dive € HY(Q), and that a € W1>°(Q). Then, there exists a
positive constant C, independent of h, such that the solution (g,,,us) of problem (3.254),
with the choices (3.255), satisfies

lg = aulls + [l — unllv < Ch. (3.271)

We emphasize that Theorem 3.8 holds irrespectively of the choice of the average @” in
(3.251), the only requirement being that

geuﬂr}a(x) <a' < gnefgca(x) VL" € L. (3.272)
Remark 3.11 We remark that the O(h) convergence proved above for the mized finite
volume methods (3.251) is optimal and that it has been obtained without giving up the M-
matrix property of the schemes. This feature, together with the reduced computational
cost, makes these methods quite attractive and competitive with respect to the standard
dual mized approaches with exact integration analyzed in Section 3.5 and to dual mized
schemes with numerical integration recently proposed for the approximation of problem
(3.27) in the case v = 0 [18, 19]. Finally, the genuine finite volume flavor of these
methods allows for the basic conservation properties (mass and interelement fluzes)
to be satisfied, even in the presence of jumps in the coefficient of the problem (as
happens for instance in porous media flows governed by Darcy’s law [57]) or steep
internal/boundary layers in the scalar unknown u (as happens in semiconductor device
simulation using the drift-diffusion model [82, 102, 124, 143]).
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3.8.4 Several choices of the averages

In this section we characterize the choice of the average @ of the inverse diffusion
coefficient . Being this matter one-dimensional, we restrict our attention on the
affine-equivalent interval Z = [0, L], for any L > 0.

The obvious candidate for @ is the mean value of o over Z. Since we are interested
in the inverse of @ (see (3.251)) and o = a™*, it follows that

-1

a =|>— =: Hz(a) (3.273)

where Hz(a) denotes the harmonic average of a over the interval Z.
Use of harmonic averaging for the diffusion coefficient a is quite natural in mixed
methods (see [12, 27]) and has been proved in one dimension to provide better results
than the mean value, in particular when a exhibits sharp variations on Z or is even
discontinuous. Typical instances of such a behavior are flows in porous media (see [57]
and the references cited therein) or electron and hole carrier flow in a semiconductor
device.

It is clear that, except for special cases, the evaluation of (3.273) cannot be carried
out. This, of course, demands for the use of a suitable quadrature formula. With this
aim, define for any function ¢ : T — R™ the exponential interpolant to ¢ as

Exolo) = exp (o)) = on ()" wez (3.274)

where ¢g = ¢(0), ¢, = ¢(L) and vy is the Pj-interpolant to v. The quadrature formula
approximating (3.273) can then be defined as

—1

L /0 Era” (x)da In(1/ag) — In(1/ao)
@ - L N 1/CLL — 1/(10
_ <—ln(“2) - Ln(“L)) . (3.275)

which clearly satisfies (3.272). Assuming oo € W1H>(Z), it is easy to prove the following
bound for the interpolation error

o
lo = Ez0llooz < Ch— |01 e.z
Qm

where aj; and a;, are the maximum and the minimum values of « over Z, respectively.
We remark that (3.275) is ezact if a(z) = e'®*™, I,;m € R, x € Z, which is the case of
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the numerical approximation of the drift-diffusion semiconductor device equations when
the self-adjoint form (1.9) is used for the current densities and when a linear variation
of the (scaled) electric potential v is assumed over Z. The resulting discretization
scheme will be addressed in Section 4.2.

Our second choice for @' is the harmonic average of the piecewise constant exten-
sion of a over 7

-1

T L
/ ag 'dx +/ a;tdw e
a! 0 z oL (3.276)

~ —

- L ~arz/L+ap(l —z/L)

where T € Z. In our application, Z will be the segment joining the circumcenters of
two adjacent triangles K and K’ and T will be the intersection between Z and the edge
common to K and K'. The average (3.276) seems to be quite promising in presence of
discontinuities of a.

The last choice that we consider for &~
leads to the trapezoidal quadrature formula

L
/ a;(x)dx
a! ~ o _ Gotan (3.277)

L 2

I employs linear interpolation for a. This

Numerical experiments using the three averages introduced above will be presented in
Section 7.

4 Application to continuity equations

We shall describe in this section mixed discretizations of the scaled current continuity
equations (1.22),, (1.22)3. For simplicity, we shall deal only with the scaled continuity
equation (1.22)3 for the positive charge density p. Moreover, we shall consider the
stationary case and a constant mobility p, = 1. The problem under investigation has
the form

Find p € H'() such that

—div (Vp+pV ) = —R(p,n) in Q c R?, (1)
P=9:="pp on I'p C 092, '
(VNp+pVe)-n=0 on 'y C 092,
and the current is given by
J=—(Vp+pVy). (4.2)
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In the simulation of the DD model the solution of (4.1) is an intermediate step inside
an iterative process, as presented in Section 2, and we shall assume that 1) and n are
known. Moreover, during the iterative solution procedure, equation (4.1); is usually
linearized (see Section 2.4) so that problem (4.1) becomes

Find p € H*(Q) such that

~div (Vp+pNVY)+ep=f in Q,

(4.3)
p=yg on ['p,
(Np+pV¥Y)-n=0 on Ty,

where f = f(z) is a function independent of p, and ¢ = ¢(x) is a nonnegative function
independent of p, which can be assumed piecewise constant. Finally, ¢ is assumed to
be piecewise linear (resulting from a discretization of the Poisson equation). Problem
(4.3) is not directly suited to the application of the schemes described in Section 3
because it is not self-adjoint. Using the Slotboom variable p (see (1.8))

p=pe?, (4.4)
(4.3) can be written in the symmetric form as

Find p € H'(Q) such that

—div (e*wz,o) +ceVp=f in €, (45)
p=x:=¢eg on T'p,
Vp-n=0 on Iy,
and the current is now given by
J=—e""Yp. (4.6)

The symmetric problem (4.5) is now of the form (2.14) with a = ¢ and v = ce .
We point out that other approaches, based on the use of the quasi—Fermi potentials
defined in (1.5), also lead to self adjoint problems. However, in this case the equations
are exponentially nonlinear. For mixed approximations of the quasi Fermi potential
formulation we refer to [74, 73].

Problem (4.5) will not be discretized directly because the presence of the exponential
functions can be a source of numerical troubles in many relevant situations. The idea
of the schemes presented here is to discretize the symmetric equation (4.5) with a
mixed finite element scheme in the hybridization form presented in Section 3.6 or with
a mixed finite volume schemes presented in Section 3.8, to write the system in matrix
form as in (3.211)-(3.213) or in (3.251)-(3.253), to go back to the original variable p
by using a suitable discrete version of transformation (4.4), and then to solve for p.
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4.1 Exponential fitting mixed finite elements

We shall describe in this section a mixed approximation to the scaled current continuity
equations (4.3). For the case ¢ = 0 a mixed scheme based on the lowest order Raviart—
Thomas element RTj has been introduced in [29] and extensively discussed in [30, 31].
For the case ¢ # 0 mixed schemes based on the elements of Fxamples 5-6, introduced
and analyzed in [98], have been applied and discussed in [99]. In the following we shall
give a compact presentation which includes the three different elements.

The presence of the exponentials in the definition of @ and v requires special care.
For the approximation of a=' = e, following (3.217), we define ¢ as the piecewise
constant function given in each element K by

eV g = — [ e¥dr, 4.7
<R S o

and we take _

a=e". (4.8)
The approximation of v = ce~ ¥ suggested in (3.218) is not suited here for reasons which
will be made clear at the end of this section. We proceed as follows. Let 7;/; denote
the piecewise constant function defined in each element K via a harmonic average on
a special edge é. In order to define €, let V,,4,, and V,,,;, be the vertices of K where 1)
assumes maximum and minimum value respectively, and let V;,¢4 be the third vertex.
The edge € is taken as the edge connecting Vi, and Vi,eq, and ¢ is computed by

O el/( [l E=ViaaVina (49)

or, with the notation of (3.273), by e*’zm := Hz(e?). Therefore, instead of (3.218), we
have

7 =ce". (4.10)

For the reader’s convenience, we recall the definition of the finite dimensional spaces
already introduced in (3.148), (3.51), (3.160)

~

Sh = {rn € (LHQ)| 1y € QUK) VK € To

Vi, = {’Uh € V| Un|K € PU(K),VK € 771},

Ape = {uh € L*(&,)| tine € Po(e)Ve € &, /(,uh —&)ds =0,Ye € &N FD} ,

e

where, as usual, Py(D) denotes the set of constant functions in the domain D. More-
over, Q(K) denotes here a set of polynomial vectors with Q(K) = span {r', 7%, 7°}. In
the three cases 7' = (1,0), 72 = (0,1); instead 73 is defined by (3.216) for the RT;
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element, by (3.115)-(3.116) for the element of Ezample 5 and by (3.128)-(3.129) for
the element of Frample 6.

Specializing (3.161) to this case, the discrete formulation of (4.5), with J defined
as in (4.6), becomes

( Find (J,,, pn, An) € S X Vi X Ay such that
/ V], - T,dr — Z/ pudiv T, dr + Z/ AT, -nds =0 Vr, €Sy,

Q
_Z/vhdlehdx—Z/ce hvhdx——/fvhdx Yoy, € Vi, (4.11)
Q
Z/ pndy -nds =0 Vin € App.
| & Jox

Performing the elimination of J, and pj, by static condensation as in Section 3.7, we
obtain a final matrix M acting only on the Lagrange multipliers A,, which we recall
to be an approximation of p on the edges. In the present case, the coefficients of the
element matrix MX defined in (3.225) take the form

X 7 vy ce"/’|K|

m.. = e — =
Y K| B2+ 0ce?—9|K)|

and the right-hand side takes the form

nin; 1,7 =1,3, (4.12)

g =

L /fdx i=1,3, (4.13)
B2+dce Y K| Jk

where 0, 3, n; are defined in (3.220)-(3.222). We are now ready to introduce an ap-
proximation of the original variable p. Since A, lives on the edges, a discrete version
of the inverse transformation of (4.4) must be defined edge by edge. For this, for every
¢ € L*(&p), we define ¢! to be the L2-projection of ¢ onto Ay ¢, that is,

Cl‘e: %/g(ds Vee &, . (4.14)
The discrete change of variable is then
A= (") pn, (4.15)
and (4.11) becomes
( Find (J,,, pn, o) € ih X Vi X Ay such that
/ewlh'lthU—Z/phleThd$+Z/ phTh nds =10 VThGZh,

Q
—Z/ vhdiVlhdx—Z/ ce” phvhdx:—/fvhdz Yoy, € Vi, (4.16)
VK x VK Q
Z/ pndy -nds =0 Vi € Apyo,
\ & Jok
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where py, is an approximation of p on the edges. We point out that (4.15) is intended
on &E,\I'p only, unless g is piecewise constant on I'p (which is the case in most appli-
cations). In that case, A\, € Ay, and p, € A, 4 are equivalent.

Performing transformation (4.15) at the matrix level (for the nodes not belonging
to I'p) amounts to multiplying the matrix M columnwise by the value of (e¥)! on the
corresponding edge, thus giving rise to the matrix M acting on the variable p,. The
algebraic system to be solved is then

Mp, =G. (4.17)

The matrix M is not symmetric anymore (as expected, since it corresponds to the non
symmetric problem (4.1)), but if M is an M matrix this property is preserved in M,
since (e¥)! is always positive. The coefficients of the stiffness matrix M take the form
gy o c|K]|

- = 4 (eﬂ’)I -
K|

e o € —
B2+ dcev Y |K|

mk = (e¥)! nim; i,j=1,3.  (4.18)

le?

In the case of the elements of Examples 5-6, formula (4.18) can be simplified. Indeed,
taking the special edge ¢ (denoted also by e' in (3.231)) appearing in the definition of
these elements ((3.116), (3.129)) as the edge ViazVined (see (4.9)), one can see that

(€) e =1, (4.19)

and (4.18) reduces to (see also (3.232))

[ B | K
() e £|K|£ +— (5C| w|—$ = 7 fori=j=1,
VAV SR—" A 4 th .
(€)' e K otherwise,

with n; = |et| for Ezample 5, and 1, = 1 for Ezample 6. Using the results presented at
the end of Section 3.7, if the triangulation is of weakly acute type, the two elements of
Ezamples 5-6 provide a final matrix M which is an M-matrix for all ¢ > 0. Instead,
the element RTy guarantees the M-matrix property only if ¢ = 0.

Remark 4.1 Few remarks on numerical “tricks”. For the computation of fK fdx in
(4.13) a quadrature formula which is exact for constant f can be used. Ezact integration
can be used for computing e¥, e¥ defined in (4.7), (4.9), since 1 is piecewise linear.
The choice of € as the edge which connects the vertex with the largest potential value
and the vertex with the second largest potential value takes care of all possible cases for
the potential: 1 = constant on K, 1) = constant = Y™ on one edge, and 1 having
the maximum n one vertex only.
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As already pointed out, the electric field E(= —V 1) can be quite large in a portion
of the domain, so that the presence of exponentials in the coefficients might be a source
of numerical problems. A (rough) analysis of the behaviour of the coefficients when
the electric field becomes larger and larger will be performed. It is more convenient to

set

p="0 (4.21)
and assume that V), is smooth everywhere and [ is a small number. Accordingly,
equation (4.3) becomes

—div <Zp + p%) +cp=f. (4.22)
The nature of equation (4.22) is such that, as [ — 0, the differential term behaves
like [=!, while the zeroth-order term is of order 1. Hence, for very small [ (say | <<
|V ¢y |hK), our discrete scheme must reproduce the behavior of the continuous equation
(4.22). To check that, recall that ¢ (and then ) is assumed piecewise linear, and
denote by ¥ the maximum of 1 on K and by 1" the maximum of 1) on the edge e’.
We only consider the generic case where the maximum is reached at one vertex. When
| << |V 4ylhk, a simple computation shows that

& = ﬁ/ P/l ~ 2V 2 0 (4.23)
K
1 ; -
(ew)llef - m/ e¥o/lds ~ Je¥o It = 1 ¥ (4.24)
(& el

Moreover, recalling that € = V.. Vinea, we have
e’ ~ e (4.25)

Then, we obtain

_ It if YMi = opM
(eﬁ’)ﬂej eV ~ (4.26)
0 otherwise,
(1 if pMi = M |
(ew)llej eV~ (4.27)
0 otherwise,
VeV, (4.28)
Hence, coefficients (4.18) behave as
IR RS 7 c|K| .
l 1= = 7] if Mj = M,
M ~ K| "B +ocl|K| " =9 (4.29)
0 otherwise.
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The reason for the choice (4.9) is now clear. The expected behaviour in terms of
the order of magnitude with respect to [ is preserved and, moreover, no bad blow—up
occurs. Different (and maybe more natural) choices for e ¥ could lead to a coefficient
for the zeroth-order term in which (e”)’); ™" is not of order 1 when " = ¢ .
Then, the presence of this factor could give rise to schemes whose structure does not
fit the structure of the continuous problem and which produce poor results, unless the
mesh size is very small.

To conclude this section, we summarize the main features of the discretization
schemes presented here.

e Current conservation.

The discretization schemes presented here are based on mixed finite elements
and enforce some continuity of the normal component of the current at the in-
terelements. As extensively discussed in Section 3, strong continuity is imposed
when conforming approximations of H(div;{2) are considered (RTj or the ele-
ment of Ezample 5), weak continuity (in the sense that the jump of the normal
component of the current has zero mean value at the interelements) is imposed
for the element of Ezample 6. This property is particularly relevant here, since
the current is possibly the most important output of device simulation.

e Automatic upwinding effects.

The expression (4.29) tells us that whenever |V 1| is large, the coefficient corre-
sponding to the node on the edge where 1) does not reach its maximum is zero
(with respect to the machine precision). Such a node can be regarded as down-
wind node (wind= —V ) and the scheme as an upwind scheme. In a sense, the
scheme automatically adapts to the changed nature of the problem when advec-
tion becomes bigger than diffusion, and chooses the upwind nodes with no extra
computational cost. The numerical tests presented in Section 7.3 will show that
the numerical diffusion introduced by the schemes is very small in applications
to semiconductor device problems.

e M-matrix property.

The two elements of Ezamples 5-6 provide a final matrix M which is an M-matrix
for all ¢ > 0. Instead, the element RTj guarantees the M-matrix property only if
¢ = 0. The M-matrix property implies a sort of discrete maximum principle, and
this entails, in particular, that the discrete solution is nonnegative if the boundary
data are nonnegative. This is highly desirable in this case since, on the one hand,
the variables we are dealing with (charge densities) are intrinsecally nonnegative.
On the other hand, the possible development of spurious oscillations might heavily
pollute the nonlinear Gauss—Seidel iterations, thus seriously compromising the
results.
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4.2 MFV approximation of the continuity equation

In this section we address the discretization of the current continuity equation (4.3)
using the MFV method discussed in Section 3.8.2. Using the symmetric form (4.5) of
(4.3), the MFV discrete formulation (3.251) reads in the present case

. Pk Pir
>0 e (FED ) e+ prene™ K] = Sl Kl VL €T
dr (4.30)
ren(k) '

P;(r) =X =’y Ve' € I'p,

where j(r) = T(r)\k. We note that in the formulation (3.251) vy denotes the mean
value of the function v over the triangle K. However, in practical implementation
it is easier to use, instead of the mean value, the value of v at the circumcenter Cj
of every Ky € T,. Similarly, " = €Y ¢" is taken as the value of the function e¥g at
the midpoint of each edge e € I'p. The quantity e=¥r could be set equal to one of
the three averages discussed in Section 3.8.4. In the context of semiconductor device
simulation, the more appropriate choice is the harmonic average (3.275) of e¥ along
the segment d, joining the circumcenters Cj and Cj(y. With this choice we obtain

— 1/) r 11% _
wT =€ djkewjj(r))T_l =e€ ka(wj(T) — 1/%) Vr € E(k’), (431)
where ’
t#0
Biy={ a—1 17 (4.32)
1 t=0

is the Bernoulli function. Substituting (4.31) into (4.30) leaves us with solving the
following symmetric and positive definite linear system acting on the variable p*

W*p* =1~ (4.33)
whose nonzero matrix entries are
> VB T/h)| (k)| +ee VG, i =
Wh=1q "k (4.34)
) € AP . . .
767%13(1?7"(]‘) - 77/)1) d 3 if J e T(E(Z)), J 7é 2

where (k) = E(k) N E(i) and r(j) = E(j) N E(i). As already pointed out in the
previous section, the presence of the exponential terms in (4.34) is a source of trouble
in numerical computations due to potential occurrence of overflow /underflow problems.
Therefore, we go back to the primitive variable p by applying (4.4) at the discrete level,
ie.

P = pmel™ VK, € Th. (4.35)
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Using (4.35) into system (4.33)-(4.34) amounts to multiplying the matrix W* colum-
nwise by the value of e~ on the corresponding triangle K,, and leads to solving the
following linear system acting on the variable p*

W*p* = f*. (4.36)
Noting that
e'B(t) =B(~t) VteR, (4.37)
the nonzero entries of matrix W* are given by
|er(®)] e
- Z B(wk_wl)W+cl|Kl|a if 1=
Wy =4 "k (4.38)
ler@)| - : .
—B(= () — T/}i))W; if jeT(E®M)), j#u

The matrix W* is no longer symmetric and positive definite; however, under the as-
sumption that 7, is a Delaunay triangulation, W* turns out to be an M-matrix with
strictly positive inverse. As a consequence, a sort of discrete maximum principle holds
for the discrete formulation and p* > 0 provided that f* > 0, as it is desirable since
the variable p has the physical meaning of a (scaled) hole density.

Remark 4.2 The mized finite volume (4.36)—(4.38) can be regarded as a two-dimensional
generalization of the exponentially fitted Scharfetter-Gummel method [146] for the dis-
cretization of the current continuity equation (4.3), which will be object of investigation
of Section 5. To check this assertion, let us integrate (4.3) over a single element
Ky € Ty, using the divergence theorem, we obtain

/J-nds+/cpd:z::/fdx,

Ky, Ky, Ky

where the current J is defined in (4.2). The approxzimate evaluation of the net flux
throughout the control volume Kj can be performed as

Z Tijmle"| + cupr| Ki| = firl Kl VK € Th, (4.39)
reE(k)

where, for any couple of adjoining triangles Ky, Kjuy, Jijr) @5 the constant hole
current density flowing along the “pipeline” linking the circumcenters Cy, Cjy of the
two elements and evaluated according to the classical Scharfetter-Gummel formula [146]
Bt — — i B(= () —
T = 2 (Vi) — ¥) l;y() (= Wity — %) (4.40)
Substituting (4.40) into (4.39) we exactly get the mized-finite volume discretization
(4.36).
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Remark 4.3 The mized-finite volume scheme (4.36) can be proved to recover the exact
solution (p, J) at the circumcenters of T, when ¢ = 0, f =0, ¢ is linear in Q, and
suitable Dirichlet-Neumann boundary conditions are assumed in problem (4.3) in such
a way that J = const (see for the proof [144] and [160] in the case of triangles and
rectangles, respectively). This nice property is a special instance of the “patch-test”
(see [138], Chap. V, Sect. 34 and [76]) and turns out to be a sound indication for
good behavior of a numerical scheme to deal with advection-dominated flow problems,
as previously remarked in [160, 142].

Remark 4.4 The expression (4.31) used to compute the average of €% has been chosen
by observing that its use in the one-dimensional case leads to a proper exponential fit-
ting interpolation for the carrier concentration p. This gives rise to difference schemes
of optimal order (see [140] for a complete survey of this subject). At the same time, the
Bernoulli weights in (4.38) ensure robustness and stability of the approzimation irre-
spectively of the potential drop 1),.jy— across e” and provide automatically the suitable
upwinding effect, exactly as happens for the standard mized formulation discussed in
Section 4.1.

5 Other approaches

In this section we shall discuss a number of other finite element methods for the semi-
conductor device equations. We shall start with the Scharfetter-Gummel box scheme
which is very popular in the community of semiconductor device modelling. We shall
then discuss some extensions of the box scheme and other stable finite element methods.

5.1 The Scharfetter-Gummel box/finite volume scheme

The key idea of the Scharfetter-Gummel box or finite volume method is to approximate
the flux of a boundary value problem along each edge in a mesh by a constant, which
yields an exponential approximation to the potential function of the problem. There-
fore, it is also called an exponentially fitted method. This method was proposed by
Scharfetter and Gummel for a one-dimensional problem [146]. The same idea was ear-
lier introduced by Allen and Southwell [5] in a different context. The one-dimensional
Scharfetter-Gummel scheme approximation has been combined with higher dimensional
box scheme by several authors to form the so-called Scharfetter-Gummel box method.
(cf., for example, [33, 111, 17, 119]). In what follows we discuss the method in two
dimensions. The extension to three dimensions is straightforward.

Let us consider the decoupled and linearized equations in the Slotboom variables
given in Section 2. These equations are of the form (2.14) in which a = \? for the
Poisson equation, a = pu,e? for the continuity equation for p,, and a = p,e™" for
the continuity equation for p,. Without loss of generality, we assume that ¢ = 0 on
['p. The case of non-homogeneous Dirichlet boundary conditions can be transformed
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into this one by subtracting from both sides of (2.14) a known function satisfying a
given non-homogeneous boundary condition. We now discuss the discretization of this
boundary value problem by the box method. We shall first formulate it as a finite
element method and then we present a stability and error analysis for the method. For
brevity, we only consider the case that @ = e¥, and we let ¢ = ¥V u. The discretization
for the other two cases and for the case that p, is not constant are similar to this one.

5.1.1 Formulation of the method

Classically, the Scharfetter-Gummel box method can be formulated as a finite volume
method with a constant approximation to the flux projected on each of the mesh edges.
This formulation can be found, for example, in [33, 111, 17]. Though the formulation is
easy to understand, it is not very suitable for stability and error analysis. In what fol-
lows, we shall formulate it as a non-conforming Petrov-Galerkin finite element method
as described in [118]. This can be viewed as a generalized finite element method and
is closely related to a mixed finite element formulation (cf. [12]). It can also be viewed
as a lumped form of a primal mixed finite element method proposed in [117] and [120].
Alternative analysis can be found in [123].

To discuss the method we first define primal and dual decompositions of €2. Let 7},
be a Delaunay triangulation of 2 (see Definition 3.1). We also let X, = {z;}} denote
the vertices of 7;, and &, = {ei}iw the edges of 7,. We assume that the nodes in A}, and
the edges in &, are numbered in such a way that X} = {xz}fﬂ and &) = {ei}iw are the
set of nodes in &), not on I'p and the set of edges in &, not on I'p, respectively . The
first nontriangular mesh, dual to 7, is the tessellation denoted by L, in Section 3.8.1
(see Fig.3, left). For convenience, we repeat here the defintion with a slight change
of notation more suited for our purposes. With each edge e;; € &£, connecting two
vertices x;, v; we associate an open box B; ; which is the interior of the polygon having
as its vertices w;, x;, and the circumcentres of the triangles having e; ; as a common
edge. If e; ; is not on OS2 the region B; ; consists of two triangles, otherwise of only one
triangle. A second nontriangular mesh, also dual to 7y, is defined as follows.

Definition 5.1 The Dirichlet tessellation Dy, corresponding to the triangulation 7,
is defined by D, = UD;, i =1, N, where, for each x; € X}, the tile D; is given by

Di={reQ:|v—z| <|r—uxj, Yz, € A),j #1i}. (5.1)

We remark that for each x; € X}, the boundary 0D; of the tile D; is the polygon
having as its vertices the circumcentres of all triangles with the common vertex x;.
Each segment of 0D; is perpendicular to one of the edges sharing the vertex z;. The
subset of D), corresponding to X is denoted by D} = UD;, fori =1, N'.

With the two meshes 7, and D), we associate a trial space V,, C L*(Q2) and a test
space @y, C L?(Q), respectively, each of dimension N'.
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To construct @, we define a set of piecewise constant basis functions &;, (i =
1,2,...,N) corresponding to the mesh D), as follows

£:{1 OIll)i7

0 otherwise.

We then define @), = span {fz}iv ". To construct Vj, we proceed as follows.

Definition 5.2 For each edge e;; € &}, let v be a reqular function on e; ;. We define
U the extension of v to the box B, j taken constant along all the perpendiculars to e; ;.

For each edge ¢;; € & connecting the vertices z; and x; we define an exponential
function ¢; ; on e; ; solution of

d . dé:,
. w Z’]
ds(e ds

¢ij(zi) =1, ¢ij(z;) =0

where d/ds denotes the derivative along the edge e; ; from z; to x; . We then extend
¢ij to B, j as in definition 5.2. Finally, the basis functions ¢;(x)’s in V}, are taken as

) =0 on e;;

ai,j on Bi,j; VJ € Iz
¢i(z) =

0 elsewhere

where
I ={j#i: Je, €&, connecting z; and x,} (5.2)
denotes the index set of all neighbouring Yertices of ;. The support of ¢; is star-shaped
(see Fig.3, left). Setting V, = span {¢;}1 , we obviously have V, C L*(Q).
For simplicity we make the following assumption.

Assumption 5.1 For every K € Ty, the function v is linear on K.

Assumption 5.1 is true in practice. Indeed, the system of equations is normally solved
iteratively using the Gummel method discussed in Section 2 of this chapter, and thus v
is the numerical solution of the decoupled Poisson equation. Therefore, we can always
use the piecewise linear interpolant of this numerical solution.

We notice that any v, € V}, has the form v, (x) = > ¢;(z)v;, with v; = vj(z;). Conse-
quently v, satisfies

d dv

Y@
ds (e ds
vp(wi) = vi,  vplx;) = vj.

) =0 on é;,;

78



Solving this two-point boundary value problem, and thanks to Assumption 5.1, we
have the following flux representation on e; ;

dvy, ,
0;j(vn) = ewg = " B(1; — 1)

3 (5.3)

where 1¢; = 1(x;), and B(z) denotes the Bernoulli function defined in (4.32). The
constant value (5.3) is then extended to the whole box B, ;. For any sufficiently smooth
function w we can define the Vj-interpolant w; of w, given by w;(z) = > ¢i(x)w(z;).
Let o(w) := e?Y w be the flux associated with w, and let g, ;(w;) the flux associated
with w; as in (5.3). Denoting by ¢; ; the unit tangent vector on e;;, oriented from
z; to xj, it is easy to see that oy ;(wy) is the projection of g(w) - ¢;; € L*(e;;) onto
the space of constant polynomials on e;; with respect to the weighted inner product
fei,j e~V fgds, f,g € L*(e; ). Thus, using Taylor expansion we easily obtain
|| (w) - Cij — Ui,j(wI)Hoo,ei,j < Cleilla(w) ‘Qz',j|1,oo,ei,j-

Moreover, since e; ; C B, ;, a continuity argument gives

lo(w) - &;; = 0ij(wr)llso.5,; < Chlo(w)l.c0.8 ;5 (5.4)

where C' is a positive constant, independent of / and w.
We introduce the mass lumping operator P : C°(Q) — @ such that

P)(z) = Z v(z)&(z) forall x€ Q. (5.5)

Using the trial and test spaces V};, and @y, we now define the following Petrov—Galerkin
problem corresponding to (2.14)

Problem 5.1 Find u, € V), such that for all g, € Qy,
a(un, qn) + (P(yun), an) = (f, an) (5.6)

where f is an approzimation to f and a(-,-) denotes the bilinear form on Vj x Q
defined by

N/
a(un, qn) = — Z/ N up, - gy ds, (5.7)
— Jop, o0

where 12)\ is taken as in definition 5.2, and n is the unit outward normal vector on 0D;.

We shall prove that Problem 5.1 has a unique solution by showing that the associated
linear system is nonsingular. The solution we are looking for will have the form uy(z) =

SN wigi(x). Taking g, = & in (5.6), we get

—/ e$2uh-ﬂds+7juj|Dj| :/ fdx j=12...,N',
8Dj\6ﬂ D;
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where 7v; = 7(z;). Let the line segment /;, = 0D; N 0Dy, so that OD; = Uger,ljk,
where I; is the index set defined in (5.2). It is easy to check that

2|Bj

€kl

ikl = G k=1,...N', j #Fk. (5.8)

Therefore, we have from the above equality

—Z/ e$2uh-gd8+7juj|Dj|:/ fdl‘ j:1,2,...,N’.
kEI]‘ lj’k Dj
Noticing that n = ¢;,, and eﬁj , = constant = value of ¥ in the midpoint of €jk; WE

can use (5.3) to obtain

ZewJB )

- ||ljk+%uj|D|—/ i j=12.N. (59)
kel Cik

The coefficient matrix of this linear system is a symmetric and positive-definite M-
matrix, since it is diagonally dominant with positive diagonal elements and negative off-
diagonal elements (cf., for example, [161], p.85). Each element of this coefficient matrix
depends exponentially on ; for some i. Therefore, the matrix may be computationally
very stiff as the values may vary by several orders of magnitude across an element. This
drawback can be overcome by transforming the Slotboom variables back to the original
ones (electron density in this case) at the discrete level, as done in Section 4. Setting

u; = e Viw; 1=1,2,..., N,

and substituting into (5.9) we have

(ZB || e~V D; \)wj 3 eWTIB(g; — iy |]7k| k_/ fda.

kel; kel

Thanks to (4.37) the above reduces to

(2B -

kel;

+71€_wj|Dj|)w] > By — )

kel; ‘ Cik

k—/ fdﬂU

for j = 1,2,...,N'. Obviously the entries of the coefficient matrix of the above are
more balanced than those of (5.9), although the matrix is not symmetric anymore,
unless v is constant. However, it is diagonally dominant with respect to its columns.
Furthermore, it can be shown that the system matrix is an M-matrix (cf.[118, 119]),
and thus can be solved by a preconditioned conjugate gradient method, for example
the CGS method or the Bi-CGSTAB as discussed in Chapter 9 of this handbook.
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5.1.2 Convergence of the approximate solution

We now show stability and convergence of the method just described with respect to a
suitable discrete norm defined on V},. For this it is convenient to rewrite Problem 5.1
in an equivalent form where trial and test spaces coincide. Let b(-,-) be a bilinear form
on Vj, x V}, defined by

b(up, vp) = a(up, P(vy)) + (P(yus), P(vs)). (5.10)
Consider the following Bubnov-Galerkin problem:
Problem 5.2 Find u, € V}, such that for all v, € V),
b(un, vs) = (f, P(vp)). (5.11)
It is easy to prove the following lemma:
Lemma 5.1 The mass lumping operator defined in (5.5) is surjective from Vi, to Q.

It is obvious from this Lemma that Problem 5.2 is equivalent to Problem 5.1, hence
we shall concentrate on Problem 5.2. On V), we define the discrete energy norm

N’ N’
lonl? = lval; + Y v lDil  Yoon =Y vigh € Vi, (5.12)
i=1 i=1
where ,
Vi — Uy
it = 3 (257 Bl vuen (5.13)
ei jE€E; Cisj
It is trivial to check that || - || is a norm on V}, and so is || - ||. Let
f= min 1% (5.14)

i€ o, e Vds

Since |¢| is bounded, there exists a S5 > 0 such that § > [y > 0. It is also easy
to verify that § = mine, ;eer e¥iB(t); — 1;) because of Assumption 5.1. The following
theorem shows the coercivity of the bilinear form b(-, -) with respect to the norm (5.12).

Theorem 5.1 For all v, € V), we have

b(vp, v) > min {1,258} ||va]|*. (5.15)
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Proof. If v, =0, then (5.15) holds. Let v, # 0. Using the method for the derivation of
(5.9) we have

NI
a(vp, P(vp)) = —Z/ eV~ vy, - n P(vy,) ds
=1 0D;\o02
= Dy *Uz')/ Yy e yds
ei,jes,’_b lij
: vj — v;
= ) (05— vi)e" Bty — %‘)ﬁllm > 2B||vnll;,
e jE€E; Cirj

where in the last step we used the relation (5.8). From (5.10) and (5.12) we finally have

bvn,vn) = a(vn, P(vp)) + (P(yvn), P(vn))
N

268|[vnlls + > vivi|Ds| > min {1, 28} ||va]|*.
i=1

v

a
Theorem 5.1 implies that the solution to Problem 5.2 is stable with respect to the norm

Lemma 5.2 For any v, € V, there is a constant C' > 0, independent of h and vy,
such that

1P (wn)

0,0 < Cllvp]|n- (5.16)
Proof. The proof of this can be found in [117], Lemma 3.4. a

For any p € (W'>(Q))? we define

1/2

Plison = D 1Pl s, |Bi

ei jE€E}

(5.17)

Obviously |+|1,004 is only a seminorm on (W>(Q))2. The following theorem establishes
the convergence of the approximate solution u; to the Vj-interpolant of w.

Theorem 5.2 Let uy, be the solution of Problem 5.2 and let uy be the Vj-interpolant
of the solution of problem (2.14). Then there is a constant C' > 0, independent of h, u
and 1, such that

[un — ur]] < (hlel1.oon + llyu = P(yu)llo + 1 = flo)- (5.18)

min {1,245}
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Proof. For the proof we refer the interested reader to [118]. a

We remark that depending on the decoupling technique used for the two continuity
equations, we may have v = 0 in the above (as the case in Gummel’s original work).
In such cases the error bound (5.18) depends only on the seminorm of the flux o and
the approximation error of the source term, while error bounds in the energy norm for
classical linear finite element methods depend on ||u|2q.

Finally we remark that the approximate flux o, := eYV u; does not converge to
the exact flux ¢ = e¢?Vu. This is because in each box B;;, g, = 0ij(un)e; ; which
converges locally only to o - ¢, ; (see (5.4)). However, by post processing it is easy to
define an approximate flux which converges to the exact one. For example, we can
define

ﬁi,j Zuh ) Li;]'ds
fl_ e ¥ds W
(2¥)

IhB;; = oij(un)e; j +

for all e;; € &, where [; ; denotes the unit tangential vector along [; ;. Moreover the
computed ohmic contact currents are convergent, as is shown in the next subsection.

5.1.3 The Evaluation of the Ohmic Contact Currents

The ultimate goal of device simulation is to find the terminal currents. We now consider
the evaluation of the ohmic contact currents. For simplicity, we restrict our attention
to a device with a finite number of ohmic contacts, and so I'p is a finite set of separated
contacts T'.’s. For any T, C T'p, let {5}1 denote the mesh nodes on T',.

Let £° be a piecewise constant function satisfying

. 1 z €Ul Dt
SOR o

0 otherwise
where Df denotes the element in D, containing . Taking, for simplicity, v = 0 in
(2.14), multiplying by £° and integrating by parts we have

Nc
— | o-nds— / o-nds = (f,&).
Jome o3z = 00

Thus, the (scalar) outflow current through I, is

(5.19)

N¢

JC::/ g-@ds:—z

=1

/ o - nds — (f.€). (5.20)
ODE\T.

Replacing o by the approximate flux g, = eiz up and f by the approximation f , We
define the following approximate outflow current through I'.

N,
Jop = — o, - nds — (f, €. 5.21
’ Z/a 0, - nds — (£,€) (5.21)

DE\T.
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From (5.19), (5.3) and the argument used in the derivation of (5.9), we obtain

Jep = — / g -@ds—l—/
" Z{ aDS\I'e " DS
. 2|B; x| u; —u N
=D | 2 ewB(%‘*%)' A k/ Jd
D

=1 | kel angre lejil  les :

f dx]

where I; is the index set of neighbouring nodes of z; as defined in (5.2).
The convergence and the conservation of the computed ohmic contact currents are
established in the following theorem.

Theorem 5.3 Let J. and J.j, be the exact and the computed outflow currents through
I'. C T'p, respectively. Then, there exists a constant C > 0, independent of h, 1 and
u, such that

[ Je = Jep| < C(hlofi oo, + I = fllo)-

Furthermore
> Jen=- / fdz.
FeCl'p Q@
Proof. The proof is omitted and we refer the interested reader to [118]. a

5.2 Finite element methods based on ad hoc chosen basis
functions

The key idea of Scharfetter-Gummel box method is to approximate the flux by a con-
stant on each mesh line. This is in contrast to classic approaches in which a potential
function is approximated by a piecewise polynomial. Physically, a flux is better be-
haved than the corresponding potential function. It is often bounded with respect to
the singular perturbation parameter, though this is not proved. Thus, approximation
of a flux by piecewise polynomials such as piecewise constant provides a more stable
and accurate numerical scheme for the semiconductor device equations. From the con-
struction of the basis functions in the previous section we see that, in each box element
in Ly, the Scharfetter-Gummel method is based on a ‘divergence-free’ approximation
of the flux along the mesh edge and its perpendiculars. A more general choice is to
seek divergence-free basis functions on the elements, i.e., seek solutions to dive = 0
in each element with appropriate boundary condition. However, solving this problem
is equivalent to solving the original problem (2.14). Note that if we only require that
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such a basis function is unity at one node and zero at all other nodes of the element,
it is rather arbitrary. So, we may restrict ourselves to the case that
do,, _ Joy,

ox =0= oy

where 0, and o, denote the two components of ¢. This also courses the problem that
there are only two degrees of freedom so that only two of the three vertices in each
triangle are needed to determine this basis function. Therefore, on each triangle one
can define three hat functions which are unity at one vertex and zero at the other two
vertices of the triangle, though the difference between any two of them is small. Of
course we may choose only one hat function or the average of the three as our basis.
In [17] the authors proposed such a divergence-free flux approximation on triangular
elements. An improvement of this divergence-free basis function on triangles is given
in [145]. All these basis functions may be non-conforming, i.e., they are not continuous
across element boundaries. A similar approach can also be found in [108] in which a
rigorous analysis of the method is also given. A novel flux approximation technique
based on that of the Scharfetter-Gummel was proposed in [151], which makes use
of three degrees of freedom on each triangle. This technique has the property that,
at each point in a triangle, the approximate flux is constant along each of the lines
connecting the vertices of the triangle and the point. The same idea was also proposed
independently in [142]. Based on this idea, a set of conforming basis functions is
proposed in [164] and a rigorous analysis for the method applied to semiconductor
device equations is given in [165]. This analysis is based on a weighted L?(Q) inner
product weak formulation which coincides with that in [67], while the finite element
basis functions used in [165] coincide with those in [142]. It is interesting to note that
the method can also be formulated as a mixed finite element method. In what follows
we shall discuss the formulation and analysis of the method. For brevity, we shall omit
most of the proofs and refer the reader to the relevant references.

5.2.1 The weak formulation

For brevity we only consider the discretization of the scaled continuity equation for the
electron density. The corresponding convection-diffusion problem is of the form

—dive+yu=f in Q

u=g on I'p (5.22)
og-n=20 on I'y.
with the flux defined by
o=Vu—uVi.



Without loss of generality, we assume that ¢ = 0 as in the previous section. Now, we
define a weighted inner product (-, -), on L*(Q) and on (L?(£2))* by

(v,w)y = (e Yv,w). (5.23)

The L?(£2)-norm corresponding to this weighted inner product is denoted by || - ||o.y-
Using this inner product we define the following variational problem corresponding to
(5.22)

Problem 5.3 Findu € Hj(Q) := {ve H'(Q)| vr, =0} such that for allv € H}(S)

Ay (u,0) = (f,0)w, (5.24)
where Ay(-,-) is the bilinear form on (H*(Q))? defined by
Ay(u,v) = (Vu—Vopu, Vo —Vv)y + (yu,v)y. (5.25)

Since Ay(-,-) is symmetric and positive definite on H},(Q2), we can associate with Ay
the norm
10]17y = Ay(v,0), v € Hp(Q). (5.26)

Existence and uniqueness of the solution of (5.24) follow immediately from (5.26).

5.2.2 The finite element method

Let {73}, be a regular sequence of decompositions of ) into triangles (see (3.45)). As
in the previous section we denote by A), = {xz}iv the set of vertices of 7, numbered in
such a way that {a:l}fﬂ is the set of vertices not on I'p. As before, we make Assumption
5.1, so that the vector ¢ = V 1 is constant on each triangle K € 7.

Corresponding to the mesh 7, we now construct a space S, C Hp(2) of dimension
N' using the basis functions {qﬁi}fﬂ defined below. Let K € 7T, be a triangle with
vertices z;,x; and x,. We define a local function ¢;(x) on K associated with z; as
follows. For any point z € K we denote by [, (m = i,j, k) the vector of length |/,,]
connecting x,, to x, and by e, = [,./|ln| (m =i, j, k) the unit vector from z,, to x
(cf. Figure 7). We now consider the following two-point boundary value problem on
the segment /,,: find g;(s) such that

L) = (B g ()) =0 5 € (0,

9i(0) = 0im,  gi(|lm]) = i)

for m =14, j,k, (i.e. P, em is constant on l,,), where d;,, denotes the Kronecker delta
and ¢;(z) is yet to be determined. Solving the above boundary value problem yields

-1

1
D. €y = W B(am)¢z(x) - B(_am)5zm ) V HS lm: m = i:jaka

where a,, = a-l,, and B(z) denotes the Bernoulli function defined in (4.32). The above
equation motivates us to define the following problem.
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Problem 5.4 Find, for all v € K, ¢;(z) and p, = (pin, pi2) such that

DPia _B(_ai)
D) | pip | = 0 (5.27)
oi(z) 0

where D(x) is a 3 x 3 matriz defined by

lip lip —B(a;)
D(I) == lj,l lij —B(aj) . (528)
lka lyo —B(ak)

Figure 7: Notation associated with the triangle K.

Solving Problem 5.4 for all # € K defines the point values of the function ¢; and an
auxiliary flux P, Similarly we can define functions ¢; and ¢, associated with z; and
1z respectively. "The following theorem shows that Problem 5.4 is uniquely solvable for
all z € K, and that ¢;, ¢; and ¢, form a system of local basis functions.

Theorem 5.4 Let K € T,. Then, for any v € K, there exists a unique solution to
Problem 5.4. Furthermore, we have

di(r;) =1,  ¢i(r) =0 Vo € T;7,, (5.29)

i+ 0; + o = 1, ]_?i—i-]_?j—i-]_?k:—g in K, (5.30)
where T;T, denotes the edge of K connecting x; and .
Proof. To prove that Problem 5.4 is uniquely solvable we need only to show that for any

r € K the system matrix D(x) is non-singular, or det D(z) # 0. From (5.28) we have, by
direct computation,

det D(z) = B(ax)(jilio — li2lin) +Blai)(lkilj2 — lk2ljn) +Blaj)(liale — liglk,)

= —|Bla)e, - (; x L) + Blaie, - (4; x L) + Blaj)e, - (L X L) (5.31)
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with e, = (0,0, 1) the unit vector perpendicular to K. From the orientations of L, 1,1, and
e, (cf. Figure 7) we see that e, - (; X [;),e, - (I; X [;) and e, - (I x [;) are all nonnegative,
and at least two of them are positive. Furthermore, since B(-) is always positive and at least
two of |l;],]l;] and |l| are not zero, we have det D(zx) # 0.

Solving (5.27) we obtain, in particular, the explicit expression for ¢;(z):

—B(—ai) e, - ([; x 1)
detD(x) '

¢i(r) = (5.32)
When z = z; we have |l;| =0, a; = 0, and thus detD(z;) = —B(0)e, - (I; x [;). Hence, from
(5.32) we deduce ¢;(7;) = 1. When x € 757, we have [; x [;, = 0 and (5.32) gives ¢;(z) = 0.
Thus, (5.29) is proved. In order to show that (5.30) is verified, let ¢ = ¢; + ¢; + ¢ and
(p1,p2) =p= p;tp;+p Since ¢y, and p = satisfy (5.27) for m = 1, j, k, summing the three
linear systems yields

P1 —B(~a;)
D(z)| p2 | = —B(-ay)
¢ —B(—ax)

We now show that ¢ = 1 and p = —a satisfy the above linear system. Using (4.37) and
substituting ¢ = 1 into the above linear system we have, for m =1, j, k,

b - = Blam) = B(=am) = Blam) (1 — ") = —ly, - @

Therefore we have p = —a, proving (5.30). O

For each triangle having x; as a vertex we have defined a local function ¢; and an
auxiliary flux p, associated with ¢; as above. Combining all the local functions asso-
ciated with z; we obtain a hat function ¢; defined on the union of all the triangles
sharing x;, denoted by £2;. From Theorem 5.4 we see that this ¢; is unity at «; and 0
on 0€2;. This hat function ¢; can then be extended to 2 by defining ¢;(x) = 0 for all
x € Q\ ;. If we can show that ¢; is continuous across inter-element boundaries in
Q;, then ¢; € C°(Q) N Hp(2). On the edge T57; we have [; x ; = 0 and [; = —|l;|e;.
Hence, for € 7;7; (5.31) becomes

detD(z) = —(B(a)|l;| + Blay)[ll) . - (¢; x L), (5.33)
which, substituted in (5.32), gives

B B(—a;) |1
00) = Sl + Bla Tl

(5.34)

Hence the function ¢;(x) on the edge 7;7; depends only on the edge and not on the
triangle. We comment that the continuity of the basis function ¢; does not depend on
the continuity of a, but depends on the continuity of its tangent component along each
edge having x; as a vertex. Although a = V ¢ is not continuous across element edges,
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its tangent component along each edge is continuous, since v is assumed piecewise
linear and continuous. To visualize this kind of hat functions, we divide [0, 1] x [0, 1]
into four triangles by the two diagonals of this square and solve (5.27) on these triangles.
The computed hat functions associated with the mid-point of the square corresponding
to a = (5,1) and a = (1,10) are shown in Figure 8. From this we see that the hat
functions are 1 at the mid-point and zero along the boundary. They are also continuous
across the inter-element boundaries.
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Figure 8: Hat functions for different values of a.

We remark that when a = 0, the basis function ¢; reduces to the standard piecewise
linear basis function. We comment that although (5.27) defines an auxiliary flux p, in
general, P, # 04, =NV ¢; — ag; on a triangle K having z; as one vertex. Nevertheless,
it can be shown that that p. = o, at the three vertices of K ([165]).

We now set S, = span {qﬁi}fﬂ; from the above discussion we see that S, C C°(Q) N
H},(€). Using the finite element space S, we define the following discrete problem.

Problem 5.5 Find u, € Sy, such that for all v, € Sy,
Ay (un, vn) = (f, vn)y, (5.35)
where Ay(-,-) is the bilinear form defined by (5.25).

Problem 5.5 is a discrete problem corresponding to Problem 5.3. Since S, C H,(Q),
existence and uniqueness of the solution of this problem follows immediately.
We define a seminorm | - |1 o 45 on (WH*(8))? by

1
Pl100p,n = E:/e_wd:r@ﬁm’[(
K

KeT

/2
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The convergence of the solution to Problem 5.5 to that of Problem 5.3 is established
in the following theorem.

Theorem 5.5 Let u and uy, be the solutions to Problem 5.5 and Problem 5.3 respec-
tively, and let g and o, be the respective associated fluzes (c = Yu—YNvu and
Ty |k = (Vup =V 1pup) k). Then there exists a constant C' > 0, independent of h and
u, such that

lu =l < Chlalicoy,n
lo =ay,llow < Chlalieoy,n
Proof. The proof of this theorem can be found in [165]. a

This theorem shows that the solution of Problem 5.3 and its associated flux converge
to the exact ones with the convergence rate of order O(h). The error bounds depend
only on the weighted first order seminorms of the exact flux, in contrast with the
standard piecewise linear finite element method in which the error bound depends on
||ul|2.0. Also, the variable used in this analysis is the electron or hole concentration
rather than one of the Slotboom variables. The latter is physically less interesting than
the former.

5.2.3 Evaluation of terminal currents

We now consider the evaluation of the ohmic contact currents, which is often the final
goal of device simulation. For simplicity, we restrict again our attention to a device
with a finite number of ohmic contacts, and so I'p is a finite set of separated contacts.
We assume that the mesh 7}, is such that the end-points of any contact are mesh nodes
of 7;,. From the definition of ohmic contacts we know that the potential drop within a
contact is negligible (cf. [157], p.304). Thus ¢ is constant on each ohmic contact. Let
V, == span {¢;}) € C°(Q) N H'(Q). Obviously, if v € V}, and vr, = 0, then v € S,
For any I', C I'p, we choose ¢. € V}, satisfying

eV xel,,
q/’C(":)_{o zeTp\T,,

where . denotes the (constant) value of ¢» on I'.. Taking v = 0 in (5.22) (with
o =Y u— Y u), multiplying by e, and integrating by parts we have

—/ o-nds+ (0,04 ) = (f, bc)y,

where oy =V ¢ — V1 ¢.. Thus, the outflow current through I'. is

Je :=/ o-nds=(a,04 )y — (f,¢c)p-
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Replacing o by the approximate flux o, we obtain the following approximate outflow
current through T,

Jc,h = (Quh;g¢c)w - (f; ¢C)1/1

The convergence and the conservation of the computed ohmic contact currents are
established in the following theorem.

Theorem 5.6 Let J. and J.; be respectively the exact and the computed outflow cur-
rents through U'c C I'p defined above. Then, there exists a constant C' > 0, independent
of h and u, such that

|Je = el < Ch o)1 comn ||@cl|1,0-

Furthermore,
> Jen=- / fdz.
reCllp @
Proof. For the proof we refer to [165]. O

5.3 Stabilized finite element methods

Solutions to the boundary value problem (2.14) normally show sharp interior layers so
that the application of a conventional finite element method to the problem often yields
numerical solutions with non-physical spurious oscillations. This is because classical
methods are numerically not stable, or the discretized diffusion term is too small so
that the corresponding system matrix is almost singular. To overcome this difficulty,
stabilized finite elements have been developed. The simplest case is to add to the sys-
tem an artificial diffusion term with a coefficient of the order O(h). However, although
this technique stabilizes the discretization, it introduces much artificial /computational
diffusion, especially in the direction perpendicular to the characteristic or streamline
direction (called cross-wind direction), and thus yields a substantial cross-wind dissi-
pation so that a sharp interior layer is smeared out. Furthermore, the resulting scheme
is of first order accuracy at most. A better approach is to add a diffusion term with
a positive coefficient § to the streamline direction only. This forms the base of the
so called streamline diffusion method. This approach, of course, introduces less cross-
wind diffusion. The artificial streamline diffusion term is rather arbitrary and can be
conforming or non-conforming. It can also be used in a Galerkin or Petrov-Galerkin
formulation. Several methods have been developed for semiconductor device equations.
For example, [17], [152], [153] and [112]. In particular, the streamline upwind Petrov-
Galerkin (SUPG) method used in [152] and originally proposed in [79] and [32] has
been very successful for solving fluid flow problems with layers. We now give a brief
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account of the method for problem (5.22). For discussion brevity we assume v = 0,
and, as before, g = 0.

Multiplying equation (5.22) by v € H} (L), integrating by parts, and using ¢ =
V u — ¥V vu gives the usual variational formulation: find u € H} () such that

Z/(Zu—zwu)-ZUdJ:: Z/fvdx Yo € Hp(9). (5.36)

KeTy, KeTy

We then add a stabilyzing term, which does not alter consistency, and write

> /K(Zu—zwu)-Zvd:r—i-Z 5/I((f+div (Zu—zwu))zw-Zdezg/Kfvdx,

KeTy, KeTy

for all v € HL(Q), where § is a positive stabilyzing parameter to be chosen. At
the continuous level we are not modifying the formulation, as we are adding a term
containing the residual on the exact solution, which is zero. Let V,, C H}(£2) be the
finite element space with the conventional piecewise linear basis functions constructed
on 7. The approximate problem reads find u, € V}, such that

> /K(Zuh—zi/fuh)'zvhdﬂ?— > 5/I((Z¢'Zuh)(z¢'zvh)d$

KeTy, KeTy,

= > | flon—0Y ¢ Yuy)da.

KeT, VK

for all v, € V},. Indeed, since uy, and v are piecewise linear, Auy, = 0, and div (V ¢uy,) =
ViyVYu,in K, V K € Tp.

This approach has the merit that it can reduce numerical cross-wind dissipation, and
thus it is expected that it can capture sharp interior layers. However, the discretized
system does not satisfy the maximum principle, or the system matrix is no longer an
M-matrix. So, non-physical oscillations may occur near the layers. One way to improve
the numerical stability of this formulation is to add a so-called shock-capturing term
which may be non-linear. Analysis of this type methods can be found in [79], [32]
and [87], just to name a few. An overview of streamline diffusion type methods for
convection-diffusion equations is given in [88] in which a list of further readings can
also be found.

5.4 Combinations of various numerical methods

Several combinations of finite element and other methods have been developed by
various authors for the semiconductor device equations. In what follows we give a brief
review of these methods.

In [45] a numerical method for one-dimensional time-dependent semiconductor de-
vice equations with zero diffusion coefficient was proposed. This method combines a
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mixed finite element method for the electric field with an explicit upwind finite ele-
ment method for the electron continuity equation. A rigorous analysis of the method
is given. The same method is analyzed in [39] for the case that the electron concen-
tration does not have discontinuity, and an improved error bound was obtained. The
relevance of these methods is mostly theoretical, as the system under consideration is
over-simplified. In [40] the author proposed a combined numerical method for a two-
dimensional system containing the Poisson equation for ¢) and the continuity equation
for n. The method is a combination of a mixed finite element discretization for the
Poisson equation and a discontinuous upwind finite element discretization for the con-
tinuity equation. A mathematical analysis was given and some numerical results were
presented. Similar combinations of methods, using the finite element method only for
the discretization of Poisson’s equation to obtain a global representation of the elec-
tric field, have also been described for some particular types of semiconductor device
simulations. For example, in [74], a combination of a mixed finite element method
with an alternating direction implicit (ADI) method is presented for the modelling of
semiconductor heterojunction structures.

6 Discretization schemes for Energy—Transport
and Energy—Balance Models

In the physical literature, the Energy—Transport equations have been investigated nu-
merically for several years [6, 37, 38, 155, 163], usually using Scharfetter-Gummel-type
discretizations. Jerome and Shu [85] solved the equations employing ENO (essentially
non-oscillatory) methods, while Marrocco et al. [109, 110] used mixed finite element
discretization for the dual entropy formulation. In Section 6.1 we briefly present a
mixed exponential fitting discretization for Energy—Transport models. These schemes
are an extension of the schemes presented in Sections 3 and 4.1 for the Drift—Diffusion
continuity equation, referring to [52, 78] for a complete discussion. In Section 6.2 we
address the extension of the MFV scheme discussed in Section 4.2 to the case of the
Energy-Balance transport model (1.28).

6.1 Mixed Finite Element Discretization for Energy-Transport
Models

We consider here the stationary Energy—Transport equations in a scaled and dimen-
sionless form. Moreover, in order to simplify the subsequent presentation, we drop
the subscript n appearing in equations (1.24) and we redefine the current and energy
densities as

Jt= 1

T

; J* = 8S,. (6.1)
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We use the Unit scaling of Table 1 of Section 1.3 and the lattice temperature 7 as
scaling factor for the electron temperature

n—Cn, C—CC, T =TT, o — Vyth, p—0p, x—l,
J' = (qaVa G/, I = (qavi O/ L,
Lij = ((qVan) ' HC) Lij, W — (qaVi C/1P)W.

System (1.24) in the stationary case takes now the form

( XAy = n-C.
—divJ! = 0,

—diVl2 = —ZT/)JI‘*‘W(T%T);
(6.2)

\

where A2 = €V};,/(¢CI?) denotes, as usual, the square of the scaled Debye length.

The starting point for the numerical discretization of the Energy—Transport system
(6.2) is the observation that a suitable choice of variables allows to write the current and
the energy densities (6.2),—(6.2)5 in a Drift-Diffusion form in a very general context.
More precisely, the following physical assumptions are imposed

e The energy band diagram is spherically symmetric and monotone with respect
to the modulus of the wave vector k.

e The electron density is given by non-degenerate Boltzmann statistics.

e The energy relaxation term is given by a Fokker-Planck approximation (see [52,
Section 2.2]).

Under these assumptions, explicit expressions for the diffusion matrix L = (L;;) and
the energy relaxation term W in terms of n, T' can be given. We refer to [52] for details
of the computation, which goes through the derivation of a so-called spherical harmonic
expansion (SHE) model (derived from the Boltzmann equation in the diffusion limit,
under the assumption of dominant elastic scattering) and, afterwards, through a diffu-
sion approximation, making electron-electron or electron-phonon scattering large. Any
Energy—Transport model derived in this way allows for a Drift-Diffusion formulation
of the form

Vv
Ta
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where g' and ¢? are nonlinear functions of n and 7. (In fact, ¢' = L;; and ¢* =
Lsyy). For constant temperature, this expression reduces to the standard drift-diffusion
current definition.

Moreover, the energy relaxation term can be written in the form

W =clg* — *g*, withc =c'(g",¢%) >0, (6.4)
and the continuity equation (6.2)3, (6.3) in the variables ¢* and g* reads as follows

Vi
T(g", %)’

where f contains the Joule heating term J' -V 1) and the term c'g'. Finally, T can be
defined in terms of g', g, whenever the diffusion matrix L = (L;;) is positive definite
(see [52], Lemma 2.1). Notice that this property has to be satisfied in order to get a
well-posed mathematical problem.

The particular expression of ¢!, ¢, ¢' and ¢? clearly depends on the actual choice
of the energy band diagram and of the time relaxation model. For the parabolic band
case and a special choice of the relaxation term (corresponding to the model studied
in [37]), the diffusion matrix L = (L;;) is given by the scaled version of (1.25) and we
have

—divP+EP=f JP=Vg - g

3
g'(n.T)=n, ¢*(n,T)=nT. (6.5)
The energy relaxation term is of the form (see (1.26))
3n(T —T 1/3
o ST 1 o
2 T0 T0 2

Here, 75 is the (scaled) energy relaxation time. In the general case, 75 depends on the
temperature 7' (see [52]).

In the following, we shall consider the discretization of the Energy—Transport model
in the (¢!, g2, ¢) variables:

([ NAY =n(g",¢9*) - C(2)
—divJ! =0,
—divJ?+ *(g', %) g* =M (g", ¢*)g* = J' -V, inQ,
(6.7)
il_zgz_gl Zw ) 7’:172a
T(g", 9
g =gh, ¢*=9p, V=1p on ['p,
| J'n=J"n=Y¢-n=0 on 'y,
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where ¢¢, = ¢'(np,Tp), i = 1,2, and

3 1
11 2y 20,1 2y _
C(g,g)—%, (g, 9% - (6.8)
T(a'. o2 _292 12y 1
(g,g)——3gl, n(g,9°) =g, (6.9)

when (6.5) and (6.6) are chosen. Although in the example given here g' coincides with
n and the relaxation time 7y does not depend on 7', we prefer to write (6.7) in the
general setting, which includes other choices of energy band diagrams and relaxation
time models. In particular, when a non-parabolic band in the sense of Kane [91] is
chosen, the dependence on T is non-local, but the discretization scheme presented here
can be used without changes (the computation of ¢'(g, ¢%), *(¢, ¢%), T(g', ¢°), and
n(g*, g%) requires, of course, more effort than in the case (6.8) and (6.9)).

The Drift-Diffusion form (6.3) of the fluxes in the Energy—Transport system sug-
gests that numerical schemes developed for the linear (in the charge variable) Drift—
Diffusion continuity equation might be employed here. In [52, 78] extensions of the
exponential fitting mixed finite element methods presented in Section 4.1 have been
developed (in the one-dimensional, and the two-dimensional case, respectively). We
refer also to [90] for a variant of these schemes in the case of a nonlinear (in the
charge variable) Drift-Diffusion model [89]. In the following, we shall describe in detail
the discretization of the energy flux continuity equation (6.7);. The discretization of
equations (6.7)s is similar but simpler (since the zeroth-order term and the right-hand
side of (6.7) are zero). For the Poisson equation (6.7);, P;—nonconforming elements
are used (see [47]). Therefore, in the forthcoming, we assume 1) to be linear on each
element.

We recall that the numerical scheme of Section 4.1 is based on the following in-
gredients: transform the problem by means of the Slotboom change of variable to a
symmetric form, then discretize the symmetric form with mixed finite elements, and,
finally, use a suitable discrete change of variable to return to the original density vari-
able. Due to the non-constant electron temperature, a global Slotboom variable does
not exist in the present case. However, we can define a local “Slothoom variable” p,
assuming that the temperature 7' = T'(g!, g%) is a prescribed piecewise constant func-
tion, called T, and defined in the global iteration process which solves the entire system
(6.7). Therefore, V /T is constant on each element K € Ty, and we can define (see
(4.4)) .

p=e¥Tg inK, (6.10)

under the assumption 7' > 0. For simplicity of notation, here and in the following the
superscript 2 is dropped. Equations (6.7), and (6.7)3 can be rewritten on each triangle
K as follows:

eT]—Vp = 0, (6.11)
—divJ+ece?Tp = —J' -V + g, (6.12)
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where ¢! = ¢!(T), and € = ¢*(T). In order to approximate the exponential functions in
(6.11), (6.12), following (4.7) and (4.9), we define 1) as the piecewise constant function
given in each element K by

. 1 —
T L / ~0/Ty 6.13
e K e T, .
and we define J as the piecewise constant function defined in each element K by
T = 1é]/( / e VTKds) ;& = VipinVineds (6.14)

where the special edge é is the edge connecting the vertices with the smallest values of
¥ in K.

Since T is piecewise constant and it might take different values in two triangles
having an edge e in common, [ e ¥/Tds is not uniquely defined on e. Therefore,
formula (4.14) cannot be used in the present case. Here, for each element K, we
introduce on each edge e C K the following constant function

—\ Ik 1 _
(e*WT) "= H/ew/TK ds. (6.15)

le

Notice that the change of sign of 1 with respect to the analogous formulas of Section
4.1 is due to the different sign of ¢ in equation (6.7), (given for negative charges) and
in equation (4.2) (given for positive charges).

Due to the presence of the zeroth-order term in (6.7)3; we shall use, instead of the
well known RTj element, the mixed finite element of Ezample 5 (Section 3.5), which
guarantees positivity of the solution, and, in contrast with the element of Ezample 6,
gives a conforming approximation of H(div;(2), i.e. the discrete current vector has
continuous normal component across the interelement boundaries.

For the reader’s convenience, we recall the definition of the finite dimensional spaces
already introduced in (3.148), (3.51), (3.160),

~

Sh = {1, € (LX) | 14 € QK) VK € Tr ),

V., = {UhEV|Uh‘K€P0(K),VKE77L},

Ape = {uh € L*(&,) [h)e € Py(e)Ve € Eh,/(uh —&)ds =0,Ye € &, N FD} ,

e

where, as usual, Py(D) denotes the set of constant functions in the domain D. More-
over, Q(K) denotes here the set of polynomial vectors with dim(Q(K)) = 3 defined
by (3.112), (3.114)-(3.116), where the special edge € is the edge connecting the vertices
with the smallest values of ¢ in K (see also (6.14)).
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Specializing (4.16) to this case, the discrete formulation of (6.7)s, (6.7)4, becomes

( Find (lhaphvgh) € ih x Vi, % Ah,gD such that
- —\ I
Z </ (eiWTlh -1y, + ppdivTy,)dr — / <67WT) " 9nTh 'ﬂdS) =0,
—~ \Jk oK

_Z/(Uhdivlhdx+ﬁe{5/Tphvh) dx:Z/(—l}ll'Z%/H-c_l?,lz)vhdm, (6.16)
K YK — JK

> [ dynds=o.
\ g JOK

for all 7, € ih, vy, € Vi, and p, € Apy, respectively. The vector J, €¥n f)h is
the approximation of the current density J' (X being defined in (3.20)) and g} € V,,
is a piecewise constant approximation of ¢g' provided by an analogous discretization
of (6.7)2, (6.7)4. The first equation in (6.16) is a weak discrete version of (6.11), the
second equation corresponds to a discrete version of (6.12), and the third equation
imposes a continuity requirement of the normal component of J, at the interelement
boundaries. Notice that p has been introduced as a “trick” and its computation is of no
interest (actually it will be eliminated by static condensation). The “density” variable
g is approximated by g, on the edges.

Performing the elimination of J, and p, by static condensation as in Section 3.7
and in Section 4.1, we obtain an algebraic system in the variable g, of the form

Mg, =G. (6.17)

When computing the element matrix MK, the edges of K are numbered counter—
clockwise starting from e!, chosen as the special edge € = Vi, Vined, used in (6.14) and
in the definition of Q(K) (see (3.116)). As in (4.19) one can see that

T _
(aWT) “ T =1, (6.18)

le*

The coefficients of MX have the form (see also (3.232) and (4.18))

NIk — =pl.y1 ol K
(e‘WT) “epTk E + C|~|_ ———3 fori=j=1,
Kk E |K| B2+ dce—D/T|K| -
ij = NIk =iy (6.19)
(e*WT) B otherwise,
o K|

for i, = 1,3, and the coefficients of the element right-hand side GX are given by (see
also (3.233))

pn
9 =1 B246ce@NIT|K| i
0 otherwise ,

fdx fori=1

(6.20)
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with f = —.J} - V4 + c'gh. The definition of §, 3, v, is given in (3.220)-(3.222), and
it is related to Q(K). As for (4.17) with (4.20), the matrix M is an M—matrix, if the
decomposition is of weakly acute type.

For the definition of T and a description of the global iteration process we refer
to [78], where a generalization of the Gummel map presented in Section 2 has been
proposed, together with a Newton—type algorithm.

6.2 MFYV discretization of the Energy-Balance model

In this section we shall consider the discretization of the Energy-Balance (EB) model
(1.28) introduced in Section 1.4.

The fundamental constraints for the discretization are the conservation of electric
field, current and energy fluxes, and the nonnegativity of the concentrations and of the
temperatures of the carriers. With this aim, we propose an efficient and accurate solver
for the EB equations in steady-state conditions. The Gummel decoupled algorithm
introduced in Section 2 is employed to solve iteratively the full system, which consists
of a linearized Poisson equation and of a linearized current continuity and energy-
balance equations. The discretization of these linearized equations is based on the use
of the cell-centered MFV method discussed in Section 3.8.

In the case of the linearized Poisson equation, this leads to solving a linear sys-
tem whose coefficient matrix is symmetric, positive definite and diagonally dominant,
while in the case of the linearized current continuity and energy-balance equations a
stabilization procedure is developed by adding a suitable artificial diffusion term to
the discretization of the constitutive laws (1.28); and (1.28). The artificial diffusion
is associated with each edge of the finite element triangulation and can be written
in terms of the jumps of the approximate scalar unknown across the edge and of the
convective flux.

A special choice of the artificial diffusion term is considered which yields the expo-
nentially-fitted upwinded Scharfetter-Gummel (SG) scheme [146]. This method pro-
vides an optimal upwinding approximation of the interelement fluxes and is employed
in numerical computations. The resulting matrices in the discretization of (1.28), and
(1.28)3 turn out to be diagonally dominant M-matrices with respect to the columns.

The outline of the section is as follows. The dual mixed formulation of a convection-
diffusion model problem is considered in Section 6.2.1. The approximation of the model
problem using RTj finite elements of lowest degree is then carried out in Section 6.2.2,
while a detailed description of the stabilization procedure and of the stability analysis of
the method are addressed in Sections 6.2.3 and 6.2.4, respectively. In this latter section,
sufficient conditions for the stiffness matrix of the scheme to be a nonsingular M-matrix
and a coercivity result in a discrete energy norm are provided. In Section 6.2.5 we
specialize the general stabilization approach to both the DD and EB transport models,
providing the expressions of the interelement fluxes which extend the SG discretization
to the two-dimensional case. The section is concluded with a summary of the linear
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algebraic systems that must be solved in the case of a bipolar model (comprising
electrons and holes) at each step of the Gummel algorithm.

6.2.1 The Mixed Formulation

In this section we address the dual mixed formulation of the differential subproblems
obtained applying the iterative Gummel method described in Section 2 to the EB
system (1.28) in the stationary case. We shall focus our attention on the discretization
of the electron current continuity and energy equations only, since the treatment of the
linearized Poisson equation has already been dealt with in Section 3.8. Moreover, since
similar equations hold for the holes, we shall supplement the current equation (1.28),
and the energy—balance equation (1.28); with nonvanishing right-hand sides.

At each step of the Gummel loop the following problems must be solved for n = ¢n
and ¢, = KgT),/q:

~div (D, V7t = ¥V (¢ — ¢)) + pRi =G (6.21)
and
. 3 (.. —= N
—div <)\ Vo, +J, ¢n> 5 <an + > bn
7_’LL)
" (6.22)
where p = gp and A\, /s'n is the modified thermal conductivity. In equation (6.21)

7 is the unknown Whereas ¥, ¢n, p, R and G are given functions corresponding to the
previous Gummel iteration, namely

R =

1 1
— — + —=(C,n+C
(D + ) + 7 (0 A+ ) q2( vP)

G = W R+ an(|E])L|+ an(|E)|L.

where 7; = ¢n;. Notice that R and G are strictly positive functions since they are
the recombination and the generation terms, respectively, constructed according to the
procedure discussed in Section 2.4, provided that the n, p variables are employed.

In equation (6.22) the only unknown is ¢,, while y,, denotes the function ¢, at the
previous Gummel step.

Equations (6.21) and (6.22) can be cast in the form of a stationary convection-
diffusion-reaction problem

{ —dive +yu = f (623

og=aVu— fu
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where o and u are the vector and scalar unknowns, respectively. System (6.23) is
supplemented with suitable boundary conditions, depending on the problem we are
dealing with, of the type

u=g¢g onlp, oc-n=0 ony. (6.24)

It is clear that the model problem (2.14) extensively discussed in previous sections
can be recovered from (6.23) by simply setting = 0. Comparing (6.23) with (6.21)
we see that u = 1, a = Dy, 8 = Y (¥ — ¢n), v = PR, f = G, and the boundary
condition is g = gnp (see (1.29)). Comparing (6.23) with (6.22) yields u = ¢, a = \,,
B=—(5/2)Jy, v=3/2)(phR+ 1/ T0,), f = E - J, + (3/2)(Gxn + 2Vin/Tw, ), and the
boundary condition is ¢ = KgTp/q (see (1.29)).

Referring to the model problem (6.23), we remark that the choice of the decoupling
splitting in (6.21) and (6.22) aims at ensuring that u is positive through guaranteeing
that v and f are positive. It is worth noticing that the sign of the first term at the right-
hand side in (6.22) is not a priori established, although from a physical standpoint it is
expected to be nonnegative since it represents the dissipative Joule effect. In analogy
with the presentation of Section 3.2, the mixed formulation of (6.23) reads

Find (g,u) € ¥ x V such that:

(o, 1) + (auB, 1) + (divr,u) =< g,7-n >, Ve, (6.25)

(dive,v) — (yu,v) = —(f,v), Yv €V,
where the spaces ¥ and V are defined in (3.20)-(3.21), and o := a~!. Notice that setting
B = 0 we recover the mixed formulation (3.27) that has been thoroughly analyzed in
Section 3. A way to show existence and uniqueness of the solution of problem (6.25) is
to check that a solution of (6.23) (in the distributional sense) is a solution of (6.25) and

viceversa. Uniqueness then follows from uniqueness of the solution of (6.23), which is
guaranteed if the usual coercivity conditions hold

1
’y+§diV§ZbOZO aein, [-n<0 only. (6.26)

A sufficient condition (though not always applicable) to obtain uniqueness for (6.25)
is ||8]|2, < 4y0a0/an where ag, ay, and o are defined in (3.1) and (3.2).

6.2.2 Mixed finite element discretization

The discrete form of (6.25) reads:

Find (g, up) € Xj x V3 such that:
(agy,, 1)) + (Qupf, ;) + (divz,, up) =< g,7, - n >0, V1, € X, (6.27)
(divay,, vn) — (Yun, va) = —(f, vn), Yoy, € Vi,
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where (X,,V},) is the RT; mixed finite element space given in (3.107)-(3.108). For
future purposes it is convenient to assume that the convective field § in (6.27) has
continuous normal components across each edge of the triangulation. We therefore
assume that j is itself an RTj finite element vector field. The algebraic form of (6.27)

reads
() ()= (%) 02

where @, is the vector of the unknown fluxes of ¢, across each edge of 7, and U, is
the vector of the unknown values of uj, on each K € T,. Eliminating &, leads to the
following scheme for U},

(D— CA'B)U, = F,, — CA'G,.

The matrix M = D — CA~!'B is full and, in general, neither symmetric nor positive
definite, so that solving this system can be quite expensive. Moreover, it is well known
that M is not an M-matrix for any value of v, as pointed out in [27, 99] in the case of
the numerical approximation of the DD current continuity equations.

The stabilization procedure developed in the forthcoming sections will allow us to
circumvent the drawbacks of the RT approximation, leading to a family of stable cell-
centered finite volume methods that preserve the good approximation properties for
o, provided by the mixed approach, though at a reduced computational cost.

6.2.3 Mixed finite volume stabilization

In this section we apply the MF'V formulation considered in Section 3.8 to the convection-
diffusion-reaction problem (6.23). With this aim, we shall extend the stabilization
procedure for convection-diffusion problems proposed in [144] to the case of a varying
diffusion coefficient a. Without loss of generality, from now on we shall assume g = 0
in order to simplify the exposition.

Throughout, we shall adopt the same notation as in Section 3.8, with the following
extension: for each K € Tj, and for any edge e”, with r € E(k), we define n" as the
unit normal vector chosen to ensure that

pgr= / f-n"ds >0. (6.29)

Let us consider the second equation in (6.27); taking v, = xx (the characteris-
tic function of triangle Kj) and proceeding as in Section 3.8.2, we get the discrete
conservation law (see (3.237))

> B — yu Ki| = —fi Kl VK € Th. (6.30)

rEE(k)
6T¢FN
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We recall that ®), = 0 on " € I'y. To end up with a finite volume scheme we must
write the flux ®, as a function of the values u;, j € T'(r), only. With this aim, we diag-
onalize the first two bilinear forms in (6.27); using the quadrature formula (3.240),. In
particular, in order to apply to the convective term the same diagonalization procedure
used for the diffusive term, a unique value for u, needs to be defined at each edge. For
this purpose, for any edge " we define

u" = ukT—i_uj one ¢TI, u" = % one" € I'p, (6.31)

where the index j € T'(r)\k. Taking in the first equation of (6.27) 7, = 7} as the RT,
basis function associated with edge e” and such that 7} - n" > 0, we get the following
constitutive equation for the edge advective flux

’I"

Z /auhﬁ Ty dr ~ @ u" Z /5 Th deaTuTBT| 7 (6.32)

meT(r) i meT(r) i

After diagonalizing the diffusive term as done in Section 3.8.2 and using (6.32) we

obtain
1 Uy — Ug 4 r,TQr r r r
—|e"| = B"u" S Ve" €'y, ®,=0 one €ly, (6.33)

o = (@) 4

where we set
Sp=mng-n".

Substituting the above expression into (6.30) yields a finite volume scheme for uy, of cell-
centered type. This is easily checked to become unstable in the advection-dominated
case, so that a stabilization procedure is required.

In order to stabilize (6.27) or, equivalently, to introduce flux upwinding, we consider
a general artificial diffusion function pp, : £, — R, such that p, is piecewise constant
over L, and for every lumping region £ € Ly, p; > 0 and flgr& Pr =0, (ph = pnjcr)-

Next, we introduce the stabilized dual mixed discretization
Find gj € X5, uj, € V}, such that V(z,,vs) € £ x Vj,

(agh, 1) + (eupB,7,) + (dive, up) + > /phUZzh-nk ds=0  (6.34)
Kk€Th ok,

(div gy, vn) — (vuj, vn) = —(f, vn)

where ny, is the unit outward normal vector along 0Kj.
Our goal is to choose pj, in such a way that problem (6.34) becomes stable irrespec-
tively of the strength of the local Péclet number

1 ~
R = o', (6.35)
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where B\T := ["/|e"] > 0. Proceeding analogously as in the nonstabilized case, we get
the following expression for the fluxes

o) = (@) (1+ph) |er\ pru"S, Ve gLy, @ =0 one €ly. (6.36)
Substituting the above expression into (6.30) yields the following cell-centered finite
volume scheme for uj,

*

u T
> @) ) (L) e+ il = G V€ T
reB(k) (6.37)

6T¢FN

’U/](T) = 0 Ve G FD,
where j(r) = T(r)\k. The set of linear algebraic equations (6.37) can be written in
matrix form as

W*u* = f* (6.38)
where the i-th component of £* is f;|K;| and the ij-th nonzero entries of the Ny x Np
matrix W* are
Y @) +p’")|dr| + o BTST K, if =,
Wi ={ agta (6.39)

4 o ler@) ) . .,
—(@ )1+ g )|drj)|+ 50757, it jeTED), J#0

where r(j) = E(j) N E(i) refers to the edge shared between triangles K; and K.

6.2.4 Stability Analysis

In this section we prove stability of the MF'V method (6.38)-(6.39). With this aim, let
us write system (6.38) in the abstract form

Find u; € V}, such that
af(uhavh) = (f7 Uh)a vUh S th

where the discrete stabilized bilinear form a,f(uh, vp) : Vi X Vi — R is defined as

ag (up,vp) = Z (=div g} (up) + yup)vy, dr,

Kk€Th g, (6.40)
Qs(uh)\Kk = Z Py Tk

reE(k)

where the fluxes @} are given in (6.36), and 7}, = Si7}, ;. Moreover, we denote by &
the set of all edges not belonging to I'y.

104



Theorem 6.1 For each p;, > 0, we have

2
Vi — Uj
o) 2 ¥ w101 (B3] + wllulia (6.41)
ere&)
with
Kr=2@) " (1+p)). (6.42)

Proof. Let v, be a function in Vj,. With a (minor) abuse of notation we denote, for every
edge e € &/, by v and v; (instead of Vk(r)s Vj(r)) the values of vy in the triangles sharing
edge e”, with the convention that vj,) = 0 when ¢" € T'p (as in (6.37)). Multiplying the
left-hand-side of (6.37) by v and summing over k, we have:

ajonon) = Y (X [@) '@+ (”’Cdr”f)|e’"|+ws,z]vk)

Kr€Tn reE(k)

CTQFN
+ ) wopl Kl
KireTh 1
a’ )" e"
= Y 0+ T = o+ 0 - ]
ercg) 6.43
QT 2 ( )
+ Z Z B Sk + Z Yevj | K|
KireTh TeéEI(‘k) KreTy
er N
_ 1 T (ar)—1|er| )2 r rSr QK
= Z( +Ph)7dr (vk — ;)" + Z Z B " Spor + Z Vi Vi | K|
ereg,’: Ky €T reE(k) KreTh
CTQFN
I + 11 +  III

Recalling definition (6.31) of v", and observing that 5"S} = [, - nj,, we deduce

kaZ/ﬁnkds—l— kaZvj/ﬁnkds

KkETh reE(k) Ki€Tn,  reE(k)
er¢l'y ergl
=3 Z vk/ B-nyds — Z vy / -nj ds (6.44)
KeTh KkeTh reE(k)
erel'y
1 .
>z Z / vi div B dz,
2 K =
KRpeTp " 7k

where in the last step we used the fact that S-n < 0 on I'y (see (6.26)). Then, using again
(6.26) we obtain

IT+IIT= (v + dlvﬁ vf dz > bo||vn|[f q- (6.45)
KipeTh Ky
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By multiplying and dividing by d" each term in I, and using d"|e"| = 2|L"| we obtain

’U—U‘2
I:2§:u+pﬁwﬂ*wﬂ<i—i>. (6.46)

T
eregl d
h

Finally, using (6.46), and (6.45) in (6.43) we deduce

2
_ V — V4
Ao 22 3 @+ m@) e (B2 ulnlfe 647
ereegy)

|
As a consequence of Theorem 6.1 it is easily seen that the diagonal entries of matrix
(6.39) are strictly positive. Therefore, by requiring the off-diagonal entries to be non-
positive, an M-matrix is obtained. The conditions on p, which enforce such a property

are stated in the following proposition, which extends the analogous result given in
[144].

Proposition 6.1 Let the edge artificial viscosity p;, be chosen in such a way that for
each L € L}, we have
ph > max {0,Pe" — 1}. (6.48)

Then the stiffness matric W* of the stabilized dual mized finite volume scheme turns
out to be an irreducible diagonally dominant M -matrixz with respect to its columns.

A consequence of Proposition 6.1 is that the elemental values U, are nonnegative,
provided f* > 0, irrespectively of the strength of the local Péclet number.
We notice that, by taking

pp, = max {0,Pe" — 1}, (6.49)

(6.42) becomes
K" = max {2(ar)—1, Brdr} . (6.50)
On the other hand, by taking
l—TA’f' T

pp, =P = 30 prd", (6.51)
we have R

KT =2@") "t 4+ prd, (6.52)

which, inserted into (6.41), produces an estimate similar to those that are typically
obtained for stabilized formulations of advection-diffusion problems (see, for instance
[140]).
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Remark 6.1 We note that the choice (6.51) gives the same scheme as the one that
would be obtained, starting from the non stabilized MFV scheme (i.e., (6.34) with
pn = 0), using classical upwind for the convective term. Indeed, let us rewrite the
non stabilized fluzes (6.33)

%Ieﬂ _BrurS. Ve ¢ Ty. (6.53)

Taking, instead of (6.31), the upwind choice

@ = (@)

ro_ U Zf Sg =1
Uy = { w  if ST =1 (6.54)
it 1s easy to see that
r,r Qr _ Qr,rQr r Uk — Uj
Uy Sy = B u" S, + B 5 (6.55)
Hence, taking ul,, instead of u” in (6.53) amounts to adding the term
P Uj — U
=
On the other hand, taking instead of (6.53):
r _ (=r\—1 Ui — Uk 4 r, rQr r
Q) = (@) (1+F")——e"| — fu"S, Ve ¢ T'y (6.56)

dr
corresponds to adding to (6.53) the term

( ) 1]P:er y |€T|—(Oé) 1 —rﬁrdr — | r|_ﬂr;
Remark 6.2 The presence of the factor 2 multiplying |L"| in (6.46) should not be
surprising. Indeed, it can be checked that, taking for the sake of simplicity a uniform

mesh made of equilateral triangles of edge h, we have, for a smooth enough function v,

2
Z (vk UJ) 21L7 :/ |V v|?’de  for h — 0.
dr Q

ereéy

6.2.5 The Scharfetter-Gummel Stabilization

We provide in this section a choice of pj, that fulfils the stability requirement (6.48)
and extends to the two-dimensional case the Scharfetter-Gummel (SG) exponentially
fitted difference scheme [146] that is widely employed in contemporary semiconductor
device simulation. We shall consider in the following both the DD and EB cases (in
unscaled forms).
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The DD case

The classical SG method, hereafter denoted by SG-MFV, can be recovered by setting
in the flux expression in (6.40)

g =Pe" —1+B(2R’) VL €Ly, (6.57)

where for any z € R, B(z) is the Bernoulli function defined in (4.32). It is worth
noting that for high Péclet numbers the SG mixed finite volume scheme degenerates
into the standard Engquist-Osher (EO) upwinding procedure, which is well-known to
be first-order accurate. However, as " — 0, the amount of extra viscosity introduced
by the SG flux approximation is O(h?), whilst the EO one is O(h). After some algebra
the flux across edge e" reads

u;B(AY) — uB(—A9)
dr

¢, =qD, e, (6.58)
where Az = z; — 2, and 1/#\ = 1 /Vi,. As for the analysis of the SG-MFV method, the
convergence estimate (3.271) has been proved in [115] under the assumption curl = 0,
which is actually the case here, since [ is the gradient of a potential. We finally
mention that the SG-MFV scheme gives the ezact solution at the circumcenters when
a = const, v = f =0, ¢ is linear in €2, and suitable boundary conditions are assumed
for v and ¢g. In this case the method passes the Constant-Current Patch-Test [144],
which is a sound indication for a good behaviour of the numerical method in presence
of steep layers arising in advection-dominated flows (see also [160]).

The EB case

Here we address the generalization of the SG method to the EB model. In particular
we introduce two different expressions for the edge fluxes of the electron current (see
also [58]).

As usual for this approach, we consider a one-dimensional reference interval [0, L]
(which can be mapped into the segment joining the circumcenters Kj and K;) and set
R =G =0, so that the continuity equation reads

d dn nd—é,)\|
ar [QLLn% <% - a—da: )] =0.

Supposing pu, constant and both ¢ and ¢, linearly varying, after some algebra we
obtain

(A%/Adn-1)
) -

<A¢n _ A¢> o (2248 650

(qbn(l’))(Aw/A(ﬁn*l) 1 ’




where J,, is the one-dimensional electron current density and n, = n(L), ng = n(0).
Similarly as what is done in the heat exchanger theory, we introduce the average
logarithmic temperature

In (L) In (L)
T,,(0) T,.(0)
and the average logarithmic thermal potential o™ = K,T™/q. Using these definitions
we can rewrite the expression of the current as

B Lan(22%)an (] o

Comparing this expression with (6.58) we note that:

e the thermal potential Vj;, has been replaced by the average logarithmic thermal
potential ¢

e the argument of the Bernoulli functions is the difference between the electric and
thermal potentials instead of being simply the potential drop across the interval.

This guarantees that if the electron temperature is constant then we exactly recover
the DD expression.

An alternative form of the EB current can be provided by assuming the validity of the
mobility model as in [141]. It turns out that the diffusion coefficient is independent of
T, since

T
The electron current can thus be written as
dn n d(y — )
Jp=qDp | — — ———2) . 6.62
qno (dm b, dr (6.62)

As above, assuming that .J,, is constant on [0, L] and that both potentials are linearly
varying we eventually get

~ qDno g nr, Ay —2A¢, ng Ay — 2A ¢,
= [qsn(L)B( o >‘¢n<o>B<‘ o >] (6.63)

Comparing this expression with (6.60) we note three main differences:

e the diffusion coefficient has replaced the product between the mobility and the
average logarithmic thermal potential. This in turn implies that with the same
electric potential, the current is smaller when the temperature raises due to the
decrease of pu, with respect to an increase of T,;
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e in the argument of the Bernoulli functions in (6.63) the variation of the thermal
potential is multiplied by a factor 2 and guarantees the correct behaviour of (6.63)
in all the limiting cases;

e cach of the two concentrations n; (i = 0,L) is also multiplied by the ratio
Bt/ $,, (i), that is, we have another weight which takes into account the vari-
ation of the temperature across the interval.

Also in this case if the electron temperature is constant equation (6.63) recovers the
DD limit since ¢“™ tends to Vi, as AT, — 0.

We conclude this section by casting the flux expressions corresponding to (6.60) and
(6.63) within the general stabilization framework summarized in (6.40). Indeed, with
regard to the former we have
@)~ = qundy™,
Al —
B = wkq’ (6.64)
pp =Pe" — 1+ B(2F"),

where the local Péclet number is evaluated according to (6.35). About expression
(6.63) we note that it can be obtained in a straightforward manner from the following
equivalent form of the current (6.62)

d(yon) d(@ﬂ))
dx dv )’

Jy:an0< -y

where y = n/¢,, ¢, = 1 — ¢,, and applying (6.60) to the new variables. Therefore we
get, with respect to y

(a,r)il = an0¢fzm7

ﬁr — A(,l/) — ¢n) |€r|7 (665)

dr
pp =P — 1+ B(2Fe").
Scharfetter-Gummel Approximation to the Energy Fluxes

Recalling (1.28)s and the definition of ¢,, the electron energy flux can be written as
b}

where A, = gk,/Kp. As before, we consider a one-dimensional reference interval [0, L];
assuming ), to be constant and replacing n with a suitable average (see [58]), we get

don | 5Jy
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This flux expression is the analogue of the hole current in the DD case where the

electric field is replaced by ﬁ Assuming as usual that S,, is constant yields

n

S, = % [%(L) B <2‘/{L> 6n(0) B G’iL)] . (6.68)

Exactly as happens in the DD case for the hole current, if |(5.J,L)/(2),)] > 1 then
an upwinding effect is obtained otherwise the finite-difference approximation of the
temperature gradient is recovered.

Discretization of the EB Equations
We summarize below all the systems of equations obtained applying the MFV method

to discretize each of the EB equations in the Gummel procedure. For any K € Ty, we

let as usual r € E(k)a ] € {T(E(k))\k}a 7T = |er|/dTa Adj = %’ - 1/%, AQSI/ = d)uj - ¢I/k)

(v = n,p) and define

AP —2A¢, Ay +2A¢,
stlm ’ st;m ’

where the average logarithmic thermal potentials ¢“™ are evaluated between Kj and

K. The discrete momentum and energy conservation equations read

0, 0, (6.69)

f M R
3 z%ww?[aim—m>—g%M@ﬂ+“Wﬂﬁ%&4=G?M%,wﬁm
JEAT(E(K))\k} nk "

24 B0, — 2L B(-0,)

+ i RO | Ky = GV Ky, (6.71)
¢pk d’p j

Z D p0 7r ¢1€m

JE{T(EK)\k}

r O | O | r 3w . LY.
Z AnY |:¢nkB <m|d |> — ¢n,B <_R|d |>] + B <R Pk + —— fuge| K | fny,

Wn

JE{T(E(k))\k}

3 n
= E-J,|Ki + 3 <G,§”¢nk + T—m) K,

Wn

Y o5 3 9 1
MY 9B (=2 |d | ) — ¢, B [ 2 |d" S RP iy + — ) pul K
S o (<52l ) = 0 ()| 3 (P ) il

Wp

JE{T(E(K)\k}

3 p
— £ Rl + ) (6000 + Vi) IR,

Wp

where R,(cl) and Gg) (I = 1,2) are the recombination and generation terms computed
using the values of ¢, n, p, T,, and T}, of the previous Gummel step (I = 1) and the
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values of 7 computed by solving (6.70) (I = 2), respectively. The electron current
flowing between K and K given by (6.63) is denoted by j; and the hole current is

'T qu(] m 9 0
o ¢pk B(6,) — % B(=0,)] - (6.74)

Each of the above systems shares the feature that the corresponding coefficient matrix
is a diagonally dominant M-matrix with respect to its columns.

7 Numerical results

The first set of numerical experiments, collected in Section 7.1, is concerned with
the discretization of the symmentric problem (2.14) with the methods discussed in
Section 3.8. Next, Section 7.2 aims at showing the performances of the discretization
schemes presented in Sections 4.1-4.2 for the linear continuity equation (4.3). Section
7.3 presents simulations of a pn—diode with the DD model. Finally, Section 7.4 collects
results obtained with the ET and the EB models, both for one and two dimensional
geometry.

7.1 Mixed Finite Volumes

We assume that, in (2.14), Q is the unit square; five unstructured grids of triangular
elements have been employed, with average mesh sizes of 27%, for k = 3, ..., 7. Suitably
accurate integration formulae have been used to evaluate the L?(Q2) and H(div;()
norms of the discretization errors u — uy, and o — g,,. Precisely, a symmetric formula
using 10 nodes on each element of the triangular grid has been employed. We emphasize
that all the numerical results presented below have been obtained using the midpoint
quadrature formula to approximate the right-hand side in (3.237). In all the reported
figures the symbols have the following meaning: ‘*’ refers to the scheme using the
average (3.277), ‘o’ refers to the use of the average (3.275) and ‘)’ refers to use of
the average (3.276). We aim at checking the theoretical convergence properties of the
method of Section 3.8. Therefore, we take as exact solution the smooth function

u(y, ) = 162129(21 — 1) (22 — 1),

with ||u||«,0 = 1. The diffusion coefficient a is chosen as

a(wr, 72) = <%> (1 + T (K (g — 1:1))) ,

Vg + Uy

where v, > v, > 0 and K is a suitable constant. Notice that for v/, > 1 and K > 1,
a tends to a step function with jump equal to v, — v, across the main diagonal of the
unit square.
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The first set of numerical results refers to the case v, = 1, v, = 10 and K = 2. The
maximum values of |g| and dive are 36.05 and 129.6, respectively. Fig.9 shows the
L*norm (left) and the discrete L®-norm (right) of the error u — uy, this latter norm
being evaluated as

|lu — Uh||oo,c = Ig}g}é |U(£Ck) — upl.

Linear convergence with respect to the mesh size h is clearly observed for all of the
considered averages in the case of the L?-norm while second-order convergence is ex-
hibited by the method when the discrete L*°-norm is used to measure convergence.
This appears to be a (nodal) superconvergence of the mixed finite volume schemes and
is to be ascribed to the special choice of the point of measurement of the convergence
(i.e., the circumcenter of the triangle) which coincides with the center of the stencil of
the method. Fig.10 shows the L?-norm of the discretization error o — o, (left) and the
graph norm of the error U — Uy, = (u — uy,, 0 — g,) (right) defined as

1/2
|U = Unllzxv = ([lu—uall o+ llo - gh”%[(div;ﬂ)) :

Linear convergence is clearly observed for all of the three averages.

107 107"

Figure 9: Discretization error v — uy: L*norm (left) and discrete L®-norm (right)
(Ve =1, 1 =10, K = 2).

10" . 107 .
10° 107° 107 10° 10° 10% 107" 10°

Figure 10: L?-norm of the discretization error ¢ — g, (left) and graph norm of the
discretization error U — U, = (u — up, 0 — g;,) (right) (v, =1, v, = 10, K = 2).

113



The second set of numerical results refers to the case v, = 1, 1, = 1000 and K = 100.
The maximum values of |g| and divo are 4000 and 16308.8, respectively (clearly much
bigger than in the previous case). Fig.11 shows that linear convergence in the L*-norm
is exhibited by all the considered averages, while the schemes appear to be second-
order accurate in the discrete L*°-norm. Linear convergence is also observed for the
discretization errors o — g, and U — Uy, as shown in Fig. 12.

107" - - 10

p=1 p=2

3 4
10 - 10
10° 107° 107" 10 10°

Figure 11: Discretization error u — u,: L?*-norm (left) and discrete L>°-norm (right)
(Ve =1, v, = 1000, K = 100).

| >
10 10
10 10° 107 10° 10° 10”

107 10

Figure 12: L?-norm of the discretization error ¢ — g, (left) and graph norm of the
discretization error U — Uy, = (u — up, 0 — g;,) (right) (v, =1, v, = 1000, K = 100).

7.2 Linear continuity equation

The examples presented here intend to compare the mixed finite element/finite volume
methods described in Section 4 for the linear continuity equation (4.3), with ¢, ¢ and
f prescribed. In particular, the case ¢ # 0 will be explored, in situations where the
solution exhibits boundary and/or internal layers. The domain €2 is the unit square.

Test 1 The first example deals with a case of a boundary layer produced by a reaction
term dominant with respect to diffusion and convection: i has a constant gradient
Vi =—(1,0.5), f = ¢ = 10°, and homogeneous Dirichlet boundary conditions for p
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Figure 15: Test 1 with the MFV scheme (left) and after interpolation (right).

Test 2 In the second test the problem is partly advection dominated, and partly reac-
tion dominated, and the solution exhibits internal and boundary layers. The potential
+ has a large constant gradient V¢ = —10% x (1,0.5), f = 0 and ¢ changes abruptly:
c = 10 in the quarter of the circle centered in B = (1,0) and with radius 0.5, ¢ = 0
elsewhere. The boundary conditions for p are: p =0 on FB U BC and p = 1 on the
rest of 0 (see Fig.16 (left)). Figs.16 (right) and 17 report the results obtained by
applying the RTj, elements and the two elements of Ezamples 5-6, respectively. Fig.18
shows the solution of the MFV scheme (4.38) and its piecewise linear interpolant.

As expected, in both test problems the Raviart—-Thomas element (with exact in-
tegration) provides sharp fronts, but the lack of monotonicity properties shows up in
heavy overshooting and undershooting. A remedy to this is the use of a proper numer-
ical quadrature, as done with the MFV schemes. The elements of Ezamples 5-6 are
both monotonic, and show little differences, though the element of Example 5 seems

to be slightly less diffusive.

|

Figure 16: Test 2: computational domain (left) and RTj-solution (right).
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Figure 18: Test 2 with the MFV scheme (left) and after interpolation (right).

Test 3 The third example deals with the solution of the electron continuity equation
(see (4.3) with ¢ changed in —1, and p changed in n). The domain 2 is the unit
square. The Dirichlet boundary conditions for n are:

n=10%for 0 <z, <02, 29 =0and 21 =0, 0 < 25 < 0.2

n=10"forz; =1,08<29<1and 0.8<z; <1,z =1.
On the rest of the boundary homogeneous Neumann conditions are given. The reaction
coefficient is ¢ = 0 and the given electrostatic potential is (21, x2) = o (21, 22)/¢, with

0.8,
<0.9, (7.1)

0 0<
to(p) =4 2(p—08) 08
0.2 p>

olN=

where p = (2?2 + 22)"/2, and ¢ = 10~*. The right hand side is f = 0.5 x 10'¢ in the
annular region 0.82 < p < 0.88, and f = 0 elsewhere. This choice of 1, f, as well as
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that of the Dirichlet boundary values for n, aims at reproducing the physical behavior
of a curved pn—junction diode subject to a high reverse bias.

Fig.19 shows (in semilogarithmic scale) the solution computed with the MFV scheme
on an unstructured mesh and its piecewise linear continuous interpolant. The computed
current field .J, is displayed in Fig. 20. Fig.21 shows the result obtained with the mixed
exponential fitting scheme of Section 4.1 (based on the RT, elements).

lﬂxlO“
1.0x10
1.0x10'
1.0x10"!
1.0x10'°
10x10
1.0x10%

&f‘\\\ i

il

Figure 19: Electron concentration as computed with the ME'V scheme (left) and after
interpolation (right).

1.0x107
10x10
1.0x10°
1.0x10%
1.0x10%
1.0x10%
1.0x10"
1.0x10°
l.0xlO’|', +—

/—r

The net generation effect on the electron concentration is very well reproduced, as
confirmed by the constant behavior within the anular region and by the net generation
current lines collected at the upper right corner of the domain. Notice also the effective-
ness of the schemes in capturing the internal layers without any spurious oscillations,
as well as in tracking the current lines throughout the semiconductor, especially along
the Neumann boundary where they turn out to be rigorously tangential. We point out
that the undershooting about the arc p = 0.8 is an actual feature of the solution and
it is not due to numerical pollution.
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Figure 21: Electron concentration computed with RT{ elements.

7.3 Drift—Diffusion Model: a pn—diode

We present here simulations of a pn—diode, neglecting recombination-generation effects.
The DD system is solved in the (¢, n, p) variables, the Poisson equation is discretized
with Pi—nonconforming elements (see [47]) and the continuity equations are approxi-
mated with the mixed explonential fitting scheme based on the RTj elements of Section
4.1. The semiconductor material is silicon and the device is assumed to be a square
of size 1073¢m x 1073¢m. The numerical values of physical parameters are given as
in Table 2. The electron and hole mobilities are taken constant, with u, = p, = 10
em?V 1571 The geometry of the device and the triangular mesh are shown in Fig.22.
The choice of a rather coarse quasi—uniform decomposition will emphasize the good
performances of the numerical method which produces little numerical diffusion and
does not develop any spurious oscillation.
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Figure 22: pn-junction diode: geometry (left) and mesh (right).

First, we consider a strongly reverse biased diode with an applied bias of U = —2.0V/,
defined as the difference of the applied potential at the contacts of the n-region, p-
region, respectively. A moderate doping profile C'(z) = —10' ¢m ™2 in the p-region
and C'(z) = 10" ¢m ™2 in the n-region (abrupt junction) is chosen. Then, the squared
scaled Debye length defined in (1.23) is A> = 2.56 - 10~*. The corresponding electron
and hole densities are depicted in Fig.23. Fig.24 represents their level curves and it
shows, about the junction, the so-called depletion region where both the electron and
hole densities are negligible.

\v

Figure 23: Reverse biased diode (U = —2.0V,|C(z)| = 10'®): electron density (left)
and hole density (right).
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Figure 24: Level curves of the electron and hole densities of Fig.23.

In the case of a forward biased diode, the computations are carried out with a doping
profile C(xz) = —10' ¢m™ in the p-region and C'(z) = 10'® ¢m™ in the n-region, and
with an applied voltage U = 0.8V. The corresponding squared scaled Debye length is
A? = 2.56- 1075, The carrier densities are shown in Fig. 25. The total current density
flow from the anode to the cathode is reported in Fig.26 (J,,, = J,, +J,).

Figure 25: Forward biased diode (U = 0.8V, |C(x)| = 10'®): electron density (left) and
hole density (right).
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Figure 26: Forward biased diode (U = 0.8V, |C(z)| = 10'®): total current density.

7.4 Energy—Transport and Energy—Balance Models

We present first the simulation of a one-dimensional n*nn™ ballistic silicon diode which
is a simple model for the channel of a MOS transistor. The spherically symmetric
energy-band diagram e of the semiconductor crystal, function of the modulus k = ||
of the wave vector k, is given by the Kane model [91]:

-
5(1+O[€) = %“CF,
0

where £ is the reduced Planck constant, mg the effective electron mass, and a > 0
the non-parabolicity parameter. When o = 0 the energy-band is parabolic and we
take the diffusion matrix L as in (1.25). For a > 0 the coefficients L;; of the diffusion
matrix depend nonlocally on the temperature 7" and we refer to [52] for their explicit
expression. The semiconductor domain is given by the interval Q = (0, ¢) with ¢ > 0.
In the n*-regions the maximal doping concentration is C; = 5- 10" ¢m™3; in the n-
channel the minimal doping profile is Cy = 2-10' ¢m 3. The doping profile is shown
in Figure 27. The length of each nt-region is 0.1 ym, whereas the length of the channel
region equals 0.4 ym.
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Parameter | Physical meaning Numerical value

q elementary charge 1.6-107% As

Es permittivity constant 10712 AsV =t em™!
Lo (low field) mobility constant 1.5-10% em? V= 57!
Vin thermal voltage at T¢ = 300 K 0.026 V

l length of the device 0.6 pm

4y length of the n* region 0.1 um

Cy doping concentration in the n region | 2-10Y® e¢m™

4 doping concentration in the n™ region | 5-10'7 em™3

o energy relaxation time 0.4-107"s

o non-parabolicity parameter 0.5 (eV)™!

Table 2: Physical parameters.

o,

>

Doping concentration in cm™
o

10’

0 0.1 0.2 0.3 0.4 0.5 0.6
Position in um

Figure 27: Doping concentration in the n*nn™ diode.

The numerical values of the physical parameters (for a silicon diode) are given in
Table 2. On the boundary points x = 0 and x = £ we assume that the (unscaled) total
space charge C' — n vanishes and that the (unscaled) temperature has the ambient
temperature:

n(0) =n(l) =Cr,  TO)=T) =T ¢(0)=0, ¢()="Veu,

where V,,; > 0 is the applied voltage. We take the value V., = 1.5V.

We perform numerical tests on a uniform mesh of 100 nodes with the mixed expo-
nential fitting scheme of Section 6.1. In Figure 28 we present the electron temperature
for vanishing and non-vanishing non-parabolicity parameter a. As expected, the tem-
perature in the n-channel is high, i.e. the electrons are hot. The maximal temperature
values are T = 2330 K for « = 0 and T' = 1610 K for o = 0.5 (eV)~!. Therefore, the
temperature is reduced due to the non-parabolicity effects. In Figure 29 the electron
mean velocity is shown. The mean velocity u is defined by u = J'/(¢n). The spurious
velocity overshoot spike at the left junction almost vanishes for o = 0.5 (eV)~'. The
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maximal velocities are u = 1.44 - 10" ems™! for « = 0 and v = 1.25 - 107 ems™ ! for
a=05 (eV) .

2500

2000+

o
=}
S

10001

Electron temperature in K

5001

0 0.1 0.2 0.3 04 0.5 0.6
Position in um

Figure 28: Electron temperature in a ballistic diode.

Electron mean velocity in cm/s

0 0.1 0.2 0.3 0.4 0.5 0.6
Position in um

Figure 29: Electron mean velocity in a ballistic diode.

Finally, we present the simulation of two realistic semiconductor devices carried
out by applying the SG-MFV method of Section 6.2 for the discretization of the EB
equations for electrons and holes.

The first device is a pn—diode similar to that studied in [133]. The structure of the
device is one-dimensional, corresponding to the interval 0 < z < ¢ with ¢ = 1.23 um.
The doping profile C' is piecewise constant with C(z) = 107 em™ for 0 < z < £/2,
and C(z) = —10"em™3 for £/2 < z < ¢. Constant carrier mobilities have been
assumed, namely p, = 800 cm?V ts™! and p, = 400em?Vts~!. The SHR recom-
bination/generation model has been considered with 7, = 7 = 1-107°s and the
Wiedemann-Franz law described in Section 1.4 has been used to model the thermal
conductivity with kg = 1/2, while the carrier energy relaxation times have been set
equal to 7, = 0.5-10712 5. The diode has been simulated under reverse-bias conditions,
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with the applied voltage varying from 0V to 50V. Fig. 30 shows the carrier concen-
trations n (electrons) and p (holes) and the corresponding temperatures 7,, and 7, at
an applied bias of 28V". The comparison with the results of [133] is quite satisfactory.
In particular, we point out the strong carrier heating in the middle of the device due
to the presence of a high electric field.

1.0x10'8 3 1.6x10* o

1.0x10'€ |

10x10"é n P

1.0x10' ; 1.0x10*] Tn

10x10'°;§ ]

1.0><|o€ Tp

1.0x|06;§ ]

1.o><|oé

1.0><107i T T T T 30x10? T T

0 0.0001 0 0.0001

Figure 30: Hole and electron concentrations (left) and hole and electron temperatures
(right).

The next example refers to a realistic 1pym channel-length nMOS transistor operating
at room temperature 7°? = 300 K. The MOS structure is composed by a silicon
semiconductor wafer (2g coated with a thin layer of insulating oxide {2y, as shown in
Fig.31 (left). The ohmic contacts (marked in bold) are respectively denoted by Source
(S), Gate (G), Drain (D) and Back (B). The silicon-oxide interface is 0€2;; Qg is the
rectangle 0 < zy < 2.5 pm, 0 < x5 < 2 pum and Qg is the rectangle 0.5 < x; < 2 pum,
2 < x5 <2.025 pm (oxide thickness t,, = 25 nm).

G
10x10%
. 1e+20
S oxide D -
+
p L0 s
+ +
n n 10x10'”
10x10' le+18
10x10'7
P le+17
10x10'
1003 16
B

Figure 31: MOS structure (left) and doping profile (right).
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The absolute value of the doping profile is plotted in logarithmic scale in Fig.31 (right),
with a p-type substrate of 3-10' em™3 (the semiconductor bulk), two n™-type regions
(source and drain) of 2 - 10*° ¢m ™3 and a p™ implantation of 3 - 10'® ¢m™2 in the bulk
region close to the silicon-oxide interface. The following model has been used for carrier
mobilities

/’LI/,O 1

Ky = I B 1/B, ) Bl vV=n,p,
(1+(“:;;’at") ) * g

where 1,0 = 800em®V =t 0 = 400em?V=isTh B, =2, 8, = 1, v = 1.1 -
107 ems™ ", v3™ = 9.5-10%cms ™!, B = 6.49 - 10" Ve ™!, EF7 = 1.87 - 10" Vemn™ !,
and

E-J, |E x J,|
E‘J:‘* *V’ Eyl:;*’/
| L, |
As for the recombination/generation mechanisms, only the SHR model has been applied
using the following doping-dependent model for the carrier lifetimes

7_* . TI/,O
v N++N_ )
1 + D A
Nrel

with 7,0 = 5 - 1075 and N’/ = 5-10'% cm=2. The Wiedemann-Franz law described
in Section 1.4 has been used to model the thermal conductivity with xy = 0.5, while
the carrier energy relaxation times have been set equal to 7,, = 0.5- 1072 s,

The device has been simulated with 5V applied between the gate and the source
and with a drain-source voltage varying from 0V to 5V. In Figs.32-33 the electron con-
centration, electric field and carrier temperatures are shown at a drain-source voltage
of 4.8V, The carrier heating around the drain region, where a high peak of electric field
exists, is clearly visible. This, in turn, is the reason for the large flooding of electrons
near the drain end of the channel, due to their increased thermal diffusivity.
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Figure 32: Electron concentration (left) and electric field (right).
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Figure 33: Electron (left) and hole (right) temperatures.
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