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Using Deep NNs as Generative Models

This is an example of Unsupervised Learning

Picture from: https://realpython.com/generative-adversarial-networks/

https://realpython.com/generative-adversarial-networks/
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The GAN game



Introduction Wasserstein GAN

Generators and Discriminators
{Gu | u ∈ U ⊂ Rp}, where Gu : R` → Rd , is the class of
generators with parameters u. U is a subset of the unit
ball.

The generator Gu defines a distribution DGu : generate h
and then apply Gu to get x = Gu(h) of DGu .
{Dv | v ∈ V}, where Dv : Rd → [0..1], is the class of
discriminators with parameters v .
Dv (x) is the probability that x comes from Dreal .
1− Dv (x) is the probability that x comes from DGu .
We assume Gu and Dv are L-Lipschitz with respect to
the parameters. For all u, u′ ∈ U and any input h:

||Gu(h)− Gu′ (h)|| ≤ L ||u − u′|| .

Training a GAN: a min-max game

The training of a GAN consists in optimizing the objective function:

min
u∈U

max
v∈V

Ex∼Dreal [log Dv (x)] + Ex∼DGu
[log(1− Dv (x))] (1)
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Objective function

Training a GAN: a min-max game

The training of a GAN consists in optimizing the objective function:

min
u∈U

max
v∈V

Ex∼Dreal [log Dv (x)] + Ex∼DGu
[log(1− Dv (x))] (2)

Notice that log x → −∞ as x → 0 (numerical issues).

We can replace log(·) with a monotone function φ : [0..1]→ R:

min
u∈U

max
v∈V

Ex∼Dreal [φ(Dv (x))] + Ex∼DGu
[φ(1− Dv (x))] (3)

We call φ(·) the measuring function.

In practice, we have m training samples x1, . . . , xm ∼ Dreal , and instead of the expectation,
we use the empirical distribution:

1
m

m∑
i=1

φ(Dv (xi ))
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Training Algorithm (Goodfellow et all 2014)
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GAN Advantages

1 Sharp Images: GANs produce sharper images than other generative models.

2 Configurable size: The latent random variable size is unrestricted, enriching the
generator search space.

3 Versatile generator: The GAN framework can support many different generator
networks (it’s a GAN zoo nowadays...)
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GAN Issues

1 Mode collapse: The generator tends to produce a specific pattern which fools
the discriminator.

2 Vanishing gradients: The training step of the generator backpropagates very
low gradients (no info!).

3 Instability: The parameters u and v oscillate during training and they do not
converge toward an equilibrium (low quality images in output).



Introduction Wasserstein GAN

GAN Issues

1 Mode collapse: The generator tends to produce a specific pattern which fools
the discriminator.

2 Vanishing gradients: The training step of the generator backpropagates very
low gradients (no info!).

3 Instability: The parameters u and v oscillate during training and they do not
converge toward an equilibrium (low quality images in output).



Introduction Wasserstein GAN

GAN Issues

1 Mode collapse: The generator tends to produce a specific pattern which fools
the discriminator.

2 Vanishing gradients: The training step of the generator backpropagates very
low gradients (no info!).

3 Instability: The parameters u and v oscillate during training and they do not
converge toward an equilibrium (low quality images in output).



Introduction Wasserstein GAN

Main Motivation

Unsupervised learning
QUESTION: What does it mean to learn a probability distribution?

CLASSICAL ANSWER: To learn a probability density.

Learning densities

The standard approach defines a parametric family of densities (Pθ)θ∈Rd , and if we
have real data samples {x (i)}m

i=1, we solve the maximum likelihood problem:

max
θ∈Rd

1
m

m∑
i=1

log Pθ(x (i))

If the real data distribution Pr admits a density and Pθ is the distribution of Pθ, then
this amounts to minimize the Kullback-Leibler divergence:

KL(Pr ||Pθ) :=
∫

log
(

Pr (x)
Pg (x)

)
Pr (x)dµ(x)
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Main Motivation

Learning Sample Generators

Rather than estimating Pr , we can define a random variable Z with a fixed distribution
p(z) and pass it in input to a parametric function gθ : Z → X (e.g. a Neural Network)
that directly generate samples with a distribution Pθ.

By changing θ we can change Pθ to make it as close as possible to Pr .

REMARK: The ability to generate samples is often more useful than knowing the
numerical value of the density.
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Distances and Divergences

To measure how similar the model distribution and the real distributions are we need to define
a distance (or divergence) ρ(Pθ ,Pr ).
Let X be a compact metric set such as the space of images [0, 1]d . Examples:

Total Variation (TV) distance:

δ(Pr ,Pg ) = sup
A∈Σ
|Pr (A)− Pg (A)|

Kullback-Leibler (KL) divergence:

KL(Pr ||Pg ) :=
∫

log
(

Pr (x)
Pg (x)

)
Pr (x)dµ(x)

Jensen-Shannon (JS) divergence:

JS(Pr ,Pg ) := KL(Pr ||Pm) + KL(Pg ||Pm)

where Pm is the mixture Pr +Pg
2 .
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Distances and Divergences

To measure how similar the model distribution and the real distributions are we need to define
a distance (or divergence) ρ(Pθ ,Pr ).
Let X be a compact metric set such as the space of images [0, 1]d . Examples:

Earth-Mover (EM) distance or Wasserstein-1:

W (Pr ,Pg ) = inf
γ∈Π(Pr ,Pg )

E(x,y)∼γ [||x − y ||]

where Π(Pr ,Pg ) denotes the set of all joint distributions γ(x , y) whose marginals are
respectively Pr and Pg .
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Convergence results
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Algorithm: Original W-GAN with Clipping
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Algorithm: Original W-GAN with Gradient Penalty
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Google Colab 3: Wasserstein GAN with Climpping
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Google Colab 4: W-GAN with Gradient Penalty
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Google Colab 4: W-GAN with Gradient Penalty
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Google Colab 5: Minibatch W-GAN by Network Simplex
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