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ABSTRACT - We present an abstract theory for discretizations of second order elliptic
problems by mixed finite elements, based on minimal hypotheses. We prove that our
theory includes the existing mixed approximations and we show that it gives rise to
new mixed discretizations, either conforming or non-conforming, that can be useful in

applications.

1. Introduction

The object of this paper is to present an abstract theory for discretizations of second
order elliptic problems by means of mixed finite element methods. More precisely,

consider the following boundary value problem:

{— div(aVu) + vu=f in Q,
(1.1)

u=>0 on ' = 09,

where 2 is a convex polygonal domain in R?, f € L?(Q), a = a(z) > ap > 0 is a
smooth function on the closure of 2, and v is a nonnegative constant. It is known
that the basic idea of mixed formulations of (1.1) is to introduce, together with the
solution u of (1.1), the vector field ¢ = —a(z)Vu as an independent variable and to
derive a suitable variational formulation. The spaces W and V in which u and ¢ are
sought must be properly related (see [2]) to guarantee existence and uniqueness of the
solution. For a problem of the type (1.1), W is L%*(Q), while V is H(div,Q); i.e.,
it contains those vectors belonging to [L?(2)]?> whose divergence is in L?(Q). When
dealing with discretizations of a mixed formulation, again proper relations between the

discrete analogous W}, and V}, have to be satisfied in order to guarantee uniqueness of the
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discrete solution and optimal error bounds [2]. Moreover, a conforming approximation
implies that W;, C W and V;, C V. While the requirement W; C W causes no difficulty,
the inclusion V3, C V implies some regularity on the elements of Vj; more precisely,
the normal components of a vector in V;, must be continuous across the interelement
boundaries. In the literature there are four families of mixed finite elements [3], [12],
[8] satisfying all the requirements and giving optimal error bounds. The key properties
of these families are the internal approximation property ( i.e., W), C W, V}, C V)
and the commutativity of the divergence operator with suitably defined “projections”
from the continuous spaces onto the discrete ones [8], [9], [3], [6]. These families of
discretizations lead to a linear algebraic system whose matrix is not positive definite.
A way to circumvent this inconvenience is the use of Lagrange multipliers. The idea,
introduced by Fraeijis de Veubeke [10], is to relax the continuity requirement on the
normal components and then to enforce it via the use of Lagrange multipliers. This leads
to the introduction of a third discrete space, say Ay, properly related to W}, and V}, (see
e.g. [1],[3],[6]). Using this procedure, both scalar and vector variables can be eliminated
element by element by static condensation with virtually no cost, and the problem
reduces to the solution of a linear system in the Lagrange multipliers only. This Lagrange
multiplier formulation, often called a hybridization of the mixed formulation, is the
starting point of the present paper. In section 2 we briefly recall the mixed formulation
of problem (1.1). In section 3 we state three minimal hypotheses ((H1) — (H3)) and
construct an abstract theory based on them. We point out that these hypotheses imply
neither commuting properties nor internal approximation properties. In particular,
non-conforming approximations for the vector variable are allowed (V,, ¢ V). This
allows more generality in the choice of the discretizations, giving rise to new mixed
approximations of non-conforming type. In section 4 we give abstract error bounds
making use of our minimal hypotheses. The error estimates depend on the interpolation
estimates and also on the possible non-conformity of the approximation. In section 5
we recall the four known families of mixed finite elements and show that our abstract
theory applies. Moreover, over a triangular decomposition, we introduce two new mixed
finite elements which satisfy the abstract theory, and we give optimal error bounds. We

underline an interesting property of our new elements: they produce a final matrix



which is an M-matrix if the triangulation is of weakly acute type (every angle of every
triangle is < 7). Note that no element in the known families provides an M-matrix for
the problem (1.1) if ¥ # 0. The M-matrix property is desirable in view of a discrete
maximum principle. In particular, in applications to semiconductor device simulations,
the M-matrix property is crucial (see [4],[5]). We refer to [11] for a discussion of the
subject.

Throughout the paper we shall use the following notation:
(.,.), scalar product in L*(Q);

|I.lls and |.|s,norm and seminorm in the Sobolev space H?®(Q);

|sx and |.|sk, norm and seminorm in the Sobolev space H*(K) , K C .

2. The continuous problem

Let us recall the mixed formulation of problem (1.1). Define the spaces

H(div;Q) = {r € [L2Q)] | div T € L2(Q)},

(2.1) Vo=
(2.2) W = L*(Q),

and let the norm in V' be given by

(2.3) Izllv = Nzl + ldiv )3 -
Let us introduce the bilinear forms

(2.4) a(o, 1) = /Qa_lgi dr, o, T€V,

(2.5) br,¢) = /demdx, TV, peW.

The usual mixed formulation of (1.1) is:
find (o, u) € V. x W such that

(2.6) a(o,7) — b(r,u) = 0, VreV
bla,¢) + viu,¢) = (f,4), VopeW.
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Remark 2.1. It is easy to verify that
(2.7) Ja>0: a(r,1) > alzfy, TeV.

Moreover, the Inf Sup condition [2] holds:

(2.8) B0 VeeW—{0}, Irev_{o}: TP o g

Izllv léllo —

Hence, problem (2.6) has a unique solution (g, u) with
(2.9) o = —aVu.

Note that, due to the regularity of the solution u of (1.1), one has o € 17, with

(2.10) vV = [H Q).
Moreover, the Inf Sup condition (2.8) holds with V instead of V:
~ b
(2.11) AB>0 : YVpe W —{0}, 3r e V — {0} : & > B.
Il Nl#llo

3. The discrete formulation

Let T, be a regular decomposition of €2 into triangles or rectangles K, (see [7]),

and let F}, be the set of edges of T},. We construct our finite element spaces as follows.

First, for all K € T}, introduce the finite dimensional spaces X (K) (space of vectors)

and P(K) (scalar space); for all e € Ej, introduce the finite dimensional space R(e)

(scalar space). The spaces X(K) and P(K) will consist of regular functions on K, while

R(e) will denote functions regular on each edge e. Often, the notation R(OK) will be

used, with the meaning R(9K)=]]_ R(e). For the sake of simplicity we might assume
that there exists an integer N such that, on each K, ¥(K), P(K), and R(9K) consist of
polynomials of degree < N. We will assume the following hypotheses to be verified:

(H1) dim ( div (S(K))) = dim P(K);
(H2) ~0(P(K)) C R(9K);
(H3) V¢e P(K), Vue R(OK) st [VYolox+|p

/z-wdx +/ pronds £ 0,
K 0K
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where 7, denotes the trace on JK.

Remark 3.1. Clearly, (H3) implies each of the following conditions separately:
(3.1) Ve P(K), 640, IreN(K) : / div T ¢ du £ 0,

K
(3.2) Vu € R(OK), p#0, 3Ire X(K) : / ut -n ds # 0.

oK

Actually, due to (H2), take g = —vyp¢ in (H3) and integrate by parts to get (3.1); (3.2)
follows from (H3) with ¢ = 1.

Let
(3.3) v: =[] H(div;K),
KeTy
with the norm
(3.4) I712 = llzlls + D lldiv 7]I§ -
K

Introduce the following discrete spaces:

(3.5) Vi = {z€eV" : g € X(K), VKe Ty },
(3.6) W, = {¢p € L*(Q): ¢ € P(K), VK € Ty, },
(3.7) Ap = {peL*(Ep): pe € R(e), Ve€ Ep; p=0onT},

with norms in V}, and A defined by

(3.8) Izli = lzllf + > hilldiv Tl5x, T € Va,
K
(3.9) 212 = D hellullpe s n€An.
ecEy

Since the polynomials in ¥(K) are of degree < N, the following inverse inequality can

be proved:

(3.10) |divzlox < hg' |z

lox forz € X(K).
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Hence, ||7||5 is equivalent to the L2-norm:
(3.11) Izlln = flzlo z€Va

Finally, introduce the bilinear forms

(3.12) b (T, @) = Z/ div T ¢ dx, TEVh, ¢ €Wy,
K K

(3.13) c(p, 7) :Z/ ut - n ds, 1e Ny, 7€V
= J oK

The discrete formulation of (2.6) is then:

( find (g, up, A\n) € Vi, x Wy X Ay such that :
a(ay, ) — bu(z, un) + c(An, ) = 0, VT eV,
(3.14) X
bh(gths) + v (U’had))v = (fa d))v vqs € Wh
\ c(p,a,) = 0, Vu € Ay .

Let us define the following subspaces:

(3.15) Ker B = {re€V* : by(r,¢) =0, VYopecW},
(316) Ker Bh = {I S Vh : bh(L QS) = 07 VQS € Wh} )
(3.17) Ker C, = {r€V, : clp,r) =0, Yue Ay}

The matrix associated with fK div T ¢ dz is, after elimination of the null rows (or
columns), a square matrix, due to (H1); moreover, it is nonsingular thanks to (3.1).
Then, for 7 € ¥(K),

(3.18) / divrdde =0, VpePK) — divrg = 0;
K

that is,

(3.19) Ker B, C Ker B.

As already mentioned in the introduction, the \;,’s are Lagrange multipliers. More-

over, as proved in [1], they can provide a “good” approximation of v on the interelement
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boundaries. Notice that the solution g, of (3.14), sought a prioriin V}, actually belongs
to Ker C}, thanks to the third equation of (3.14). In the known examples of mixed finite
elements for second order elliptic problems this is enough to guarantee the continuity
of the normal component of g;, on the interelement boundaries; then o, € V. However,
in the abstract framework we are dealing with here, the inclusion Ker C} C V is not
true in general (see example 5 in Section 5). Thus, our theory includes nonconforming

mixed finite elements.

A projection IT; from V to Vj, can be defined locally by:

(3.20) /,U(I —Ipz) -nds = 0, V edge e of K, Vu € R(e),
Ba) [ -)-Teds = 0. Ve PK)

(3.22) /K (1 —Hpz) - qdv = 0, Vge D,

with

(3.23) D ={r € ¥(K): / -V dx +/ purnds =0, Yue R(OK), V¢e P(K)}.
K oK

It is easy to check that ITj is well defined, since (3.20) and (3.21) are independent, due
to (H3). Hence, we have

(3.24) IMazlls < izl

The constant v in (3.24) is dependent a priori on h, on the decomposition, and on the
choice of the finite dimensional spaces. However, in all other examples presented here,
and in all other reasonable examples, v will turn out to be independent of h. Thus, it

is not very restrictive to assume that the constant v in (3.24) is independent of h.

Remark 3.2. First, note that for 7 € 1%

(325) b(lv QS) = bh(L d))v v d) € Wh7
and
(326) C(:U’az) = 0, v,u € Ah~



Hence, (3.20) and (3.26) imply that for r € V

(3.27) II,7 € Ker C},.

Finally, it follows from (3.20), (3.21), and (H2) that

(3.28) /K div(r — Tyr)p do = 0, Vo e P(K),
so that summing over all K € T}, gives

(329) bh(I - thv ¢) = 07 vd) € Wh-

A projection P, from L? to W}, can be defined locally by:
(3.30) /Kdiv 7 (u— Pyu) dz = 0, V1 € 3(K).
In order to see that P is well-defined, thanks to (H1) it is sufficient to check that
(3.31) /Kdz'v 7P, udx = 0, VT € 3(K) = Pou =0,
and this is ensured by (3.1). Summing (3.30) over all K € T}, we obtain then

(3.32) bn(t,u — Pyu) = 0, VeV .

A projection Pf¢ from L?(E},) to Ay, can be defined locally as the usual L?-projection:|]

(3.33) /u(u — Pu) ds = 0, V edges e of K, Yu € R(e).

e

Lemma 1. The discrete Inf Sup condition holds:

(3.34) 3B* > 0 : VYoeWn—{0), FreKerCh—{0} : % > B

Proof. As a consequence of the Inf Sup condition (2.11) that holds for the continuous
problem, for ¢ € W), C W, there exists T € V such that

(3.35) o) o 4

Izl l¢llo —
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Let 7* = II;, 7, and note that II,7 € Ker C},, according to (3.27). Due to (3.29), (3.25),
and (3.24), from (2.11) we obtain

(3.36) () 1 bme) B

I=*ln gllo = vzl lglle = 7
Hence, (3.34) holds with g* = pBy~1L.

Remark 3.3. In many cases it will be possible to prove the discrete Inf Sup condition
with the norm ||.||. defined in (3.4) instead of ||.||5; that is, a stronger version of (3.34).

This is the case when, for instance, (3.24) holds with the norm ||.||..
Theorem 1. Problem (3.14) has a unique solution.

Proof. Let (c*,u*,\*) € V}, x W}, x Ay, be the solution of the homogeneous discrete
problem associated with (3.14). Taking 7 = o¢* in the first equation of (3.14), and

using the second and third equations with ¢ = u* and ¢ = A*, respectively, we obtain
(3.37) a(c*,c*) + v (u*,u*) = 0.

This implies that ¢* = 0, and, if v > 0, u* = 0. Instead, if » = 0, use the first equation
of (3.14) with 7 € Ker C}, to obtain

(3.38) bp(T,u*) = 0, VT € Ker C,.
Thanks to (3.34), this implies u* = 0. Hence, we are left with the equation
(3.39) c(A,7) = 0, VeV,

implying that A* = 0, due to (3.2).

4. Error estimates

In order to give error estimates, let us first note that the solution (o, u) of (2.6)

verifies
a(gv Z) - bh(l7 U’) + C(U7I) - 07 TE th
(41) bh(gv ¢) + v (’LL, ¢) = (fa d))v d) € Wha
C(M,Q) = 0, IS Ap.



By subtracting (3.14) from (4.1) and using (3.32), (3.29), and (3.20), we obtain the

error equations
a(c —oy,7) — bp(T, Phou—up) + clu— Ay, 1) = 0, 1€V,
(4.2) bn(llha —ap, ¢) + v(u—un, ) =0, ¢ €W,
c(p, Mpo —o,) = 0, pE Ap,.

Notice that the third equation of (4.2) implies that
(4.3) IIyo — g € Ker ¢,

For any discrete space Z C V}, let us now define

(4.4) Nu(Z,v) = sup v, 7) Ny (Z,v) = sup c(v,7)

rez |17l rez [zl

where v is a function defined on Fj. Notice that if Ker C), C V, then Nj,(KerCp,v)
and N;(KerCh,v) are zero. In a way, Np(Z,v) ( N;(Z,v) ) can be considered as a
measure of “non-conformity”.

We can prove the following result.

Theorem 2. If (o, u) is the solution of (2.6) and (g}, un, An) that of (3.14), the following

estimate holds:

a v
) Slle—aull§ + 5 llu—wllf < € (ll - Maglff
D
v
+ B ||u—Phu||% + Np(Ker Ch,u)z).

Proof. We have
alg - aulls < ale — ap,c — o)
(4.6)
= alc — op,0 — Iho) + ale — o5, o — gy).
From the first equation of (4.2) with 7 = II,0 — g;, and the third equation of (4.2) with
it = Ap, we deduce that
(4.7p(0 — oy, o — ap,) = bn(Ilha — o, Pou — up) — c(u— Ay, o — ay,)

= bp(llpa — gy, Phu — up) — c(u, o — ap).
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From the second equation of (4.2) we have

(4.8) bp(Ilpoe — o4, Phu — up) = —v(u— up, Phu — up)

—v ||u—upllp —v (u—up, Phou—u)

IN

—v lu—unll§ +v lu—unllo [|Pau — ulo

IN

v v
L =l + 2 P~ .
From (4.6), (4.7), and (4.8) we see that

14
allo — oI5+ 2 lu—up|2 < Clla — apllo le — Huello
(4.9) V 2
+5 ||U—Phu||o - C(U o — Qh)-

By (4.3), the last term in (4.9) can be bounded using (4.4) with Z = KerC},. Recalling
then (3.11), we can write
c(u, o —a,) < Np(Ker Cp,u) ||[ho — ayln

(4.10)
< Np(Ker Cp,u) [|[Upe —allo + Np(Ker Ch,u) |l — opllo-

Finally, (4.5) easily follows from (4.9) and (4.10).

Remark 4.1. As we shall see in the next section, in some applications the term
(4.11) bn(Mlpo — o4, Phu — up) = —v(u— up, Phu—up)

is nonpositive. (This, for instance, will always be the case if P, is a true L?-projection).

Therefore, a final estimate can be derived directly from (4.6), (4.7) and (4.11):
(4.12) ole—aulls < Clle = aullo lle = Maallo — c(u,Tha — ay),

and no dependence on the error for u appears.

Notice that, for v # 0, (4.5) gives at the same time estimates for the vector and
scalar variables. On the contrary, if ¥ = 0, only the error for the vector variable is
provided. In such a case, an estimate on u can be derived directly via the Inf Sup

condition as in Theorem 3 below. We recall that in some cases [3] the interpolation
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estimate for o is more accurate than that for u, so that a separation of the errors is

actually desirable.

Theorem 3. If (g, u) that of (2.6) and (g}, un, Ap) that of (3.14), the following estimate
holds:

1

(4.13) lu—wunllo < ||Phu—ulo + L

(le = apllo + Nu(Ker Cp,u)).

Proof. The error estimate for u follows from the Inf Sup condition (3.34) and the first
equation of (4.2):

bp (7, Phbu — u alc — o, T c(u— Ap, T
B || Phu — upllo < sup n(z, P n) = sup —(_ 2;,7) + sup 7( h 1)
reKerCy, [Eall T [Eali T [Ealll
(4.14) < Cle—=apllo + Nn(Ker Ch,u).
Hence, (4.13) follows.
| |

Remark 4.2. If the Inf Sup condition holds with the norm (3.4), then Ny (Ker Cp,u)
can be substituted for Ny (Ker Cp,u) in (4.13) -(4.14), and

1 *

= le=anllo + Ny(Ker Cn,u)).
(4.16)  B* ||Phu—upllo < C |la—apllo + Nj(Ker Ch,u).

(4.15) lu —unllo < [[Prhu—ullo +

Let us give now an error estimate for the Lagrange multipliers.
Theorem 4. If (o, u) is the solution of (2.6) and (g}, un, A\n) that of (3.14), the following

estimate holds:

An = Prul_1/2n < C (hlle—apllo + [[Pavw— unllo

(4.17) + h Np(Vh,u — Ppu)),

where the norm |.|_1 /9 pis defined in (3.9).
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Proof. Let us consider an edge e € E}, and let K=K(e) be an element of T}, having e as

an edge. From (3.20)-(3.22) it follows that there exists a unique 7* € 3(K) such that

( [z wwds = [On- Py wds. we Ree)
/ ™ npds = 0, p € R(OK),
(4.18) g oK
/z*-ZQS dz = 0, ¢ € P(K),
K
/1*~qd$:0, geD
\ JK - B

Then, define 7¢ € V}, to be such that
(4.19) eV, ¢ = 71 on K; ¢ =0 on Q\K.
Using a scaling argument, we have

(4.20) 170 + hxclldiv 7o < C hl?[|I7° - nlfo.e.

The first equation of (4.18) implies that P{7°-n = Ap, — Pfu. Moreover, due to (4.18),

|PET¢ - n|o,e is @ norm of 7° Hence, we have
(4.21) 1% - nllo,e < C[[An = Prullo,e.

From (4.21) we deduce in (4.20) that

1/2

(4.22) 170k + hxlldiv llox < C hy”||[An — Prulfo.e-

With the choice (4.19) of ¢, the first equation of (3.14) becomes

(4.23) / a_lgh ¢ dx — / div 7° up, dx + /)\h 7°-nds = 0.
K K e
Moreover, since ¢ = —aVu, then
(4.24) /a_lg-zedx—/divzeudx+/uf-ﬂds:0.
K K e
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By subtracting (4.24) from (4.23) and using the definition (3.30) of the projection Py,

we obtain

(4.25) /(/\h —u)r®-nds = / aYe—a,) ¢ de — / div ¢ (Ppu — up,) dz.
K K

e

Then, (4.25) and the definition (4.19) of 7¢ imply that

A= Pullg . = [ —Piu)z® nds = [ (A —u)z® - nds
h *110,e h

+ /(u— Piu)T®-n ds
= / a (o —ap) 1¢de — / div 7¢(Ppu — up) dx
K K
(4.26) + /(u — PPu)t® - n ds
< Clle=anllox Iz°0,k + [[Pru —unllox [[div =°o,x

+ /(u — PPu)T® - n ds.
e
Using now (4.22) and the inequality ab < £a® + 5-b%, we have from (4.26)

1M = Prulls. < C (e~ anllx hx + [1Phu— unll§ x by’

(4.27) + /(u — Piu)r®-n ds ).

Now set 7 = ZeEEh 7%h.. Since the decomposition is regular, h, ~ hx(e), so that from

(4.22) we easily have
(4.28) 1Zln < ChlAn — Prul_y s p-
Multiplying each term of (4.27) by h. and summing over all e in Ej, we have
A — Prul® < C(W?le — oyl + llun — Ppullg)
h RUl_1/2.n = g — Txllo h RU|lo

(4.29) + Z /(u — PPu)T - nds.

Note that in (4.29) we also used the (obvious) fact that each element K of T}, relates to
at most four edges e € Ej,. From (4.28), (4.29), and (4.4) we have then (4.17).
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Remark 4.3. If the assumption (H1) is dropped, (3.19) no longer holds and P, cannot
be defined as in (3.30). This does not affect the uniqueness result but, in general, a
loss of accuracy in the error estimates should be expected (and for lower order elements
this could mean no convergence at all). However, in some particular cases, even if
Ker By, ¢ Ker B, the elements of Ker By, still exhibit some special property (like being
orthogonal to some space bigger than W},) which could possibly help in the estimates.
We refer to [13] for an example of mixed finite elements for fourth order elliptic problems

and to [11] for an example in this context.
5. Examples

We shall give examples of finite elements that fulfill the abstract framework of
sections 3 and 4. The first four are known families of mixed finite elements, while the

last two are new.

FEzample 1. The Raviart Thomas elements [12] over a triangular decomposition of Q.

For any integer K > 0, let

(5.1) N(K) = Pu(K) + zP(K),
(5.2) P(K) = P(K),

(5.3) R(OK) = []Pule),

where, as usual, P, (K) (Px(e)) denotes the set of polynomials of degree < k in K (in e).
Ezample 2. The Raviart Thomas elements [12] over a rectangular decomposition of .
For any integer £ > 0, let

(5.4) N(K) = (Qr(K) + 51Qk(K)) x (Qr(K) + 22Qi(K)),

(5-5) PK) = Qr(K),

(56) REK) = [Qu),

where Q(K) denotes the polynomials of degree < k in each variable z; and z9, and
Qk(e) = Pk(e)
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Ezample 3. The BDM elements [3] over a triangular decomposition of .

For any integer k > 1, let

(5.7) E(K) = Pi(K),
(5.8) PK) = Pe1(K),
(5.9) R(OK) = ] Pele).

Ezample 4. The BDM elements [3] over a rectangular decomposition of .

For any integer k > 1, let

(5.10) S(K) = Pu(K) @ {rot(er,257")} @ {rot(z2, 27%)},
(5.11) P(K) = P_1(K),
(5.12) R(OK) = []Pele).
It is easily seen that hypotheses (H1) and (H2) are verified in all four examples,
and
(5.13) div(S(K)) = P(K).

Moreover, it is known [3], [12] that the vectors 7 in X(K) are determined by a choice of

degrees of freedom which contains

/Kz-w dz, ¢ € P(K);
(5.14)

/ pt-n ds, p € R(OK).
oK

Hence, hypothesis (H3) is fulfilled, too. Then, the abstract theory applies. These ex-
amples however exhibit some further features which allow us to simplify (and somewhat
improve) the abstract results. In particular, (5.13) implies that the projection P, from

W to W}, can be taken as the usual L?-projection:

(5.15) / (u— Ppu)p de = 0, Vo € P(K).

16



Thus, using (3.28) and (5.15), we have, for 7 € V,
(5.16

)
/divﬂhqudx:Z/divzqﬁdx:Z/Phdivzqﬁdx, Vo € W
K K ‘K K JK

K
The results can be summarized in the following commuting diagram [9]:
v 5w
(5.17) lnh lPh

K@T‘Ch ﬂ) Wh — 0

Property (5.16) allows the use of the norm (3.4) in V},, since

: 2 \1/2 . .
(5.18) (D _ldiv Mz = Dllg) * = |Padiv 2~ divzllyo < |zlly-
K
Hence, (3.24) holds with ||.||,:
(5.19) Mz, < v llzlly

so that the Inf Sup condition (3.34) also holds with ||.||,. Due to (5.15), we can substitute
Ppu for w in (4.11), giving

(5.20) bn(Ipe — o, P —up) = —v||Pyu—uylly < 0.

Therefore, the abstract estimate for ¢ — g, reduces to (4.12). Another simplifying

property is that, for all the examples, the choice of the spaces implies that
(5.21) 7-n € R(0K) for r € ¥(K).

In particular, [ - n]|, € R(e), where [ - n]|, denotes the jump in 7 -n across e. Then,

according to (3.17), 7 € Ker Cj, implies that [7-n]|, =0, Ve € Ep; ie.,
(5.22) 7 € Ker (), = 7 -n continuous across the interelement boundaries.
Accordingly, for T € Ker Cj, we have c(¢,7) =0, V¢ € H(Q2). Thus,

(5.23) Ny (Ker Cp,u) = Ny (Ker Cp,u) = 0.
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Using (5.23), estimates (4.12) and (4.13) give

(5.24) lo—aplle < Clle — pallo,

(5.25) lw = unllo < ||Pau —ullo + Cllg = nallo.

Estimate (4.17) also simplifies. Actually, due to (5.21) and to definition (3.33), we have
(5.26) Np(Vi,u— Pgu) = 0.

Hence, (4.17) reads

(5.27) An = Ppul_12n < C (hlle —ayllo + [[Pru—unlo ).

Note that, in the present cases, the last integral in (4.26) vanishes identically, so that
from (4.26) and (4.22) we also obtain

—1/2

(5.28) 1An = Peulloe < Chd*le —apllox + bl Pau— unllox)-

Remark 5.1 . We point out that superconvergence results hold for ||P,u — upl|o,
as proved in [8],[3] via duality arguments, for all the above families. Accordingly, a

superconvergence result also follows for |Ap, — Prul_1/9 .

In these four examples the final estimates are derived from the abstract results using
the commuting diagram property (5.17) and the regularity of KerC}, (KerCp C V due
to (5.22)). As already pointed out, assumptions (H1) — (H3) themselves do not imply
(5.17) and (5.22). The two key properties which added to (H1) — (H3) give (5.17) and
(5.22) are (5.13) and (5.21). In the next two examples we shall see one case where (5.13)
is verified but (5.21) is not fulfilled and one case where the opposite holds. Example 5
provides a non-conforming element with a “good” divergence, while Example 6 shows a
conforming element with “bad” divergence, in the sense that the “local” divergence is
not in P(K), but div(X(K)) D P(K).

Ezxzample 5.
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We introduce now a new mixed finite element over a triangular decomposition of 2.

For each triangle K € T}, we choose the finite-dimensional polynomial sets as follows:

(5.29) Y(K) = span {r', 72,13},

(5.30) P(K) = Py(K),

(5.31) R(OK) = []Pole),

where

(5.32) = (1,0), 7 = (0,1), ° = (Y1, 90).

The first choice for 1; and 15 is

(533) ¢1 , @bz € Pl(K),

and, for a chosen edge e of K,

( /f’-ﬂds = 1,
(5.34) </13-st = 0, é+#e,
7,&1 dr = @bz de = 0.
v JK K

Conditions (5.33)-(5.34) determine a one-dimensional manifold; 72 can be chosen arbi-

3

trarily as an element of this manifold. For instance, to fix ideas, 7° can be chosen as

the element of minimum norm, but many other choices are possible. Note that (5.34)

implies that
(5.35) /dz’v dr =1 , div 13|K = 1/meas(K).
K

Proposition 1. If X(K), P(K), and R(0K) are defined by (5.29)-(5.34), then hypothe-
ses (H1)-(H3) are satisfied.

Proof. Tt can be easily seen that, with the choice (5.33), div(3(K)) = P(K), so that
(H1) is verified; (H2) holds trivially. Hypothesis (H3) reads in this case

(5.36) Vu € R(OK), p#0 , dr € (K) / pr-nds # 0.
)
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To prove (5.36), choose in R(0K) the usual basis given by p; = 1 on the edge e; and

p; = 0 on the other two edges (i = 1,2,3). It is now immediate to check that the matrix

(5.37) / it - n ds
dK

is non-singular. Hence, (H3) is fulfilled.

Thanks to (H1)-(H3), the abstract theory applies. In particular, we can define the
projections I, : V. — Vi, Pu: W — Wy, Pg: L?(Ey) — Ay.
In this case, (3.20)-(3.22) reduce to

(5.38) /(z — Ilpr)-nds = 0, Ve edgeof K.

Moreover, since (5.13) holds, then P, : W — W)}, defined in (3.30) is the orthogonal
L?-projection. Then, using the same arguments as in (5.16), (5.17)-(5.19) hold. In
particular, the Inf Sup condition (3.34) holds with the norm (3.4). Moreover, we have

the following interpolation estimates:

(5.39) ¢ — Pugllo < Chl|l1,

(5.40) |7 —Ipzllo < Chzs,

(5.41) > ldiv(z —Tan) 5« < CB?||divz]]} .
K

Before giving the error estimates, let us prove the following lemma.

Lemma 1. If X(K), P(K), and R(0K) are defined by (5.29)-(5.34), then
(5.42) Ny (Ker Cp,u) < Chluly.

Proof. By definition (3.17) we have, for 7 € Ker Cj,

(5.43) c(u,7) = c(u— Pu,T).

Notice that, due to the choice of ¥(K), div £ = 0 implies that 7 = constant. In

particular, 7 - n is constant, and therefore 7-n € R(0K). For 7 € Ker Cp,, 7 =1' + 1",
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with 7/ € span{r!, 7%} and 7’ € span{r®} in K, VK € T}. By definition (3.33) and
(5.43), we have

(5.44) c(u, ) = c(u— Piu,1").

Since div 7" =0in K <= 7" =0 in K, then ||div 7”||p x is a norm. A simple scaling
argument gives

c(u— Pu, ") < O llu— Piullo,ox|ldiv " lo xhy®
(5.45)

IN

K
C Y hklulix Izl
K

Hence, from definition (4.4) and estimate (5.45) the result (5.42) follows.

Theorem 5. If (o,u) is the solution of (2.6) and (o}, up, Ap) that of (3.14) correspond-
ing to the discretization (5.29)-(5.34), the following hold:

(5.46) lo—anllo < Chul2,
(547) ||’U,—’U,h||0 < Ch ||’U,||2

Proof. Notice that, P, being the L2-projection on W}, we have
(5.48) (w — up, Pou—up) = [|Pyu— up|2.

We are in the situation of Remark 4.1 since the term (4.11) is nonpositive. Estimate

(4.12) gives

(5.49) ol —o,ll§ < Clle —apllo lle — Maallo + Nji(Ker Ch,u)lloy, — Myl

Note that, by the second equation of (4.2) and (5.48), we deduce that
(5.50) div (o), — o) = v(Pru— up).

Using (5.50) in (5.49), we obtain

(5.51) olle = aulls < Clle = apllo le — aello
+ Nj(Ker Cp,u)(|la), — Mnallo + v||Pau — unllo)-
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On the other hand, (4.16) and (5.42) give

(5.52) [Pru—unllo < Cllla —apllo + hlul).

Finally, using (5.52) and (5.42) in (5.51) and (4.15) and recalling the interpolation
estimates (5.39) and (5.40), we obtain the result.

To estimate the Lagrange multipliers we have the following

Theorem 6. If (o,u) is the solution of (2.6) and (o}, un, A\n) that of (3.14) correspond-
ing to the discretization (5.29)-(5.34), the following holds:

(5.53) \An — Prul_1/2n < Chllul2,
where the norm |.|_1 /2 p, is defined in (3.9).

Proof. Consider the abstract estimate (4.17). Unlike the previous examples, the
last term in (4.17) does not vanish. Recalling (4.4), we can use a scaling argument for

each e € Ej, and we obtain

|07e < C |U

Lxllzllox  for T € V.

65:54) [(u=Pruz-uds < € 1/ ulz o
Hence, from (4.4) and (5.54) we have

(5.55) Np(Vh,u — Ppu) < Clul;.

Inserting (5.55) in (4.17) yields

(5.56) A = Pruloyjan < C (hlla =apllo + [[Pau = unllo + h).

Finally, by using (5.46) and (5.52) in (5.56), the result (5.53) follows.

Ezxample 6.

Another new mixed finite element over a triangular decomposition of 2 can be
introduced starting from the choice (5.29)-(5.32) of the spaces ¥(K), P(K), and R(9K).
Instead of (5.33), we take now

(557) 1/)1 R 1/)2 € PQ(K),
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determined as follows. Having chosen an edge e of K, we define 73 = (¢1,13) through

the following degrees of freedom:

rz3 ‘n, _
”|aK\e = 0,
(5:58) /wl dr = /wz dr = 0,
/ 7°-rot (A Ay A3) dz = 0, \; the it barycentric coordinate.
\ JK

Proposition 2 . If ¥(K), P(K), and R(0K) are defined by (5.29)-(5.32), (5.57), and
(5.58), then hypotheses (H1)-(H3) are satisfied.

Proof. Notice that dim(div(23(K)) = 1, so that (H1) is satisfied; (H2) holds trivially.
In order to check (H3), the same argument as in Proposition 1 applies.

Thanks to Proposition 2, the abstract theory applies. In particular, we can define
the projections I, P, and Pf. As before, definition (3.20)-(3.22) of II;, reduces to
(5.38), and the interpolation estimate (5.40) still holds true. However, in this case
property (5.13) is not satisfied and the projection P, from W to Wj, defined in (3.30)
is no longer the L2-projection. The interpolation error (5.39) still holds true, but now
(5.18) is violated. Consequently, estimate (5.41) cannot be derived. However, thanks
0 (3.11), (3.24) holds. Consequently, the Inf Sup condition (3.34) holds with the norm
(3.3).

The choice (5.58) implies 7-n € R(0K). Hence, following the same line of argument,
as in (5.21)-(5.23) and (5.26), we obtain

(5.59) Np(Ker Cp,u) = 0,
(5.60) Np(Vi,u — Pgu) = 0.
We can collect now the error estimates in the following theorem.

Theorem 7 . If (g, u) is the solution of (2.6) and (ay,, up, A\n) that of (3.14) correspond-
ing to the discretization (5.29)-(5.32), (5.57)-(5.58), the following hold:

(5.61) le—apllo < Ch|ullz ,
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(5.62) lu—unllo < Ch fluf2,
(5.63) A — Pful 1o < Ch |lullz .

Proof. Taking into account the interpolation error (5.39)-(5.40) and the result (5.59),
the abstract estimate (4.5) gives (5.61) and, if v # 0, also (5.62). If v = 0, in the same
manner, (5.62) follows from (4.13). Finally, (5.63) follows from (4.17) applying (5.61),
(4.14) and (5.59)-(5.60).

|
Remark 5.2 . We conclude this section by emphasizing an interesting property of
our new finite elements. Due to the discontinuity of the elements of V} and W}, the
unknowns ¢, and up, in (3.14) can be eliminated, element by element, by static conden-
sation. The system (3.14) reduces then to one in the unknown Aj; only, whose matrix is
symmetric and positive-definite. Moreover, with the elements introduced in Examples
5 and 6, this matrix is also an M-matrix (if the triangulation is of weakly acute type)
for all v > 0. This property can be of great interest in some applications, such as in
semiconductor device simulation or, in general, in problems where a discrete maximum
principle is desirable. We remark that, for v £ 0, none of the elements of the four fam-
ilies described in Examples 1-4 produces an M-matrix. For v = 0 only the lowest-order

element of Example 1 gives an M-matrix, as proved in [4], [5].
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