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Jul 11st, 2023

email: stefano.gualandi@unipv.it
web: http://matematica.unipv.it



2/33

Motivations Wasserstein Distances Wasserstein Barycenters by LP Results

Outline

1 Motivations

2 Wasserstein Distances

3 Wasserstein Barycenters by LP

4 Results



3/33

Motivations Wasserstein Distances Wasserstein Barycenters by LP Results

Section 1

1 Motivations

2 Wasserstein Distances

3 Wasserstein Barycenters by LP

4 Results



4/33

Motivations Wasserstein Distances Wasserstein Barycenters by LP Results

Optimization and Statistical Inference: Éléments typiques

Éléments typiques. La statistique a constain-
ment besoin de donner une idée de ce que
sont, en gros, les éléments d’une collection
complexe, difficile à saisir dans son ensemble,
en les assimilant à un seul élément choisi aussi
ressemblant que possible à tous les éléments
de la collection et qui, pour cette raison, soit
appelé élément typique de cette collection.
Maurice Fréchet, 1945.

Example 1: Numbers in R
Consider the collection of numbers C = {2, 3, 4, 6, 7, 12}.
QUESTION: Which is the Élément typique of C?

Mean: ρ∗ = arg minρ∈R
1
2

∑
c∈C

||ρ − c||22 → ρ∗ =

∑
c∈C

c

|C| ≈ 5.66

Median: ρ∗ = arg minρ∈R
1
2

∑
c∈C

||ρ − c||2 → ρ∗ ∈ [4 . . . 6] (...many solutions!)

QUESTION: How generalize mean and median to distributions in Rq?
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Mean: ρ∗ = arg minρ∈R
1
2

∑
c∈C

||ρ − c||22 → ρ∗ =

∑
c∈C

c

|C| ≈ 5.66

Median: ρ∗ = arg minρ∈R
1
2

∑
c∈C

||ρ − c||2 → ρ∗ ∈ [4 . . . 6] (...many solutions!)

QUESTION: How generalize mean and median to distributions in Rq?



4/33

Motivations Wasserstein Distances Wasserstein Barycenters by LP Results

Optimization and Statistical Inference: Éléments typiques
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Maurice Fréchet, 1945.

Example 1: Numbers in R
Consider the collection of numbers C = {2, 3, 4, 6, 7, 12}.
QUESTION: Which is the Élément typique of C?
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en les assimilant à un seul élément choisi aussi
ressemblant que possible à tous les éléments
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Mean and Medians of distributions

Example 2: Images (Double ellipses and MNIST digits)

Definition 1 (Fréchet mean)

Let µ1, . . . , µk ∈ X with (X , distance) a metric space, k ≥ 2, and λ1, . . . , λk ≥ 0,
such that

∑k
i=1 λi = 1. For any α ≥ 1, a Fréchet mean of order α is any optimal

solution to the following problem:

ρ∗ = arg min

{
k∑

i=1

λi distanceα(ρ, µi ) | ρ ∈ X

}
When α = 2, we get a (weighted) Fréchet barycenter.
When α = 1, we get a (weighted) Fréchet median.
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i=1 λi = 1. For any α ≥ 1, a Fréchet mean of order α is any optimal

solution to the following problem:

ρ∗ = arg min

{
k∑

i=1

λi distanceα(ρ, µi ) | ρ ∈ X

}
When α = 2, we get a (weighted) Fréchet barycenter.
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Mean and Medians of distributions
Definition 2 (Wasserstein Means)

Let P2(Rq) be the space of probability measures on Rq with finite second moments
equipped with a Wasserstein distance of order α.

Given k ≥ 2 probability measures
µ1, . . . , µk ∈ P2(Rq), a Wasserstein mean of µ1, . . . , µk is any optimal solution to

ρ∗ = arg min

{ ∑
i=1,...,k

λi W α(ρ, µi ) | ρ ∈ P2(Rq)

}

where λ1, . . . , λk ≥ 0, such that
∑k

i=1 λi = 1.
When α = 2, we get a (weighted) Wasserstein barycenter.
When α = 1, we get a (weighted) Wasserstein median.

Example 3: Distributions in P2(R) https://github.com/stegua/ot1d

0 5 10 15 20 0 5 10 15 20

https://github.com/stegua/ot1d
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Barycenters of images [Cuturi and Doucet, 2014]
Example 4: Distributions in P2(R2)

(a) Euclidean Barycenter

(b) Reentered Euclidean Barycenter

(c) Jeffrey Centroid

(d) Gaussian kernel-based

(e) Wasserstein Barycenter

Cuturi, M. and Doucet, A., 2014, June. Fast computation of Wasserstein barycenters.
In International Conference on Machine Learning (ICML), pp. 685–693.
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Discrete Probability measures
We define the Dirac δ-measure centered at x ∈ X ⊆ Rq via

δx (A) =
{

1 if x ∈ A ⊆ X
0 if x /∈ A ⊆ X .

Let µ and ν be two discrete probability measures defined on X , Y ⊆ Rq

µ(A) =
m∑

i=1

µi δxi (A) and ν(A) =
n∑

j=1

νj δyj (A)

where
∑m

i=1 µi = 1 and
∑n

i=1 νi = 1.

Example: Grey scale images are discrete measures: xi = (xi1, xi2) is the pixel
position, and µi is the pixel intensity at xi . Two letters from E-MNIST dataset:

Letter: x Letter: l
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Optimal Transport: Probabilistic Interpretation

Problem: Find the Optimal (Mass) Transport from µ to ν, where moving a
unit mass from x to y costs c(x , y) and

µ and ν are two probability measures on X and Y
c : X × Y → R+ is a cost function

Definition 3 (Kantorovich-Rubinstein Functional)
The Kantorovich-Rubinstein functional (I) between µ and ν is defined as

Wc(µ, ν) = inf
π∈Π(µ,ν)

∫
X×Y

c(x , y)π(dxdy)

where Π(µ, ν) is the set of all probability measures on X × Y that have
marginals µ and ν.
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Discrete Kantorovich-Rubinstein is a Linear Program
Let X = {x1, . . . , xn} and Y = {y1, . . . , ym} be two discrete spaces.

Definition 4 (Kantorovich-Rubinstein Functional (II))

The Kantorovich-Rubinstein functional in the discrete setting is the following Linear
Programming problem

(OT ) Wc (µ, ν) = min
∑
x∈X

∑
y∈Y

c(x , y)π(x , y)

s.t.
∑
y∈Y

π(x , y) = µ(x) ∀x ∈ X

∑
x∈X

π(x , y) = ν(y) ∀y ∈ Y

π(x , y) ≥ 0.

Definition 5 (Kantorovich-Wasserstein metric)

When X = Y and c(x , y) = dα(x , y), where d is a ground distance on X , the
Kantorovich-Wasserstein metric of order α > 0 is

Wα(µ, ν) := Wdα (µ, ν)min( 1
α

,1).
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Optimal Transport: From Monge to ...
Optimal Transport originates from the work of Monge on finding the minimum
cost plan for transporting a distribution of molécules from its origins to a given
target distribution (1781).

In Combinatorial Optimization terms, the original Monge’s problem is an Assignment
Problem, which can be solved in strongly polynomial time with flow algorithms:
O(nm + n2 log(n)) on general graphs and in O(n3) on bipartite complete graphs.

Ahuja, Magnanti, Orlin. Network flows: Theory, Algorithms, and Applications, 1988
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Optimal Transport: From Monge to Kantorovich
An important contribution to Optimal Transport is due to Kantorovich,
Mathematical methods in the organization and planning of production, (1939).
Apart from the Duality theory of Linear Programming, Kantorovich is the
father of the Transport Metric, a.k.a. the Wasserstein Metric

The Kantorovich reformulation of Monge’s problem gives a Transportation Problem: the
complexity raises to O(n log(n)(m + n log(n))) on general graphs, and to O(n3 log(n))
for bipartite complete graphs. If locations are in R2, the complexity is O(n2 log(n)).

Orlin. A faster strongly polynomial minimum cost flow algorithm.
Operations research 41(2) 338-350 (1993)
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Optimal Transport: From Kantorovich to ...

Fourier

Modern Computational Optimal Transport for Machine Learning has
focused on entropic regularized costs (cijxij + ϵxij log(xij)), which add a
regularization parameter ϵ. For ϵ = 0, we recover the standard Optimal
Transport, otherwise, we dot not have a true metric

Using the Sinkhorn algorithm, the regularized entropic version can
compute the optimal distance in time O( n2

ϵ2 ) [AWR17], but we do not get
the optimal transport plan and suffers from stability numerical issues
We compute Wasserstein Distance using our GPU-based Parallel Network
Simplex algorithm (next slide)

For imaging problems, and whenever we do not need the
optimal plan, we can replace the Wasserstein Metric with
the mathematically equivalent Fourier metric, which can
computed using the Fast Fourier Transform algorithm.

Auricchio, Codegoni, Gualandi, Toscani, Veneroni. The
equivalence of Fourier-based and Wasserstein metrics on

imaging problems, Rendiconti Lincei, (2020)
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GPU Parallel Network Simplex (Aussois 2020, IPAM 2021)
(To be submitted to Mathematical Programming Computation, 2023)

Average runtime in seconds
Size Meth. Num. Vars Total speedup Duals Pricing speedup

32×32 Full 1 048 572 0.29 (×3.8)
CPU 3 044 0.33 (×4.4) 0.02 0.31 (×4.9)
GPU 3 036 0.08 0.01 0.06
Sinkhorn 0.67

64×64 Full 16 777 212 13.7 (×11.2)
CPU 12 240 4.4 (×3.6) 0.8 3.6 (×6.6)
GPU 12 266 1.2 0.7 0.5
Sinkhorn 3.5

128×128 Full (∗) 268 435 452 1542.3 (×56)
CPU 49 361 64.2 (×2.3) 23.2 41.0 (×6.4)
GPU 49 277 27.6 21.1 6.4
Sinkhorn 21.7

Full: Complete bipartite model with CPU Parallel Simplex
CPU: Column generation with CPU Parallel Simplex
GPU: Column generation with GPU Parallel Simplex (CUDA kernel)
Sinkhorn: Stabilized Sinkhorn algorithm (C++), CPU Parallel (Schmitzer, 2016)

NOTE: Speedup refers only to GPU vs. Full and CPU. Averages over 90 instances per row.
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Interpolation
Lemma 6 (Interpolation between two measures (Chap. 7, in [PC+19]))
Given (i) two weights (λ1, λ2) ∈ R+ satisfying λ1 + λ2 = 1, (ii) two discrete measures µ and ν defined
on a grid of points X:

µ =

n∑
i=1

µi δxi and ν =

n∑
j=1

νj δyj ,

and (iii) an optimal transportation plan π∗ minimizing the functional W 2
2 (µ, ν), that is, an optimal

solution of Problem (OT) with c(xi , yj ) = ||xi − yj ||2
2, the interpolated average measure ρ between µ

and ν is

ρ = f (µ, ν, λ1, λ2) :=

n∑
i=1

n∑
j=1

π
∗
ij δ(λ1xi +λ2yj ). (1)

Example 5: Interpolation of two letters (DEMO VIDEO)

Letter: x Letter: l
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W. Barycenter via LP [CPAIOR 2019, SIAM Opt 2020]
If µk are discrete probability measures and µik is the i-th element of the measure µk ,
if we use the cost c(xi , yj ) = ||xi − yj ||22 in the objective function, and if we fix a set of
possible locations yj for the support points of the barycenter ρ, then Wasserstein
Barycenter problem is equivalent to the following Linear Program:

B(µ, λ) = min
m∑

k=1

λk

(
n∑

i=1

n∑
j=1

||xi − yj ||22 πijk

)
(2)

s.t.
n∑

j=1

πijk = µik i = 1, . . . , n, k = 1, . . . , m (3)

n∑
i=1

πijk = ρj j = 1, . . . , n, k = 1, . . . , m (4)

n∑
j=1

ρj = 1 (5)

πijk ≥ 0, ρj ≥ 0, i , j = 1, . . . , n, k = 1, . . . , m (6)

REMARK: We can solve this LP using an Interior Point Algorithm to a given accuracy.
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W. Barycenter via LP [CPAIOR 2019, SIAM Opt 2020]
The Wasserstein Barycenter problem for images can be reformulated using a flow
network G = (N, A, c, b), with A ⊆ E , as follows:

BG (π, c) = min
m∑

k=1

∑
(i,j)∈A

cij xijk (7)

s.t.
∑

(i,j)∈A

xijk −
∑

(j,i)∈A

xijk = πik − yi ∀i ∈ N, k = 1, . . . , m, (8)

∑
i∈N

yi = 1 (9)

xijk ≥ 0, yi ≥ 0 ∀(i , j) ∈ A, k = 1, . . . , m. (10)

The size of this LP directly depends on the size of the arc set A, which in turn
depends on the choice of ℓ1, ℓ∞, or ℓ2 for cij .



22/33

Motivations Wasserstein Distances Wasserstein Barycenters by LP Results

Primal Sequential Heuristic [CPAIOR, 2020]
Given the input measures with a fixed order µ1, . . . , µk , our heuristic computes ρ̄IH by
solving the following recursion:

Θ(i) =
{

µ1 if i = 1,

f
(

µi , Θ(i−1), 1
i , i−1

i

)
if i > 1,

(11)

ρ̄IH = Θ(i). (12)

We call this heuristic the Iterative Heuristic. Indeed, this heuristic is order sensitive.

Bouchet, P.Y., G., S. and Rousseau, L.M., 2020, September. Primal heuristics for Wasserstein Barycenters.
In proc of Constraint Programming, Artificial Intelligence, and Operations Research (CPAIOR2020), pp. 239–255.
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Primal Sequential Heuristic [CPAIOR, 2020]
We begin with a vector Θ(0) that is equal to the input sequence of measures. Then,
at each iteration i , we compute the barycenter of every consecutive pair of measures
Θ(i−1)

2j−1 and Θ(i−1)
2j with weights equal to 1

2 , and we get a new vector Θ(i) of size
qi = m

2i . More formally, the Pairwise Heuristic is defined by the following procedure:

Θ(0) = {µ1, . . . , µk} , λ(0) = {1, . . . , 1}

Θ(i) =

{
f

(
Θ(i−1)

2j−1 , Θ(i−1)
2j ,

λ
(i−1)
2j−1

λ
(i−1)
2j−1 + λ

(i−1)
2j

,
λ

(i−1)
2j

λ
(i−1)
2j−1 + λ

(i−1)
2j

)}
,

j = 1, . . . , qi

λ(i) = {λ
(i−1)
2j−1 + λ

(i−1)
2j }, j = 1, . . . , qi

ρ̄PR = Θ(h)
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Primal Heuristics [CPAIOR2020]
Comparison with Optimal solution (via Gurobi), Euclidean barycenters, and
Convolutional Wasserstein Barycenters (using POT [FCG+21]), with the following
heuristics:

1 Iterative Random

2 Iterative Farthest

3 Pairwise Random

4 Pairwise Farthest

We tested the following dataset of images:

1 The MNIST handwritten digit dataset [LCB]

2 The Fashion MNIST dataset [XRV17].

3 Rescaled and translated images from the MNIST, as proposed in [SDGP+15]
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The MNIST handwritten digit dataset [LCB]
Optimal opt gap : 00.000 %

runtime : 07057 s

Euclidean opt gap : 15.119 %
runtime : 00001 s

Iterative opt gap : 03.298 %
runtime : 00063 s

Farthest opt gap : 01.924 %
runtime : 01432 s

PairRnd opt gap : 01.275 %
runtime : 00035 s

PairFar opt gap : 00.755 %
runtime : 00828 s

Scaling with the number of input images k ∈ {10, 15, 20, 50, 75, 100, 150, 200, 250}
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MNIST: performance VS runtime



26/33

Motivations Wasserstein Distances Wasserstein Barycenters by LP Results

The MNIST handwritten digit dataset [LCB]
Optimal opt gap : 00.000 %

runtime : 07057 s

Euclidean opt gap : 15.119 %
runtime : 00001 s

Iterative opt gap : 03.298 %
runtime : 00063 s

Farthest opt gap : 01.924 %
runtime : 01432 s

PairRnd opt gap : 01.275 %
runtime : 00035 s

PairFar opt gap : 00.755 %
runtime : 00828 s

Scaling with the number of input images k ∈ {10, 15, 20, 50, 75, 100, 150, 200, 250}

10 1 100 101 102 103 104

runtime (s)

0
1
2
3
4
5
6
7
8
9

10
11
12
13
14
15
16
17
18

av
er

ag
e 

op
tim

al
ity

 g
ap

 (%
)

Optimal
Euclidean
Iterative
Farthest
PairRnd
PairFar

MNIST: performance VS runtime



27/33

Motivations Wasserstein Distances Wasserstein Barycenters by LP Results

The Fashion-MNIST by Zalando
Optimal opt gap : 00.000 %

runtime : 11360 s

Euclidean opt gap : 07.454 %
runtime : 00001 s

Iterative opt gap : 01.623 %
runtime : 00127 s

Farthest opt gap : 02.077 %
runtime : 01492 s

PairRnd opt gap : 00.686 %
runtime : 00094 s

PairFar opt gap : 00.373 %
runtime : 00885 s

Scaling with the number of input images k ∈ {10, 15, 20, 50, 75, 100, 150, 200, 250}
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The Translated-MNIST dataset

Optimal opt gap : 00.000 %
runtime : 859 s

Euclidean opt gap : 32.243 %
runtime : 000 s

Convo opt gap : 01.121 %
runtime : 050 s

Iterative opt gap : 00.487 %
runtime : 009 s

Farthest opt gap : 18.887 %
runtime : 007 s

PairRnd opt gap : 00.298 %
runtime : 007 s

PairFar opt gap : 02.227 %
runtime : 007 s
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The numerical issues with Convolutional Barycenters
Entropic-regularized Wasserstein barycenters [FCG+21, SDGP+15], for different values
of the regularization parameter ϵ, compared with the exact barycenter.

REMARK: To find a single value of the regularization parameter ϵ that does not
raise numerical issues on all the images of a given dataset is a challenge.
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Comparison with MAAIPM
Recently, we compared with another approach based on a custom implementation of
an Interior Point Method (IPM), called the Matrix-based Adaptive Alternating
Interior-Point Method (MAAIPM).

MAAIPM uses a Mehrotra’s Predictor-Corrector algorithm. By exploiting the
block-diagonal structure of the matrices that arise in the barycenter problem they can
solve the problem with O(kn3) operations.

Ge, D., Wang, H., Xiong, Z. and Ye, Y., 2019. Interior-point methods strike back: Solving the Wasserstein
barycenter problem. In: Advances in Neural Information Processing Systems. Vol. 32. 2019.

arXiv preprint arXiv:1905.12895.
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Nested-ellipses dataset: results

Input ellipses:



32/33

Motivations Wasserstein Distances Wasserstein Barycenters by LP Results

Section 5

1 Motivations

2 Wasserstein Distances

3 Wasserstein Barycenters by LP

4 Results



33/33

Motivations Wasserstein Distances Wasserstein Barycenters by LP Results

Conclusions
Wasserstein Barycenters raises interesting computational challenges for the
operations research community, which revive the interest for Network Simplex
algorithms

The block structure of the LP formulation should be exploited: in our work, it
is used to design primal heuristics

We are working on a new parallel implementation of the primal heuristics that
uses different ordering criteria. OPEN QUESTION: Does exist an ordering of
the input measures that guarantees a worst-case optimality gap?

CURRENT WORK: Integration of our parallel network simplex into a
Wasserstein Generative Adversarial Networks (W-GAN) framework

Our CPU Parallel Simplex algorithm, customized for Spatial Statistics applications, was presented
at a European Commission conference on March 2023 and is available at

https://github.com/eurostat/Spatial-KWD

https://github.com/eurostat/Spatial-KWD
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Questions
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Aurélie Boisbunon, Stanislas Chambon, Laetitia Chapel, Adrien Corenflos,
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