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In this paper we construct conforming Virtual Element approximations on domains with
curved boundary and/or internal curved interfaces, both in two and three dimensions.

Our approach allows to impose both Dirichlet and Neumann non-homogeneous bound-

ary conditions, and provides, for degree of accuracy k ≥ 1, optimal convergence rates.
Whenever the exact solution is a polynomial of degree k, local spaces of degree k ensure

satisfaction of the patch test. The proposed method is theoretically analyzed in the two-

dimensional case, whereas it is numerically validated both in two and three dimensions.
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1. Introduction

The Virtual Element Method (VEM) can be viewed as an extension of the classical

Finite Element Method (FEM) to general polytopal tessellations. Since their intro-

duction in,6 Virtual Elements have shown an increasing interest for their ductility

and the possibility to create conforming approximations on very general polygo-

nal/polyhedral decompositions. The method has been applied to many different

applications. It would be difficult, if not impossible, to give credit to all the papers

appeared during the years. We refer to13 for an (almost) exhaustive bibliography.

Not much however has been done for dealing with curved edges/surfaces. Noncon-

forming approximations, as in nonconforming VEM and HHO methods (see5,16),

are relatively easy, since the traces of functions do not need to be continuous at
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the curved interfaces. Conforming VEM on curved edges, given in parametric form,

were first introduced in,10 using, on the curved edges, functions that are polyno-

mials in the parameter. The approach is simple and effective, but the VEM local

spaces do not contain polynomials of a given degree, so that the patch test is not

satisfied. Another approach was presented in,7 with the advantage that the local

spaces contain all polynomials of a given degree, and the result does not depend

on the choice of parametrization. The disadvantage is the need of introducing addi-

tional degrees of freedom and the difficulty of programming the method. A similar

approach was presented independently in.2 VEM have also been combined with

boundary correction techniques, such as the ones underlying the shifted boundary

method,4 to deal with curved boundaries.14,15 The extension of the previous tech-

nologies to curved internal interfaces and Neumann boundary conditions is still an

area of active research.

We propose a conforming approach for two and three dimensional problems,

which allows to handle internal curved interfaces and mixed Dirichlet/Neumann

non-homogeneous boundary conditions, and ensures optimal convergence rates.

Moreover, whenever the exact solution is a polynomial of degree k, the solution of

the discretized problem of order k will coincide with the exact solution, thus ensur-

ing the patch test. We use the Poisson problem as an example in order to explain the

construction of the numerical method. Surely, it would be particularly interesting

to extend it to more complex problems, such as: linear elasticity problems; incom-

pressible and nearly incompressible materials, contact problems, electromagnetic

problems, mesh adaptation for dealing with singularities, and so forth.

The paper is organized as follows. In Sec. 2 we present the model problem. In

Sec. 3, the main part of the paper, we introduce the two-dimensional local spaces

to be used in a (possibly curved) polygonal mesh element. In Sec. 4 we write the

discretized problem and provide an error estimate in the H1 norm. The extension

to the three-dimensional case is presented in Sec. 5. Finally, in Sec. 6 we present

some numerical tests, both in two and three dimensions.

2. The Continuous Problem

2.1. Notation

If O is a domain in Rd, d = 1, 2, 3, and k is an integer, Pk(O) will denote the space

of the restrictions to O of the polynomials of degree ≤ k in Rd. By convention,

P−1 = {0}. We denote by Phom
s (O) the space

Phom
s (O):={homogeneous polynomials of degree s in the variable (xi − xi,O)/hO},

(2.1)

where xi,O are the coordinates of the centroid of O and hO is the diameter of O.
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2.2. The continuous problem

Let Ω be a bounded open subset of Rd, d = 2, 3, with Lipschitz continuous boundary

Γ. We assume Γ = ΓD ∪ ΓN , with |ΓD| > 0, Γ̊D ∩ Γ̊N = ∅.
We consider the following model problem

find u ∈ H1(Ω) such that:

−∇ · (κ∇u) = f in Ω,

u = gD on ΓD, (κ∇u) · n = gN on ΓN ,

(2.2)

where κ is a positive piecewise constant function in Ω, f, gD, gN are given functions

with, say, f ∈ L2(Ω), gD = H1/2(ΓD) and gN = L2(ΓN ).

By defining, for ϕ ∈ H1/2(ΓD),

H1
ϕ,ΓD

(Ω) =
{
v ∈ H1(Ω)

∣∣ v = ϕ on ΓD

}
,

the variational formulation of (2.2) reads{
find u ∈ H1

gD,ΓD
(Ω) such that

a(u, v) = (f, v) + ⟨gN , v⟩ ∀ v ∈ H1
0,ΓD

(Ω),
(2.3)

with

a(u, v) =

∫
Ω

κ∇u · ∇v dx, (f, v) =

∫
Ω

f v dx, ⟨gN , v⟩ =
∫
ΓN

gN v dΓ. (2.4)

3. Local Virtual Element Spaces in Two Dimensions

Let E be a bounded polygon with diameter hE . In order to simplify the exposition,

we assume that E has at most one edge that will be treated as “curved” (from a

geometrical point of view, it could be either curved or straight or almost straight).

All the other edges are assumed to be straight. The presence of more curved edges

can be handled but the success of the procedure illustrated below depends on the

degree k and on the geometry of the element in a complicated way. Such a more

general case will be the topic of future studies.

In order to define local virtual element spaces for the discretization of (2.3), we

have to distinguish between different types of polygons:

• Polygons with straight edges.

• Polygons with a curved edge shared with another polygon. In this case, we

will follow a master and slave approach (only one element sets the degrees

of freedom to be used on the curved edge).

• Polygons with a curved edge that belongs entirely to ΓD.

• Polygons with a curved edge that belongs entirely to ΓN .

We assume that each polygon E verifies the following conditions (see7):

(A1) the boundary of E is piecewise C1,
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(A2) E is star-shaped with respect to every point of a disk D of radius ρEhE ,

with ρE ≥ ρ0 > 0,

(A3) every edge e of E has length |e| ≥ ρEhE .

The above regularity assumptions can be relaxed.9,10,17,18

We will use the notation A ≲ B to represent the inequality A ≤ (constant)B,

where the positive constant depends only on k (possibly on ρ0) and that may change

at each occurrence. The notation A ≈ B is equivalent to A ≲ B and A ≳ B.

3.1. Subspaces on polygons with straight edges

Let us recall the local spaces as introduced in1 (see also13). Given an integer k ≥ 1,

we let

Ṽ k(E) := {v ∈ H1(E) ∩ C0(E) : v|e ∈ Pk(e)∀ edge e ⊂ ∂E, ∆v ∈ Pk(E)}. (3.1)

The following linear operators are well defined in Ṽ k(E):

• the values of v at each vertex of E,

• (for k ≥ 2) the values of v at the k − 1 Gauss-Lobatto points

of each edge e ⊂ ∂E,

• (for k ≥ 2) the moments
1

|E|

∫
E

vpα dx ∀pα ∈ Pk−2(E).

(3.2)

Here, denoting by α = (α1, α2) ∈ N2 a multi-index, we use

pα(x, y) =

(
x− xE

hE

)α1
(
y − yE
hE

)α2

α1 + α2≤ k − 2, (3.3)

where (xE , yE) is the centroid of E, and hE is the diameter of E. Note that

∥pα∥L∞(E) ≤ 1.

The operators (3.2) allow to compute useful projections onto polynomials. In par-

ticular, the operator Π∇
k,E : H1(E) −→ Pk(E) defined by∫

E

∇(Π∇
k,Ev − v) · ∇q dx = 0

∫
∂E

(Π∇
k,Ev − v) ds = 0 ∀q ∈ Pk(E) (3.4)

is computable, and it allows to define the final local spaces as:

V k(E) = {v ∈ Ṽ k(E)|
∫
E

v qs dx =

∫
E

Π∇
k,Ev qs dx ∀qs ∈ Phom

s (E), s = k − 1, k}.

(3.5)

Other useful projections that can be computed in V k(E) are:

L2 projection. Π0
k,E : L2(E) −→ Pk(E), defined by∫

E

Π0
k,Ev q dx =

∫
E

v q dx ∀ q ∈ Pk(E). (3.6)
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L2 projection of the gradient. Π0
k−1,E : H1(E) −→ [Pk−1(E)]2, defined by∫

E

(Π0
k−1,E∇v) · q dx =

∫
E

∇v · q dx ∀q ∈ [Pk−1(E)]2. (3.7)

Clearly, for any q ∈ Pk(E), we have:

Π∇
k,E q = q, Π0

k−1,E∇q = ∇q, Π0
k,E q = q. (3.8)

3.2. Subspaces on curved polygons declared as master

Let k ≥ 1 be a given integer. Given two polygons sharing a curved edge γ, we

arbitrarily choose one of them to set the degrees of freedom on γ and we name it

master polygon. Let E be a given master polygon. In order to define a space of

functions like (3.5), we need to define them on γ. We set

Ṽ k(E) := { v ∈ H1(E) ∩ C0(E) : v|e ∈ Pk(e) ∀ straight edge e ⊂ ∂E,

∆v ∈ Pk(E), v|γ = p∗k|γ}, (3.9)

for some polynomial p∗k ∈ Pk(E) to be computed. Let us start by considering the

data we have (candidates to become degrees of freedom):

• the values at the vertices of E,

• (for k ≥ 2) the values at the k − 1 Gauss-Lobatto points

of each straight edge e ⊂ ∂E,

• (for k ≥ 2) the moments of order k − 2.

(3.10)

In order to illustrate the procedure, let us first consider the simple case of a triangle-

like element, e.g., an element with two straight edges, and one curved. We have the

following Lemma.

Lemma 3.1. If E is a triangle-like element, i.e., with two straight edges (not be-

longing to the same line), and one curved, conditions (3.10) identify a unique poly-

nomial pk in Pk(E).

Proof. The number of conditions equals the dimension of Pk(E). Indeed,

3 + 2(k − 1) + k(k − 1)/2 = (k + 1)(k + 2)/2 ≡ dimPk(E).

Hence, we have to prove that, if pk has vanishing conditions, then it is identically

zero. The first two conditions imply that pk vanishes on the two straight edges.

Therefore, if λ1, λ2 are the equations of the two edges,

pk = λ1λ2qk−2 for some qk−2 ∈ Pk−2.

From the third set of conditions we have∫
E

λ1λ2(qk−2)
2 dx = 0,
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and since the product λ1λ2 does not change sign in E we deduce pk ≡ 0.

Let then N be the number of conditions (3.10), ordered as convenient. Let

a1, · · ·, aN be any set of corresponding values. With this set of numbers we can

associate a unique polynomial p∗k ∈ Pk(E) computed through the conditions

dofi(p
∗
k) = ai, i = 1, · · · , N. (3.11)

Then we define uniquely a function v ∈ Ṽ k(E) as

dofi(v) = ai, i = 1, · · · , N, v|γ = p∗k|γ .

Note that, in this particular case, v ≡ p∗k on the whole element E. By construction,

global continuity is guaranteed.

For a general polygon with a number of straight edges bigger than 2, the number

of conditions (3.10) is bigger than the dimension of Pk(E). In this case we can use

a least-square approach, as done in,19 keeping the values at the two endpoints of

γ fixed to guarantee global continuity. Specifically, let again N be the number of

conditions (3.10), ordered in such a way that the values at the two endpoints of γ

are the last two. Given any set of N corresponding numbers a1, · · · , aN , we look for

p∗k ∈ Pk(E) such that:
p∗k = argmin

pk∈Pk(E)

N−2∑
i=1

(dofi(pk)− ai)
2

and p∗k(xN−1, yN−1) = aN−1, p∗k(xN , yN ) = aN .

(3.12)

Once the polynomial has been computed, we define v ∈ Ṽ k(E) as

dofi(v) = ai, i = 1, · · · , N, v|γ = p∗k|γ . (3.13)

Once the function v is individuated through conditions (3.13), we can compute

Π∇
k,Ev. Mimicking what we did in Section 3.1 we then introduce the space

V k(E) = {v ∈ Ṽ k(E) :

∫
E

v qs dx =

∫
E

Π∇
k,Ev qs dx ∀qs ∈ Phom

s (E), s = k − 1, k}.

(3.14)

We point out that, for every k ≥ 1,

Pk(E) ⊆ V k(E). (3.15)

Remark 3.1. Another strategy could be used, more in the spirit of Mimetic Finite

Differences: instead of defining the trace of v on γ, we define its moments. More

precisely, with any set of N numbers a1, · · · , aN we associate a polynomial p∗k ∈
Pk(E) such that:

p∗k = argmin
pk∈Pk(E)

N∑
i=1

(dofi(pk)− ai)
2. (3.16)
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Then, instead of assigning the trace of p∗k on γ, we copy its moments, and define v

through the conditions

dofi(v) = ai, i = 1, · · · , N,

∫
γ

vqk dγ =

∫
γ

p∗kqk dγ ∀qk ∈ Pk(E). (3.17)

As we shall see, this approach will be considered in the 3D case. Here we will stick

on the previous approach, easy to deal with for the theoretical analysis.

3.3. Subspaces on curved polygons declared as slave

Let E′ be a slave element, which is separated by the corresponding master element

E by the curved edge γ. The space V k(E′) is defined as in (3.9)-(3.14), but care

is needed when defining the corresponding basis functions, since the behavior on

γ is determined by the master polygon E. We proceed in a way similar to;7 in7 a

ficticious set of generating points and a corresponding set of basis functions was

introduced to define traces on the curved edge. Here the set of generating points

is naturally provided by the dofs (3.10) on the master element, and the generators

are the corresponding basis functions. Precisely, let NE be the dimension of V k(E),

and let {φi}, i = 1, · · · , NE be the corresponding canonical basis functions defined

as dofi(φj) = δij , and with trace on γ computed as in (3.12)-(3.13). Let NE′ be the

number of dofs (3.10) of E′, and let {φ̃i}, i = 1, · · · , NE′ − 2 be a subset of basis

functions in V k(E′) associated with the dofs not positioned on γ, defined as

dofi(φ̃j) = δij and φ̃i = 0 on γ i, j = 1, · · · , NE′ − 2. (3.18)

The basis functions for the space V k(E′) will be:

• the NE − 2 basis functions φi in V k(E), extended to E′ as

φi = 0 on the straight edges of E′, and

∫
E′

φiq = 0 ∀q ∈ Pk−2(E
′);

(3.19)

• the two basis functions associated with the endpoints of γ, extended to E′

as:

φi = 0 on the vertices of E′ ̸∈ γ,

φi = 0 on the k − 1 Gauss-Lobatto points of the straight edges of E′,∫
E′

φiq = 0 ∀q ∈ Pk−2(E
′);

• the NE′ − 2 functions φ̃i defined in (3.18), extended to zero in E.

Also in this case, for every k ≥ 1,

Pk(E
′) ⊆ V k(E′).
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3.4. Subspaces on polygons with a curved edge in ΓD

On elements E with one curved edge γ ⊂ ΓD the situation is simple. Since the trace

is assigned, our local spaces will be:

Ṽ k
gD (E) := { v ∈ H1(E) ∩ C0(E) : v|e ∈ Pk(e) ∀ straight edge e ⊂ ∂E,

v|γ = gD, ∆v ∈ Pk(E) }, (3.20)

and then

V k
gD (E) = {v ∈ Ṽ k

gD (E)|
∫
E

vqs dx =

∫
E

Π∇
k,Evqs dx ∀qs ∈ Phom

s (E), s = k − 1, k}.

(3.21)

An element of V k
gD (E) is fully determined by the knowledge of gD and the set of

degrees of freedom (3.10). For a general gD, Pk(E) ̸⊂ V k
gD (E), but whenever gD is

the trace of a polynomial pk ∈ Pk, then the condition Pk(E) ⊂ V k
gD (E) will hold.

3.5. Subspaces on polygons with a curved edge in ΓN

On elements E with one curved edge γ ⊂ ΓN , we can define local spaces analogous

to (3.14). In this case we need to compute integrals∫
γ

gNv dγ. (3.22)

This can be done since, thanks to (3.12)-(3.13), the trace of v is a known polynomial

on γ.

Lemma 3.2. For all types of elements defined in Sections 3.1, 3.2, 3.3, and 3.4,

the degrees of freedom allow to compute exactly

Π∇
k,E : H1(E) → Pk(E), Π0

k−1,E∇ : H1(E) → [Pk−1(E)]2,

Π0
k,E : L2(E) → Pk(E).

Proof. The proof is standard, see, e.g.13

Remark 3.2. Lemma 3.2 assumes the use of quadrature formula on (possibly)

curved elements.3,20

4. The Discrete Problem in Two Dimensions

Let {Th}h be a sequence of conforming partitions of Ω ⊂ R2 by (possibly curved)

polygons, and let h = maxE∈Th
hE . We assume that the decomposition respects the

discontinuities of κ. For every given function η ∈ H1/2(ΓD), we define the global

space

V k
η,h := { v ∈ H1(Ω) | v|E ∈ V k(E) ∀E ∈ Th without edges in ΓD

and v|E ∈ V k
η (E) ∀E ∈ Th with an edge in ΓD}. (4.1)
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The degrees of freedom for V k
η,h will be:

• the values at the vertices of Ω ∪ ΓN ,

• (for k ≥ 2) the values of v at the k − 1 Gauss-Lobatto points

of each straight edge internal to Ω or in ΓN ,

• (for k ≥ 2) the moments of order ≤ k − 2 internal to each element.

(4.2)

The discrete problem for (2.3) is{
find uh ∈ V k

gD,h such that

ah(uh, v) = (fh, v) + ⟨gN , v⟩ ∀ v ∈ V k
0,h,

(4.3)

where

ah(w, v) =
∑
E∈Th

aEh (w, v), (4.4)

aEh (w, v) = κ|E

∫
E

(Π0
k−1,E∇w) · (Π0

k−1,E∇v) dx+ κ|ES
E(w −Π∇

k,Ew, v −Π∇
k,Ev),

(4.5)

fh|E = Π0
k−1f ∀E ∈ Th. (4.6)

In (4.5) SE(v, w) is, as usual, a symmetric positive semi-definite bilinear form such

that there exists a positive constant α∗ independent of hE such that

α∗a
E(v, v) ≤ aEh (v, v) (4.7)

where aE(w, v) =
∫
E
κ∇w · ∇v dx.

Here we shall use the most common expression

SE(w, v) =

NE∑
i=1

dofi(w)dofi(v) (NE being the number of dofs in E). (4.8)

For other choices of SE see21 and.7 We note that, if one of the two entries of aEh (·, ·)
is a qk ∈ Pk, then Π∇

k,Eqk ≡ qk, Π0
k−1,E∇qk ≡ ∇qk. Hence,by the definition of

projection:

aEh (w, qk) = κ|E

∫
E

(Π0
k−1,E∇w) · ∇qk dx = aE(w, qk). (4.9)

Remark 4.1. Whenever the exact solution u is in Pk(Ω), it holds uh ≡ u, so that

the patch test is satisfied.

Remark 4.2. For coercivity (4.7) to hold, stabilization must be applied in each

element. Thus, the degrees of freedom common to two or more elements would be

stabilized more than once. In general, this does not jeopardize the performance of

the method, but when a curved edge γ separates two elements (say, E and E′) where

κ assumes very different values, stabilizing only once is the only way to preserve
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accuracy. We refer to7 for a detailed discussion on the subject. Fortunately, in7 it is

also shown that inequality (4.7) does not need to hold in each element necessarily.

It is enough that

α∗a(v, v) ≤ ah(v, v) ∀ v ∈ V k
0,h. (4.10)

Hence, for every curved edge γ separating a master element E and a slave element

E′, we will stabilize the dofs defining the value on γ only when dealing with the

master element E. With our assumptions on the mesh, coercivity (4.10) can be

proved by adapting the arguments in9 and.17

4.1. Implementing non-homogeneous Dirichlet boundary

conditions

The solution of (4.3) can be decomposed as

uh = u0
h + gD, (4.11)

where u0
h ∈ V k

0,h ⊂ H1
0,ΓD

(Ω) and gD ∈ V k
gD,h is a lifting of the boundary datum.

Typically, gD has all the dofs (4.2) equal to zero. Therefore, the bilinear form ah
splits into

ah(u
0
h, v) + ah(gD, v), v ∈ V k

0,h.

The second term is zero on all the elements except on those having an edge, or a

vertex, on ΓD and possibly on neighbouring slave elements having a nonzero gD on

the curved edge. On such elements, from (4.5), we get

aEh (gD, v) = κ|E

∫
E

(Π0
k−1,E∇gD)·(Π0

k−1,E∇v) dx+κ|ES
E(gD−Π∇

k,EgD, v−Π∇
k,Ev),

where we recall that SE(·, ·) is not computed for slave elements. The terms Π∇
k,EgD

and Π0
k−1,E∇gD are obtained from (3.4) and (3.7), respectively:∫

E

∇Π∇
k,EgD · ∇q dx =

∫
∂E

gD(n · ∇q) ds−
∫
E

gD∆q dx

=
∑

e⊂∂E∩ΓD

∫
e

gD(n · ∇q) ds+
∑

e ̸⊂∂E∩ΓD : gD|e ̸=0

∫
e

gD(n · q) ds− 0,

∫
E

Π0
k−1,E∇gD · q dx =

∫
∂P

gD(n · q) ds−
∫
E

gD divq dx

=
∑

e⊂∂E∩ΓD

∫
e

gD(n · q) ds+
∑

e ̸⊂∂E∩ΓD : gD|e ̸=0

∫
e

gD(n · ∇q) ds− 0.

The discrete problem can now be rewritten as{
find u0

h ∈ V k
0,h such that

ah(u
0
h, v) = (fh, v) + ⟨gN , v⟩ − ah(gD, v) ∀ v ∈ V k

0,h.
(4.12)
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4.2. An abstract error estimate

Let ∥v∥0,E denote the L2(E) norm, |v|1,E and ∥v∥1,E the H1(E) semi-norm and

norm, respectively. When we refer to the whole domain Ω, we will simply write

∥v∥0, |v|1, and ∥v∥1.
Let |v|1,h and ∥v∥1,h be the broken H1 semi-norm and norm given by

|v|1,h =

(∑
E∈Th

|v|21,E

)1/2

, ∥v∥1,h =

(∑
E∈Th

∥v∥21.E

)1/2

. (4.13)

Let ∥ · ∥h =
√
ah(·, ·) be the mesh-dependent energy norm, and observe that the

symmetry of ah(·, ·) implies continuity:

ah(w, v) ≤ (ah(w,w))
1/2(ah(v, v))

1/2 = ∥w∥h∥v∥h w, v ∈ V k
0,h(Ω). (4.14)

Moreover, the stability condition (4.10) can be rewritten as:

α∗a(v, v) ≤ ah(v, v) := ∥v∥2h ∀ v ∈ V k
0,h, (4.15)

implying

C ∥v∥21 ≤ a(v, v) ≤ ∥v∥2h ∀ v ∈ V k
0,h. (4.16)

Theorem 4.1. Problem (4.3) has a unique solution. Moreover, if u is the solution

of (2.3), uI any function in V k
gD,h, and uπ any function elementwise in Pk, the

following estimate holds:

∥u− uh∥1 ≤ C
(
∥u− uI∥1 + ∥uI − uπ∥h + ∥uπ − u∥1,h + ∥f − fh∥0) (4.17)

being C a constant depending on α∗ and the data κmin = minE∈Th
κ|E , κmax =

maxE∈Th
κ|E.

Proof. Uniqueness is a consequence of (4.15). Setting δ = uh−uI ∈ V k
0,h, the proof

goes in the lines of.7 By using (4.3), ±uπ, (4.9), ±u, (2.3), (4.14), and finally (4.16)

we obtain

∥δ∥2h = ah(uh − uI , δ) = (fh, δ) + ⟨gN , δ⟩ − ah(uI , δ)

= (fh, δ) + ⟨gN , δ⟩ − ah(uI − uπ, δ)−
∑
E

aE(uπ, δ)

= (fh, δ) + ⟨gN , δ⟩ − ah(uI − uπ, δ)−
∑
E

aE(uπ − u, δ)− a(u, δ)

= (fh − f, δ)− ah(uI − uπ, δ)−
∑
E

aE(uπ − u, δ)

≤ C
(
∥f − fh∥0∥δ∥1 + ∥uI − uπ∥h∥δ∥h + ∥uπ − u∥1,h∥δ∥1

)
≤ C

(
∥f − fh∥0 + ∥uI − uπ∥h + ∥uπ − u∥1,h

)
∥δ∥h.

(4.18)

Then, the result follows from (4.16) and the triangle inequality.
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From Theorem 4.1 we see that, in order to have the usual estimates in terms of

powers of h and regularity of the solution, we need to estimate the four terms in

(4.17). The last term is easy, thanks to (4.6) and standard polynomial approximation

results:

∥f − fh∥0 ≤ C hk
(∑

E

|f |2k,E
)1/2

. (4.19)

For the other terms we need some work.

4.3. Definition of uI and uπ

Let E be an element of Th, and let p∗k ∈ Pk(E) be the polynomial associated with

a function u ∈ Hs(E), s ≥ 2, defined as in (3.12). Following7 we define

uI ∈ V k(E) such that

uI = u at the vertices of E,

uI = u and at the Gauss-Lobatto points of the straight edges,

uI = p∗k on the curved edge γ, and

∆uI = Π0
k−2,E∆u.

(4.20)

The following estimate can be proved by adapting the arguments of,7 where it was

proved that, under our assumptions on the mesh, there exists a positive constant

C such that, for all E

|u− uI |1,E ≤ Chs−1
E |u|s,E s ≥ 2. (4.21)

Let uπ ∈ Pk be the L2-projection of u, for which we have

∥u− uπ∥1,E := ∥u−Π0
ku∥1,E ≤ Ch

min{k,s−1}
E |u|s,E . (4.22)

It remains to estimate the term ∥uI − uπ∥h. We have:

∥uI − uπ∥2h =ah(uI − uπ, uI − uπ) :=
∑
E

κ|E

∫
E

|Π0
k−1,E∇(uI − uπ)|2 dx

+
∑
E

κ|ES
E((I −Π∇

k,E)(uI − uπ), (I −Π∇
k,E)(uI − uπ)).

(4.23)

The first term is easily estimated from (4.21)-(4.22). The second term is also stan-

dard, upon noticing that our choice (4.8) for the stabilization can be treated exactly

as for straight polygons, see.7 Indeed, SE(v, v) splits into a part Sint involving in-

ternal moments and a part Sδ involving boundary values. Sint is easily bounded by

observing that each moment (3.2) is bounded by ∥v∥0,Eh−1
E . Thus,

Sint(v, v) ≲ ∥v∥20,Eh−2
E . (4.24)

Next, denoting by N the number of boundary nodes νi, we have

Sδ(v, v) =

N∑
i=1

v(νi)
2 ≤ N∥v∥2∞,∂E ≲ h−1

E ∥v∥20,∂E + |v|21/2,∂E

≲ h−2
E ∥v∥20,E + |v|21,E .

(4.25)
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Under assumption (A2) on the mesh we have

h−2
E ∥v∥20,E ≲ |v|21,E . (4.26)

Using (4.26) in (4.24)-(4.25) we deduce

SE(v, v) ≲ |v|21,E . (4.27)

Hence, from (4.27) we obtain

SE((I −Π∇
k,E)(uI − uπ), (I −Π∇

k,E)(uI − uπ))

= SE(uI −Π∇
k,EuI , uI −Π∇

k,EuI) ≲ |uI −Π∇
k,EuI |21,E

≲ |uI − u|21,E + |u−Π∇
k,Eu|21,E + |Π∇

k,E(u− uI)|21,E ,
(4.28)

so that we finally obtain

∥uI − uπ∥h ≤ C hs−1|u|s s ≥ 2. (4.29)

Corollary 4.1. Under our assumptions on the mesh, the following estimate holds:

∥u− uh∥1 ≤ C hk|u|k+1. (4.30)

Proof. By collecting (4.21), (4.22), (4.29), and (4.19) in (4.17) the result follows.

5. Virtual Element Method in Three Dimensions

Let {Th}h be a sequence of conforming partitions of Ω ⊂ R3 by (possibly curved)

polyhedra P, each with diameter hP . The decomposition is assumed to respect the

discontinuities of κ. We assume that P has at most one face that will be treated as

“curved” (geometrically speaking, it could be either curved or flat or almost flat).

All the other faces are assumed to be flat.

We make the following assumption on the decomposition (see, e.g.,7 and11):

there exists a real number ρ0 > 0 such that each polyhedron P satisfies the following

conditions:

(B1) the boundary of P is piecewise C1;

(B2) P is star-shaped with respect to a ball of radius ≥ ρ0hP ;

(B3) every face f of P is star-shaped with respect to a disk of radius ≥ ρ0hf ≥
ρ20hP ;

(B4) every edge e of every face f has length he ≥ ρ20hP .

We can further relax the above assumptions.9,10,17,18

Now, let us introduce the local spaces. First, let us recall the definition of the

local spaces on polyhedra with flat faces, see11 or.12 Let:

Ṽ k(P) := {v ∈ H1(P) ∩ C0(P) : v|f ∈ V k(f)∀ face f, ∆v ∈ Pk(P)}, (5.1)
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with V k(f) defined in (3.5). In Ṽ k(P) the following operators are well defined:

• the values of v at each vertex of P,

• (for k ≥ 2) the values of v at the k − 1 Gauss-Lobatto points

of each edge e ⊂ ∂P,

• (for k ≥ 2) the moments of order up to k − 2 on each face f,

• (for k ≥ 2) the moments of order up to k − 2 in P. We use a scaled

polynomial basis {qβ}β of Pk−2(P), with

qβ(x, y, z) =

(
x− xP

hP

)β1
(
y − yP
hP

)β2
(
z − zP
hP

)β3

∀β = (β1, β2, β3) ∈ N3, β1 + β2 + β3 ≤ k − 2.

(5.2)

In particular, they allow to compute Π∇
k,Pv,∀v ∈ Ṽ k(P).

As we did in 2d, let us first examine the case of a tetrahedron P, with three

flat faces, and one curved face σ. Then, each flat face has one curved edge γ, and

we proceed as we did in(3.11). This will allow to define a continuous trace of v on

the whole boundary of σ. Next, the natural extension to define v on σ would be to

use the values at the four vertices and the degrees of freedom not positioned on σ

to individuate a polynomial in Pk(P) and use its trace on σ. A simple count of the

degrees of freedom shows that they amount to 4 + 3(k − 1) + 3k(k − 1)/2 + (k −
1)k(k+1)/6, more than the dimension of Pk(P). Using the internal moments up to

the order k − 3 instead of k − 2 fixes the problem. Indeed:

4 + 3(k − 1) +
3k(k − 1)

2
+

k(k − 1)(k − 2)

6
≡ dimPk(P). (5.3)

Hence, we can compute a polynomial p∗k ∈ Pk through the conditions

• p∗k = v at each vertex of P,

• (for k ≥ 2) p∗k = v at the k − 1 Gauss-Lobatto points

∀ straight edge e,

• (for k ≥ 2)

∫
f

p∗kqk−2 =

∫
f

vqk−2 ∀qk−2 ∈ Pk−2(f), ∀ flat face f,

• plus, for k ≥ 3, the internal moments of order k − 3.

(5.4)

The first three sets of conditions are known, as they use values of v known from

the 2d-computation. For the last N = dim(Pk−3) = k(k − 1)(k − 2)/6 conditions,

denoting by φi, i = 1, · · · , N a set of basis functions in Pk−3, and by a1, · · · , aN
any set of N numbers we take

• (for k ≥ 3)

∫
P
p∗kφi =

∫
P
aiφi i = 1, · · · , N. (5.5)

At this point the natural extension of what we did in 2d would be to set v|σ = p∗k.

This cannot be done in 3d since, in general, the trace of p∗k on ∂σ does not coincide
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with the trace coming from the flat faces. Therefore we shall use the procedure

described in Remark 3.1, copying the moments of p∗k up to the order needed. In

particular, we need to compute Π∇
k,Pv. Looking at the definition (3.4) we see that,

upon integration by parts, we need to compute
∫
σ
v∇qk ·n dσ and

∫
σ
v dσ. Then we

set ∫
σ

v∇qk · n dσ :=

∫
σ

p∗k∇qk · n dσ ∀qk ∈ Pk(σ),

∫
σ

v dσ :=

∫
σ

p∗k dσ. (5.6)

On the other hand, we also need to compute Π0
k−1∇v, for which we need to compute∫

σ
vqk · n dσ. Hence we set∫

σ

vqk−1 · n dσ :=

∫
σ

p∗kqk−1 · n dσ. (5.7)

To play safe, a function v will be individuated by conditions (5.2) plus the

moments of p∗k up to order k on σ.

The analogues of the spaces (3.9)-(3.14) will be

Ṽ k(P) := { v ∈ H1(P) ∩ C0(P) : v|f ∈ V k(f) ∀ flat face f ⊂ ∂P,∫
σ

vqk dσ =

∫
σ

p∗kqk dσ ∀qk ∈ Pk(P), ∆v ∈ Pk(P) }, (5.8)

and then

V k(P) = {v ∈ Ṽ k(P) :

∫
P
vqs dx =

∫
P
Π∇

k,Pvqs dx ∀qs ∈ Phom
s (P), s = k − 1, k}.

(5.9)

As before, we still have, for every k ≥ 1,

Pk(P) ⊆ V k(P).

For a generic polyhedron with one curved face σ the number of conditions (5.4) is

bigger than the dimension of Pk(P), so that we use a least square approach like

we did in 2d (see (3.12)). Below, we summarize the whole procedure. First, for

v ∈ V k(P), introduce the following well defined operators:

• the values of v at each vertex of P,

• (for k ≥ 2) the values of v at the k − 1 Gauss-Lobatto points

of each straight edge e ⊂ ∂P,

• (for k ≥ 2) the moments of order up to k − 2 on each flat face f,

• (for k ≥ 2) the moments of order up to k − 2 in P.

(5.10)

Then, we proceed as follows:

• On each flat face f with one curved edge γ we compute a polynomial pfk ∈
Pk(f) as in (3.12) and set v|γ = pfk. This will ensure continuity of v on ∂σ

and allow to compute Π∇,f
k v on each face.
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• We compute a polynomial p∗k ∈ Pk(P) as the unconstrained least square

solution of (5.4)-(5.5). (Note that the functions having internal moments

of order k − 2 will provide p∗k ≡ 0 by construction.)

• We apply (5.6) and (5.7) in order to compute Π∇,P
k v and Π0

k−1∇v, so that

the discrete bilinear form is completely computable.

The above procedure applies to elements with a curved face σ at the interior, and

refers to a ”master” element. The neighbouring element sharing the curved face

will be treated as a ”slave”, like we did in the 2d case. More precisely, let P,P ′

denote a master-slave pair of elements. Also, let NP be the dimension of V k(P),

and let {φi}, i = 1, . . . , NP be the corresponding canonical basis functions defined

as dofi(φj) = δij and with moments on σ computed as just mentioned above. Let

Nσ be the number of dofs positioned on σ, that is, the number of vertices of σ.

Let NP′ be the number of dofs (5.10) of P ′, and let {φ̃i}, i = 1, . . . , NP′ − Nσ be

a subset of basis functions in V k(P ′) associated with the dofs not positioned on σ,

defined as

dofi(φ̃j) = δij and φ̃i = 0 on σ i, j = 1, · · · , NP′ −Nσ. (5.11)

The basis functions for the space V k(P ′) will be:

• the NP −Nσ basis functions φi in V k(P), extended to P ′ as:

φi = 0 on the straight edges of P ′,∫
f

φi qk−2 = 0 ∀qk−2 ∈ Pk−2(f), ∀ flat face f ∈ ∂P ′,∫
P′

φi qk−2 = 0 ∀qk−2 ∈ Pk−2(P ′);

• the Nσ basis functions in V k(P) associated with the vertices of σ, extended

to P ′ as:

φi = 0 on the vertices of P ′ ̸∈ σ,

φi = 0 on the k − 1 Gauss-Lobatto points of the straight edges of P ′,∫
f

φi qk−2 = 0 ∀qk−2 ∈ Pk−2(f), ∀ flat face f ∈ ∂P ′,∫
P′

φi qk−2 = 0 ∀qk−2 ∈ Pk−2(P ′);

• the NP′ −Nσ functions φ̃i defined in (5.11), extended to zero in P.

Again, for every k ≥ 1,

Pk(P ′) ⊆ V k(P ′).
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5.1. Elements with a curved face on ΓD

Local spaces are analogous to (5.8) and (5.9), except for the trace on σ, which is

assigned:

Ṽ k
gD (P) := { v ∈ H1(P) ∩ C0(P) : v|f ∈ V k(f) ∀ flat face f ⊂ ∂P \ ΓD,

v|f ∈ V k
gD (f) ∀ flat face f ⊂ ∂P with a curved edge on ΓD,

v|σ = gD, ∆v ∈ Pk(P) },

V k
gD (P) = {v ∈ Ṽ k

gD (P) :

∫
P
vqs dx =

∫
P
Π∇

k,Pvqs dx ∀qs ∈ Phom
s (P), s = k− 1, k}.

5.2. Elements with a curved face on ΓN

Here too we proceed differently from the 2d case, since we do not have traces on

the curved faces, only moments. We define local spaces analogous to (5.9), then we

approximate the Neumann datum with a polynomial and use the moments we have.

More precisely: ∫
σ

gN v dσ ≃
∫
σ

Π0
kgN v dσ =

∫
σ

Π0
kgN p∗k dσ. (5.12)

In this way we introduce an approximation without affecting the order of conver-

gence.

5.3. The Discrete Problem in Three Dimensions

For every given function η ∈ H1/2(ΓD), we define the global space

V k
η,h := { v ∈ H1(Ω) : v|P ∈ V k(P) ∀P ∈ Th without faces on ΓD

and v|P ∈ V k
η (P) ∀P ∈ Th with a face on ΓD}.

The degrees of freedom for V k
η,h will be:

• the values at the vertices of Ω ∪ ΓN ,

• (for k ≥ 2) the values of v at the k − 1 Gauss-Lobatto points

of each straight edge internal to Ω or in ΓN ,

• (for k ≥ 2) the moments of order ≤ k − 2 internal to each flat face,

• (for k ≥ 2) the moments of order ≤ k − 2 internal to each polyhedron.

The discrete problem for (2.3) is defined by (4.3), where

ah(w, v) =
∑
P∈Th

aPh (w, v),

aPh (w, v) = κ|P

∫
P
(Π0

k−1,P∇w) · (Π0
k−1,P∇v) dx+ κ|PhPS

P(w −Π∇
k,Pw, v −Π∇

k,Pv),

fh|P = Π0
k−1f ∀P ∈ Th,
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and SP(·, ·) is the three dimensional analogue of (4.8).

Remark 5.1. If the exact solution u belongs to Pk(Ω), we get uh ≡ u, so that the

patch test is satisfied.

Remark 5.2. The considerations in Remark 4.2 regarding coercivity of the discrete

problem and stabilization apply also to the three dimensional setting. Hence, for

every curved face σ separating a master element P and a slave element P ′, we will

stabilize the dofs defining the value on σ only when dealing with the master element

P.

Remark 5.3. We believe that coercivity of the discrete problem and error estimates

could be proved by adapting the arguments in.18 However, note that on a curved

face belonging to a master elements or to ΓN , virtual functions are only known

through their moments, no functional space is introduced. This is equivalent to

using Mimetic Finite Differences in such elements,8 and classical Virtual Elements

in the other ones. This would make the theoretical analysis more complicate. On

the other hand, as a combination of two reliable methods, it is reasonable to expect

the usual level of accuracy. The numerical results indicate a good performance.

6. Numerical Experiments

In this section, we present some numerical experiments to validate the proposed

method. We measure the following relative errors in broken H1(Ω) semi-norm and

in the L2(Ω) norm, respectively

e1 =
||∇u−Π0

k−1∇uh||0,h
|u|1

, e0 =
||u−Π∇

k uh||0
||u||0

.

As described in the previous sections, we define the stabilization bilinear form as a

suitably scaled euclidean scalar product of the vectors of degrees of freedom.

Some geometrical data of the meshes employed in the tests will be provided

below. We use the following notation: NP , number of polygons (in 2D) or polyhedra

(in 3D); NF , number of faces (in 3D), NE , number of edges; NV , number of vertices;

hmin = minP∈Th
hmin
P with hmin

P being the minimum distance between any pair of

vertices of P; h̄ = 1
NP

∑
P∈Th

hP , average mesh size.

6.1. Patch and convergence tests with discontinuous diffusion in

two dimensions

We start by considering a problem with discontinuous diffusion in two dimensions.

Let Ω ⊂ R2 be the region bounded by the polar curve

r(θ) = 2 + sin(9θ), θ ∈ [0, 2π),
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Ω1

Ω2

Fig. 1: Computational domain of test 6.1.

split into a smaller disk Ω1 centered at (0, 0) with radius 1/2 and the complement

Ω2 = Ω \ Ω1. We consider problem (2.2) with:

κ|Ω1
= κ1 = 0.5, κ|Ω2

= κ2 = 10,

ΓD = { (x, y) ∈ ∂Ω | y > 0 } ,ΓN = { (x, y) ∈ ∂Ω | y < 0 } ,

and choose right hand side and boundary data gD, gN such that the exact solution

is:

u1(x, y) = − r2

κ1
+

f2 − f1
κ2

sin(3.5π) +
1

4

(
1

κ1
− 1

κ2

)
+

f2
κ2

in Ω1,

u2(x, y) = − r2

κ2
+

f2 − f1
κ2

sin(7πr) +
f2
κ2

in Ω2,

with r =
√

x2 + y2. Since κ1 ̸= κ2, the solution has a discontinuous gradient along

the circle of radius 1/2.

6.1.1. Patch test

First, we take f1 = f2 = 1, so that the solution in each subregion is a paraboloid. We

check that the VEM solution uh satisfies the patch test. Fig. 2 shows the mesh used

and the solution obtained for k = 2. Curved edges are displayed in cyan. The error

estimators are close to machine-precision (e1 = 5.83·10−14 and e0 = 4.50·10−14),

meaning that we recover the exact solution. Since the diffusion is discontinuous

across the internal curved edges, the degrees of freedom defining the value on such



October 19, 2025 18:21 WSPC/INSTRUCTION FILE PBM-revised

20 Daniele Prada, Franco Brezzi, L. Donatella Marini

-3 -2 -1 0 1 2 3

-2.5

-2

-1.5

-1

-0.5

0

0.5

1

1.5

2

2.5

Fig. 2: Test case 6.1.1, patch test: (left) mesh employed; (right) solution computed

on the chosen mesh.

Table 1: Data for the meshes used for test 6.1.2.

Mesh NP NE NV h hmin h

flower1 632 1873 1242 4.04·10−1 2.56·10−2 2.16·10−1

flower2 2413 7197 4785 1.98·10−1 1.54·10−2 1.06·10−1

flower3 9249 27666 18418 9.25·10−2 3.84·10−3 5.33·10−2

flower4 35933 107640 71708 5.10·10−2 1.99·10−3 2.69·10−2

flower5 142316 426633 284318 2.59·10−2 8.96·10−4 1.34·10−2

edges must be stabilized only once (see Remark 4.2). The estimated errors obtained

by stabilizing them twice, again for k = 2, are: e1 = 2.36·10−2 and e0 = 3.81·10−2.

6.1.2. Convergence test

We take f1 = 1, f2 = 2, so that the exact solution is not a quadratic polynomial in

the external region Ω2 anymore. We use meshes made of non structured polygonal

elements, like the one shown in Fig. 2. Geometrical data are listed in Table 1.

Convergence curves for k = 1, . . . , 4 in H1 and in L2 are shown in Fig 3. Slopes are

as expected.

6.2. Patch and convergence tests with discontinuous diffusion in

three dimensions

Now we consider a problem with discontinuous diffusion in three dimensions. Let

Ω ⊂ R3 be the unit ball, split into a smaller ball Ω1 centered at the origin with
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Fig. 3: Convergence plots for Test 6.1.2.

radius 1/2 and the complement Ω2 = Ω \ Ω1. We consider problem (2.2) with:

κ|Ω1
= κ1 = 0.5, κ|Ω2

= κ2 = 10,

ΓD = { (x, y, z) ∈ ∂Ω | z > 0 } ,ΓN = { (x, y, z) ∈ ∂Ω | z < 0 } ,

and choose right hand side and boundary data gD, gN such that the exact solution

is:

u1(x, y, z) = − r2

κ1
+

f2 − f1
κ2

sin(0.5π) +
1

4

(
1

κ1
− 1

κ2

)
+

f2
κ2

in Ω1,

u2(x, y, z) = − r2

κ2
+

f2 − f1
κ2

sin(πr) +
f2
κ2

in Ω2,

with r =
√

x2 + y2 + z2. Since κ1 ̸= κ2, the solution has a discontinuous gradient

across the sphere of radius 1/2.

6.2.1. Patch test

By taking f1 = f2 = 1, we let the exact solution be a quadratic polynomial in

each subregion. Fig. 4 shows the mesh used. Curved faces are highlighted in cyan.

For k = 2, by stabilizing the dofs defining the value on curved faces only once,

we get e1 = 1.75·10−13 and e0 = 9.97·10−14, that is we recover the exact solution.

Instead, always for k = 2, the error estimators obtained by stabilizing twice are

e1 = 5.40·10−2 and e0 = 7.36·10−3.

6.2.2. Convergence test

We set f1 = 1, f2 = 2: the exact solution is not a quadratic polynomial in the exter-

nal region Ω2 anymore. We take meshes like the one shown in Fig. 4. Geometrical



October 19, 2025 18:21 WSPC/INSTRUCTION FILE PBM-revised

22 Daniele Prada, Franco Brezzi, L. Donatella Marini

Fig. 4: Sections of the mesh used for test case 6.2.1. Curved faces are highlighted

in cyan.

Table 2: Data for the meshes used for test 6.2.2.

Mesh NP NF NE NV h hmin h

ball1 512 1472 1416 457 5.37·10−1 3.88·10−2 3.58·10−1

ball2 4096 12032 11792 3857 2.84·10−1 4.83·10−3 1.81·10−1

ball3 32768 97280 96288 31777 1.47·10−1 6.03·10−4 9.04·10−2

ball4 262144 782336 778304 258113 7.49·10−2 7.53·10−5 4.52·10−2

Table 3: Data for the meshes used for test 6.3.

Mesh NP NF NE NV h hmin h

torus1 624 2208 2568 984 1.04 6.95·10−3 8.54·10−1

torus2 3552 13536 16464 6480 5.46·10−1 3.54·10−3 4.51·10−1

torus3 23424 91392 112608 44640 2.73·10−1 3.19·10−3 2.26·10−1

torus4 154176 608064 753792 299904 1.42·10−1 1.48·10−3 1.16·10−1

data are listed in Table 2. Convergence curves for k = 1, 2, 3 in H1 and in L2 are

shown in Fig 5. Slopes are as expected.

6.3. Convergence test on a toroidal domain

With this test, we investigate the robustness of the proposed method on a non-

convex domain with non constant curvature, meshed with non-structured curved
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Fig. 5: Convergence plots for Test 6.2.2.

Fig. 6: Sections of the mesh used for test case 6.3. Curved faces are highlighted in

cyan.

polytopes. Let Ω ⊂ R3 be the region bounded by the torus whose parametric equa-

tions are

x = (R+ r cos v) cosu, y = (R+ r cos v) sinu, z = r sin v,

with u, v ∈ [0, 2π), R = 2.5, r = 1, split into a smaller region Ω1 bounded by a

toroidal surface with r = 0.5 and the complement Ω\Ω1. We consider problem (2.2)

with:

κ|Ω1
= κ1 = 1, κ|Ω2

= κ2 = 10,

ΓD = { (x, y, z) ∈ ∂Ω | y > 0 } ,ΓN = { (x, y, z) ∈ ∂Ω | y < 0 } ,



October 19, 2025 18:21 WSPC/INSTRUCTION FILE PBM-revised

24 Daniele Prada, Franco Brezzi, L. Donatella Marini

0.850.450.230.12

10−4

10−3

10−2

10−1
0.85

0.90

0.98

1.96

1.71

1.85 3.08

2.49

2.84

Average mesh size h

H1 errors (e1)

0.850.450.230.12

10−7

10−6

10−5

10−4

10−3

10−2 2.11

1.79

1.64 3.13

2.60

2.71

4.18

3.64

3.97

Average mesh size h

L2 errors (e0)

k = 1; k = 2; k = 3

Fig. 7: Convergence plots for Test 6.3.

and choose right hand side and boundary data gD, gN such that the exact solution

is:

u1(x, y, z) =
1

κ1
e−ρ2

cosu in Ω1,

u2(x, y, z) =

(
1

κ2
e−ρ2

+

(
1

κ1
− 1

κ2

)
e−0.52

)
cosu in Ω2,

with ρ =
√

(
√
x2 + y2 −R)2 + z2. The solution has a discontinuous gradient across

∂Ω1. We consider meshes like the one shown in Fig. 6. Geometrical data are listed

in Table 3. Convergence curves for k = 1, 2, 3 in H1 and L2 are shown in Fig. 7.

Slopes are as expected.

6.4. Patch and convergence tests on a bubble mesh

For the next two tests, we consider the problem

−∆u = f in Ω = (0, 1)× (0, 1)× (0, 1), u = gD on ∂Ω,

with f and gD chosen case by case. The unit cube is partitioned into small cubes of

side l, and in turn each small cube is subdivided into two elements sharing a curved

face as shown in Fig. 8. For each small cube [xi, xi + l] × [yi, yi + l] × [zi, zi + l],

the curved face is a cubic bubble with respect to the plane ηi passing through the

points (xi + l, yi, zi), (xi, yi + l, zi), and (xi, yi, zi + l). The distance from the tip of

the bubble to the plane ηi is proportional to lβ , with β = 1 or β = 2. For β = 1,

all elements are homothetically equivalent, whereas, for β = 2, when l gets smaller,

the elements get flatter. Our aim is to test the robustness of the proposed method

with respect to the amount of curvature of a face.
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Fig. 8: (Left): a single cube with a “bubble” curved face separating two elements.

(Right): full mesh. Curved faces are highlighted in cyan.

Table 4: Data for the meshes used for test 6.4.2.

Mesh NP NF NE NV h hmin h

bubble1 432 1728 1638 343 2.89·10−1 1.67·10−1 2.62·10−1

bubble2 3456 12960 11700 2197 1.44·10−1 8.33·10−2 1.31·10−1

bubble3 27648 100224 88200 15625 7.22·10−2 4.17·10−2 6.55·10−2

bubble4 221184 787968 684432 117649 3.61·10−2 2.08·10−2 3.28·10−2

6.4.1. Patch test

Right hand side f and boundary datum gD are chosen such that the exact solution

is

u(x, y, z) = −x3 + x2y + y2z − xyz + y3 − xz2 − z3 in Ω.

We compute the error estimators in the case k = 3 on a mesh obtained by dividing

the unit cube into 6 × 6 × 6 small cubes. For β = 1, we get e1 = 1.76·10−11 and

e0 = 4.78·10−12, whereas, for β = 2, we get e1 = 4.66·10−12 and e0 = 1.16·10−12.

Thus, we recover the exact solution for both values of β.

6.4.2. Convergence test

We consider the following exact solution

u(x, y, z) = cos(x+ y + z)exyz in Ω.
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Fig. 9: Convergence plots for Test 6.4.2, case β = 1.
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Fig. 10: Convergence plots for Test 6.4.2, case β = 2.

Geometrical data for the mesh used are shown in Table 4. In Fig. 9, we show

convergence curves for k = 1, 2, 3 in H1 and L2 for β = 1, whereas in Fig. 10 we

repeat the same tests for β = 2. Slopes are as expected.
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