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Let V be a Banach space, and {a,: V — P(V’)} be an equi-coercive sequence.
Claims:

Operator Compactness: there exists a topology 7 such that
Ja:V = P(V): an o, (1)
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Let V be a Banach space, and {a,: V — P(V’)} be an equi-coercive sequence.
Claims:
Operator Compactness: there exists a topology 7 such that
Ja:V = P(V): an o, (1)

and

Structural Stability:
(un, uy) € graph(aw) Vn,  (up,up) = (u,u*) in VxV'|  a,—a (2)

= (u,u”) € graph(a). (3)
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1. Any max-monotone operator may be given a variational representation.
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1. Any max-monotone operator may be given a variational representation.

2. For max-monotone equations, operator compactness and structural stability
may then be studied via De Giorgi’s [-convergence.
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3. This also applies e.g. to Diu+ afu) 3 u” (c: max-monotone).
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1. Any max-monotone operator may be given a variational representation.

2. For max-monotone equations, operator compactness and structural stability
may then be studied via De Giorgi’s [-convergence.

3. This also applies e.g. to Diu+ afu) 3 u” (c: max-monotone).

4. This may be extended to ~ « pseudo-monotone (in the sense of Brezis).
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A Trivial Example
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A Trivial Example

In the space L?(0, T), the ordinary derivative D; with domain
V = {v € HY(0, T) : v(0) = 0} is monotone, i.e.,

(Dtul — DtU27 ur — U2) >0 Vul, u e V.
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A Trivial Example

In the space L?(0, T), the ordinary derivative D; with domain
V = {v € HY(0, T) : v(0) = 0} is monotone, i.e.,

(Dtul — DtU27 ur — U2) >0 Vul, u e V.

Indeed:

(Dru, u) = /O [Deu(8)] u(t) dt = Zu(T)* ~ Su(0)
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A Trivial Example

In the space L?(0, T), the ordinary derivative D; with domain
V = {v € HY(0, T) : v(0) = 0} is monotone, i.e.,

(Dtul — DtU27 ur — U2) >0 Vul, u e V.

Indeed:

(Dru, u) = /O [Deu(8)] u(t) dt = Zu(T)* ~ Su(0)

May D,u=1f be represented as a minimum problem?
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More generally:

a: W — W' is monotone = D;+ « is also monotone

in V={vel*0, T;W)nH(0, T; W): v(0) =0}. )
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More generally:

a: W — W' is monotone = D;+ « is also monotone

in V={vel*0, T;W)nH(0, T; W): v(0) =0}. )

E.g., for any quasilinear elliptic operator A: W — W',

D: + A is monotone (in space-time).
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More generally:

a: W — W' is monotone = D;+ « is also monotone

in V={vel*0, T;W)nH(0, T; W): v(0) =0}. )

E.g., for any quasilinear elliptic operator A: W — W',

D: + A is monotone (in space-time).

May Diu+Au=f be represented as a minimum problem?
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1. The Fitzpatrick Theory
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1. The Fitzpatrick Theory
Let V be a (real) Banach space with V' separable, and o : V — P(V').
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1. The Fitzpatrick Theory
Let V be a (real) Banach space with V' separable, and o : V — P(V').
1n 1988 Fitzpatrick introduced the function
fo: VxV' — RU{+o0}
fa(v,v*) = (v, v) +sup {(v* — v, vo — v) : (v, v§') € graph(a)} (5)
= sup {(v*, vo) + (vg,v) — (v, wo) : (vo,v5) € graph(a)}.
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1. The Fitzpatrick Theory
Let V be a (real) Banach space with V' separable, and o : V — P(V').
1n 1988 Fitzpatrick introduced the function
fo: VxV' — RU{+o0}
fa(v,v*) = (v, v) +sup {(v* — v, vo — v) : (v, v§') € graph(a)} (5)
= sup {(v*, vo) + (vg,v) — (v, wo) : (vo,v5) € graph(a)}.

This function is clearly convex and l.s.c..

Fitzpatrick’'s Theorem. If o is max-monotone, then
fa(v,v*) > (v*,v) Y(v,v*) e Vx V',

falv,v*) = (v, v) &  v*ea(v).

Augusto Visintin - Trento Structural Stability of Nonlinear Flows



1. The Fitzpatrick Theory

Let V be a (real) Banach space with V' separable, and o : V — P(V').
1n 1988 Fitzpatrick introduced the function

fo: VxV' — RU{+o0}

Fu(v,v*) o= (v, v) +sup {(v* — 6w — v) : (%, §) € graph(@)} ()

= sup {(v*,v0) + (v, v) — (%, w) : (w, %) € graph(a)}.
This function is clearly convex and l.s.c..
Fitzpatrick’'s Theorem. If o is max-monotone, then
fa(v,v*) > (v*,v) Y(v,v*) e VXV,

falv,v*) = (v, v) &  v*ea(v).

Conversely, (6) entails that o is monotone (possibly not maximal).
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Representative functions
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Representative functions
Let F(V) be the class of the functions f such that
f:VxV' — RU{+o00} is convex and lLs.c.,
f(v,v*) > (v, v) Y(v,v*) e Vx V.
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Representative functions
Let F(V) be the class of the functions f such that
f:VxV' — RU{+o00} is convex and lLs.c.,
f(v,v*) > (v, v) Y(v,v*) e Vx V.
To any f € F(V) we associate the operator ar : V — P(V’) such that

viear(v) &  fv,v")=(v",v), (8)
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Representative functions
Let F(V) be the class of the functions f such that
f:VxV' — RU{+o00} is convex and lLs.c.,
f(v,v*) > (v, v) Y(v,v*) e Vx V.
To any f € F(V) we associate the operator ar : V — P(V’) such that
viear(v) &  fv,v")=(v",v), (8)

and say that f (variationally) represents ay.

max-monotone = representable = monotone.
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Representative functions
Let F(V) be the class of the functions f such that
f:VxV' — RU{+o00} is convex and lLs.c.,
f(v,v*) > (v, v) Y(v,v*) e Vx V.
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and say that f (variationally) represents ay.
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Null-Minimization Principle
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Representative functions
Let F(V) be the class of the functions f such that
f:VxV' — RU{+o00} is convex and lLs.c.,
f(v,v*) > (v, v) Y(v,v*) e Vx V.
To any f € F(V) we associate the operator ar : V — P(V’) such that
viear(v) & f(v,v")=(v",v),

and say that f (variationally) represents ay.

max-monotone  =- representable =- monotone.

Null-Minimization Principle
For any f € F(V), setting

F(v,v*) = f(v,v") — (v*, V) Y(v,v*) € Vx V',
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Representative functions
Let F(V) be the class of the functions f such that
f:VxV' — RU{+o00} is convex and lLs.c.,
f(v,v*) > (v, v) Y(v,v*) e Vx V.
To any f € F(V) we associate the operator ar : V — P(V’) such that
viear(v) & f(v,v")=(v",v),

and say that f (variationally) represents ay.

max-monotone  =- representable =- monotone.

(8)

Null-Minimization Principle
For any f € F(V), setting
F(v,v*) = f(v,v") — (v*, V) Y(v,v*) € Vx V',

by (7) and (8),
viear(v) & F(v,v")=infF=0.
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Representative functions
Let F(V) be the class of the functions f such that
f:VxV' — RU{+o00} is convex and lLs.c.,
f(v,v*) > (v, v) Y(v,v*) e Vx V.
To any f € F(V) we associate the operator ar : V — P(V’) such that
viear(v) & f(v,v")=(v",v),

and say that f (variationally) represents ay.

max-monotone  =- representable =- monotone.

(8)

Null-Minimization Principle
For any f € F(V), setting

F(v,v*) = f(v,v") — (v*, V) Y(v,v*) € Vx V',
by (7) and (8),
viear(v) & F(v,v")=infF=0.

The vanishing of the minimum cannot be dispensed with !
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Examples of Representative functions
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Examples of Representative functions

Fitzpatrick’s function: f, represents the max-monotone operator a.
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Examples of Representative functions
Fitzpatrick’s function: f, represents the max-monotone operator a.

Fenchel’s function. For any convex and l.s.c. function ¢ : V — RU {+o0},
the subdifferential Jp is represented by

Flvv)) =p(v) + o7 (v")  V(v,v") e Vx V) (11)
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Examples of Representative functions
Fitzpatrick’s function: f, represents the max-monotone operator a.

Fenchel’s function. For any convex and l.s.c. function ¢ : V — RU {+o0},
the subdifferential Jp is represented by

flv,v™) =p(v) 4+ ¢"(v7) Y(v,v*) e VxV/; (11)
f is self-dual, i.e., f*=f in the duality between Vx V' and V'x V.

Augusto Visintin - Trento Structural Stability of Nonlinear Flows



Examples of Representative functions
Fitzpatrick’s function: f, represents the max-monotone operator a.

Fenchel’s function. For any convex and l.s.c. function ¢ : V — RU {+o0},
the subdifferential Jp is represented by

flv,v™) =p(v) 4+ ¢"(v7) Y(v,v*) e VxV/; (11)
f is self-dual, i.e., f*=f in the duality between Vx V' and V'x V.

Extended Brezis-Ekeland-Nayroles’s Principle. Let
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Examples of Representative functions
Fitzpatrick’s function: f, represents the max-monotone operator a.

Fenchel’s function. For any convex and l.s.c. function ¢ : V — RU {+o0},
the subdifferential Jp is represented by

flv,v™) =p(v) 4+ ¢"(v7) Y(v,v*) e VxV/; (11)
f is self-dual, i.e., f*=f in the duality between Vx V' and V'x V.

Extended Brezis-Ekeland-Nayroles’s Principle. Let
a: V — P(V') be represented by f,,

L:V — V' be bounded, linear and monotone
(e.g, L=D¢, V={vel*0, T; W)NH(0, T; W) : v(0) = 0}).
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Examples of Representative functions
Fitzpatrick’s function: f, represents the max-monotone operator a.

Fenchel’s function. For any convex and l.s.c. function ¢ : V — RU {+o0},
the subdifferential Jp is represented by

flv,v™) =p(v) 4+ ¢"(v7) Y(v,v*) e VxV/; (11)
f is self-dual, i.e., f*=f in the duality between Vx V' and V'x V.

Extended Brezis-Ekeland-Nayroles’s Principle. Let
a: V — P(V') be represented by f,,

L:V — V' be bounded, linear and monotone
(e.g, L=D¢, V={vel*0, T; W)NH(0, T; W) : v(0) = 0}).

Then a + L is represented by

fori(v,v™) :i= fa(v, v — Lv) + (Lv, V) Y(v,v*) € Vx V', (12)
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Examples of Representative functions
Fitzpatrick’s function: f, represents the max-monotone operator a.

Fenchel’s function. For any convex and l.s.c. function ¢ : V — RU {+o0},
the subdifferential Jp is represented by

flv,v™) =p(v) 4+ ¢"(v7) Y(v,v*) e VxV/; (11)
f is self-dual, i.e., f*=f in the duality between Vx V' and V'x V.

Extended Brezis-Ekeland-Nayroles’s Principle. Let
a: V — P(V') be represented by f,,

L:V — V' be bounded, linear and monotone
(e.g, L=D¢, V={vel*0, T; W)NH(0, T; W) : v(0) = 0}).

Then a + L is represented by
fori(v,v™) :i= fa(v, v — Lv) + (Lv, V) Y(v,v*) € Vx V', (12)

indeed fagi(v,v*) =(v*',v) & J[a+L](v)>v"
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For instance, if
B:RY — P(R") is max-monotone,

(13)
he >0, T; H(Q)),
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For instance, if
B:RY — P(R") is max-monotone,

(13)
he (0, T; H'(Q)),
then the problem
ue 120, T; HE(Q)) N HY (0, T: HY(Q))
Diu—V-B(Vu)> h  in HY(Q), a.e. in 0, T[ (14)
u(-,0)=0 in Q
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For instance, if
B:RY — P(R") is max-monotone,

(13)
he (0, T; H'(Q)),
then the problem
ue 120, T; HE(Q)) N HY (0, T: HY(Q))
Diu—V-B(Vu)> h  in HY(Q), a.e. in 0, T[ (14)
u(-,0)=0 in Q

is equivalent to
F(u,h)=inf F =0, (15)
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For instance, if
B:RY — P(R") is max-monotone,

(13)
he (0, T; H'(Q)),
then the problem
ue 120, T; HE(Q)) N HY (0, T: HY(Q))
Diu—V-B(Vu)> h  in HY(Q), a.e. in 0, T[ (14)
u(-,0)=0 in Q

is equivalent to
F(u,h)=inf F =0, (15)

where
F(v,v*) =
/dt/ f/g Vv VA~ (Dtvf v )) — (v*,v)} dx+%/ﬂ|v(., T)\2 dx

Yv € L2(0, T; Ho(Q)) N HY(0, T; H7(Q)), v(0) =0,
v € L2(0, T; HH(RQ)).

(16)
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2. A Nonlinear (“Weak-Type”) Convergence

(v, vp) 2 (v,v*) inVxV' &

(17)

vo = v in V, vi BV in V0 (v ve) = (v V).
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2. A Nonlinear (“Weak-Type”) Convergence

(v, vp) 2 (v,v*) inVxV' &

(17)

vo = v in V, vi BV in V0 (v ve) = (v V).
The associated topology is metrizable on bounded subsets of V x V',
['7-Compactness

Let the sequence 1, : Vx V' — RU {400} be equi-coercive, i.e.,

VCeR, sup {|vllv+I[v v : ¥a(v,v") < C} < +oo. (18)

Augusto Visintin - Trento Structural Stability of Nonlinear Flows



2. A Nonlinear (“Weak-Type”) Convergence

(v, vp) 2 (v,v*) inVxV' &

(17)

vo = v in V, vi BV in V0 (v ve) = (v V).

The associated topology is metrizable on bounded subsets of V x V',

['7-Compactness

Let the sequence 1, : Vx V' — RU {400} be equi-coercive, i.e.,

VCeR, sup {|vllv+I[v v : ¥a(v,v") < C} < +oo. (18)
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2. A Nonlinear (“Weak-Type”) Convergence

(v, vp) 2 (v,v*) inVxV' &

(17)

vo = v in V, vi BV in V0 (v ve) = (v V).
The associated topology is metrizable on bounded subsets of V x V',
['7-Compactness
Let the sequence 1, : Vx V' — RU {400} be equi-coercive, i.e.,

VCeR, sup {|vllv+I[v v : ¥a(v,v") < C} < +oo. (18)

Then: (i) v, -converges to some function ¥, up to a subsequence.

(ii) If ¥, € F(V) Vn, then ¢ € F(V).
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2. A Nonlinear (“Weak-Type”) Convergence

(v, vp) 2 (v,v*) inVxV' &

(17)

vo = v in V, vi BV in V0 (v ve) = (v V).

The associated topology is metrizable on bounded subsets of V x V',

['7-Compactness

Let the sequence 1, : Vx V' — RU {400} be equi-coercive, i.e.,

VCeR, sup {|vllv+I[v v : ¥a(v,v") < C} < +oo. (18)

Then: (i) v, -converges to some function ¥, up to a subsequence.
(ii) If ¥, € F(V) Vn, then ¢ € F(V).
(iii) If any v, (1, resp.) represents the operator a, («, resp.), then

limsup graph(a,) C graph(«) (19)

n—oo

in the sense of Kuratowski w.r.t. the topology 7.
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Compactness and Structural Stability (or G-compactness and G-convergence)
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Compactness and Structural Stability (or G-compactness and G-convergence)

Let (S, D, O) be a triplet of topological spaces, with
S: space of the admissible solutions of the problem,
D: space of the admissible data,
O: space of the admissible operators o0:S — D :s+—d.
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Compactness and Structural Stability (or G-compactness and G-convergence)

Let (S, D, O) be a triplet of topological spaces, with
S: space of the admissible solutions of the problem,
D: space of the admissible data,
O: space of the admissible operators o0:S — D :s+—d.

Any (d, 0) € DxO determines the problem

find s€ S suchthat d € o(s). (20)
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Compactness and Structural Stability (or G-compactness and G-convergence)

Let (S, D, O) be a triplet of topological spaces, with
S: space of the admissible solutions of the problem,
D: space of the admissible data,
O: space of the admissible operators o0:S — D :s+—d.

Any (d, 0) € DxO determines the problem

find s€ S suchthat d € o(s). (20)

Definition 1. The class of problems (S, D, 0) is compact if

any bounded sequence {(sn, dn, 0n)} in (S,D, O)

accumulates at some (s, d, 0).

(21)
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Compactness and Structural Stability (or G-compactness and G-convergence)

Let (S, D, O) be a triplet of topological spaces, with
S: space of the admissible solutions of the problem,
D: space of the admissible data,
O: space of the admissible operators o0:S — D :s+—d.

Any (d, 0) € DxO determines the problem

find s€ S suchthat d € o(s). (20)

Definition 1. The class of problems (S, D, 0) is compact if

any bounded sequence {(sn, dn, 0n)} in (S,D, O)

accumulates at some (s, d, 0).

(21)
Definition 2. The class of problems (S,D,0) is structurally stable if
dn € 0n(sn) Vn,  (Sn,dn,0,) = (s,d,0) = de€o(s). (22)

This is a sort of enhanced well-posedness, as it also involves operator convergence.
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Compactness and Structural Stability (or G-compactness and G-convergence)

Let (S, D, O) be a triplet of topological spaces, with
S: space of the admissible solutions of the problem,
D: space of the admissible data,
O: space of the admissible operators o0:S — D :s+—d.

Any (d, 0) € DxO determines the problem

find s€ S suchthat d € o(s). (20)

Definition 1. The class of problems (S, D, 0) is compact if

any bounded sequence {(sn, dn, 0n)} in (S,D, O)

accumulates at some (s, d, 0).

(21)
Definition 2. The class of problems (S,D,0) is structurally stable if
dn € 0n(sn) Vn,  (Sn,dn,0,) = (s,d,0) = de€o(s). (22)

This is a sort of enhanced well-posedness, as it also involves operator convergence.

Approximation of the operator is often mandatory, e.g. in numerical analysis.
This may raise the issues of operator convergence and structural stability.
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3. A Monotone Flow

Set Xo={veL*0,T;V)NnH 0, T;V'): v(0) =0}
(a vanishing initial datum may be retrieved by a shift in the unknown function).
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3. A Monotone Flow

Set Xo={veL*0,T;V)NnH 0, T;V'): v(0) =0}
(a vanishing initial datum may be retrieved by a shift in the unknown function).

Assume that, for any n,
ap : V — P(V') is maximal monotone,

Ja,b>0:Vn,V¥(v,v*) € graph(as),

. . 23
w v zalviB, vl < blviv, (23)

h, € L2(0, T; V).
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Set Xo={veL*0,T;V)NnH 0, T;V'): v(0) =0}
(a vanishing initial datum may be retrieved by a shift in the unknown function).

Assume that, for any n,
ap : V — P(V') is maximal monotone,

Ja,b>0:Vn,V¥(v,v*) € graph(as),

v > alvid, vl < by, 3)
h, € L2(0, T; V).
Let us then consider the sequence of flows
un € Xo, D:un + an(un) 3 hy in V', a.e. in]0, T[. (24)
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3. A Monotone Flow

Set Xo={veL*0,T;V)NnH 0, T;V'): v(0) =0}
(a vanishing initial datum may be retrieved by a shift in the unknown function).

Assume that, for any n,
ap : V — P(V') is maximal monotone,

Ja,b>0:Vn,V¥(v,v*) € graph(as), (23)
(v, v) > allviiy,  (Ivillve < bllvilv,
h, € L2(0, T; V).

Let us then consider the sequence of flows

un € Xo, D:un + an(un) 3 hy in V', a.e. in]0, T[. (24)

Vn, let 1, : VXV’ — RU {400} be a representative function of a,.
In Xp this inclusion is equivalent to either of the inequalities

Wn(tn, by — Drun) < (un, by — Drun)  ace. in |0, T, (25)
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3. A Monotone Flow

Set Xo={veL*0,T;V)NnH 0, T;V'): v(0) =0}
(a vanishing initial datum may be retrieved by a shift in the unknown function).

Assume that, for any n,
ap : V — P(V') is maximal monotone,

Ja,b>0:Vn,V¥(v,v*) € graph(as),

* . (23)
(v, v) > allviiy,  (Ivillve < bllvilv,
h, € L2(0, T; V).
Let us then consider the sequence of flows
un € Xo, D:un + an(un) 3 hy in V', a.e. in]0, T[. (24)
Vn, let 1, : VXV’ — RU {400} be a representative function of a,.
In Xp this inclusion is equivalent to either of the inequalities
Wn(tn, by — Drun) < (un, by — Drun)  ace. in |0, T, (25)
T T
/ Un(Un, hn — Deup) dt < / (Un, hn — Dyuy) dt. (26)
0 0
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Pointwise-in-Time Formulation

If the injection V — V' is compact, then we have the following results:
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If {a,:V — P(V’')} is equi-bounded, equi-coercive, and is represented by {1n},
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Pointwise-in-Time Formulation

If the injection V — V' is compact, then we have the following results:

Compactness
If {a,:V — P(V’')} is equi-bounded, equi-coercive, and is represented by {1n},
then there exists v : V x V' — R such that, up to extracting a subsequence,
¥n 31 sequentially w.r.t. the topology 7 of V x V', (27)

and
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If {a,:V — P(V’')} is equi-bounded, equi-coercive, and is represented by {1n},
then there exists v : V x V' — R such that, up to extracting a subsequence,
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Structural Stability

Let Diun + an(up) 2 hy in V', ae. in]0, T, un(0) =0 Vn, (28)
u, = u in L*(0, T; V)N H'(0, T; V), h, = h in 20, T; V). (29)
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If the injection V — V' is compact, then we have the following results:

Compactness
If {a,:V — P(V’')} is equi-bounded, equi-coercive, and is represented by {1n},
then there exists v : V x V' — R such that, up to extracting a subsequence,
¥n 31 sequentially w.r.t. the topology 7 of V x V', (27)
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Let Diun + an(up) 2 hy in V', ae. in]0, T, un(0) =0 Vn, (28)
u, = u in L*(0, T; V)N H'(0, T; V), h, = h in 20, T; V). (29)

If (i)  is represented by ¥,, (i) 1, =4, (iii) « is represented by ¢, then
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Pointwise-in-Time Formulation

If the injection V — V' is compact, then we have the following results:

Compactness
If {a,:V — P(V’')} is equi-bounded, equi-coercive, and is represented by {1n},
then there exists v : V x V' — R such that, up to extracting a subsequence,
¥n 31 sequentially w.r.t. the topology 7 of V x V', (27)

and
Structural Stability

Let Diun + an(up) 2 hy in V', ae. in]0, T, un(0) =0 Vn, (28)
u, = u in L*(0, T; V)N H'(0, T; V), h, = h in 20, T; V). (29)

If (i)  is represented by ¥,, (i) 1, =4, (iii) « is represented by ¢, then

Diu+a(u)>h in V', ae. in]0, T|, u(0) = 0. (30)
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Global-in-Time Formulation

Let us set

V(v) = /OTz/J(v(t)) dt  YveV:=L%0,T;V).
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Global-in-Time Formulation

Let us set

V(v) = /OTz/J(v(t)) dt  YveV:=L%0,T;V).

Then, even if the injection V — V' is not compact, we have the following results:
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Global-in-Time Formulation

Let us set

-
v(v) ::/ Y(v(t))dt  YveV:=L%*0,T;V).
0
Then, even if the injection V — V' is not compact, we have the following results:

Compactness
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Global-in-Time Formulation
Let us set .
v(v) ::/ Y(v(t))dt  YveV:=L1*0,T;V).
0

Then, even if the injection V — V' is not compact, we have the following results:

Compactness

If {&,:V — P(V')} is equi-bounded, equi-coercive, and is represented by {V,},
then there exists W : Vx V' — R such that, up to extracting a subsequence,

v, Ly sequentially w.r.t. the topology 7 of Vx V. (31)
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Structural Stability

Let
Diun + &n(un) > hn  in V', Vn, un(0) =0 Vn, (32)

up —u inV, D:iu, — Diu in V', hn — h inV. (33)
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If &, is represented by V,, W, W, & is represented by ¥,  then
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Structural Stability

Let
Diun + &n(un) > hn  in V', Vn, un(0) =0 Vn, (32)

up —u inV, D:iu, — Diu in V', hn — h inV. (33)

If &, is represented by V,, W, W, & is represented by ¥,  then

Diu+é&(u)>h in)', u(0) = 0. (34)
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Structural Stability

Let
Diun + &n(un) > hn  in V', Vn, un(0) =0 Vn,

up —u in VY, D:iu, — Diu in V’, hn — h inV.

If &, is represented by V,, W, W, & is represented by ¥,  then

Diu+4&(u)>h inV, u(0) = 0.

A priori this may be associated with the onset of long memory, i.e.,

u global-in-time solution # v pointwise-in-time solution.
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Structural Stability

Let
Diun + &n(un) > hn  in V', Vn, un(0) =0 Vn, (32)
up —u inV, D:iu, — Diu in V', hn — h inV. (33)

If &, is represented by V,, W, W, & is represented by ¥,  then

Diu+é&(u)>h in)', u(0) = 0. (34)

A priori this may be associated with the onset of long memory, i.e.,

u global-in-time solution #  u pointwise-in-time solution. (35)

However this implication holds under (mild) regularity assumptions.
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Tartar’s example of onset of long memory
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Tartar’s example of onset of long memory

Let a, € L*°(Q), a» > 0 Vn. The short-memory equation

Diup + an(x)un =0 a.e. in QxRT (36)
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Tartar’s example of onset of long memory
Let a, € L*°(Q), a» > 0 Vn. The short-memory equation
Diup + an(x)un =0 a.e. in QxRT (36)
has the solution

un(x, t) = u(x,0)e " a.e. in QxR". (37)
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Let a, € L*°(Q), a» > 0 Vn. The short-memory equation
Diup + an(x)un =0 a.e. in QxRT (36)
has the solution
un(x, t) = u(x,0)e " a.e. in QxR". (37)

If a,=a in L*°(R), then as n — oo the exponential form of the solution is lost;
indeed in this case
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Tartar’s example of onset of long memory

Let a, € L*°(Q), a» > 0 Vn. The short-memory equation

Diup + an(x)un =0 a.e. in QxRT (36)

has the solution
un(x, t) = u(x,0)e )" a.e. in QxR". (37)

If a,=a in L*°(R), then as n — oo the exponential form of the solution is lost;
indeed in this case

Up —u F apu, — au in L/20C(Q><R+). (38)
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Tartar’s example of onset of long memory

Let a, € L*°(Q), a» > 0 Vn. The short-memory equation

Diup + an(x)un =0 a.e. in QxRT (36)

has the solution
un(x, t) = u(x,0)e )" a.e. in QxR". (37)

If a,=a in L*°(R), then as n — oo the exponential form of the solution is lost;
indeed in this case

Up —u F apu, — au in L/QOC(QXR+). (38)

Actually, one gets
Diu+ Au=20 a.e. in QxRY, (39)
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Let a, € L*°(Q), a» > 0 Vn. The short-memory equation

Diup + an(x)un =0 a.e. in QxRT (36)

has the solution
un(x, t) = u(x,0)e )" a.e. in QxR". (37)

If a,=a in L*°(R), then as n — oo the exponential form of the solution is lost;
indeed in this case

Up —u F apu, — au in L/QOC(QXR+). (38)

Actually, one gets
Diu+ Au=20 a.e. in QxRY, (39)

with A linear and with long memory:  [Au](-, t) # Alu(-, t)] in Q,
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has the solution
un(x, t) = u(x,0)e )" a.e. in QxR". (37)

If a,=a in L*°(R), then as n — oo the exponential form of the solution is lost;
indeed in this case

Up —u F apu, — au in L/QOC(QXR+). (38)

Actually, one gets
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Tartar’s example of onset of long memory

Let a, € L*°(Q), a» > 0 Vn. The short-memory equation

Diup + an(x)un =0 a.e. in QxRT (36)

has the solution
un(x, t) = u(x,0)e )" a.e. in QxR". (37)

If a,=a in L*°(R), then as n — oo the exponential form of the solution is lost;
indeed in this case

Up —u F apu, — au in L/QOC(QXR+). (38)

Actually, one gets
Diu+ Au=20 a.e. in QxRY, (39)

with A linear and with long memory:  [Au](-, t) # Alu(-, t)] in Q,

ie., [Au](-,t) depends on u|gxjo, rather than just uloyx (-

(the operator A has the form of a time-integral, see e.g. [Tartar].)
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What makes the difference

between the (nonlinear) structurally stable flow

Diu—V-B(x,Vu) 30  in H(Q), a.e. in |0, T| (40)
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What makes the difference
between the (nonlinear) structurally stable flow
Diu—V-B(x,Vu) 30  in H(Q), a.e. in |0, T|
and the (linear) structurally unstable flow
Diu+ a(x)u=0 in L%(Q), a.e. in ]0, T[

(with B(x, ) max-monotone, a(x) > 0)
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What makes the difference
between the (nonlinear) structurally stable flow
Diu—V-B(x,Vu)30  in H}(Q), a.e. in ]0, T| (40)
and the (linear) structurally unstable flow
Diu+ a(x)u=0 in [2(Q), a.e. in ]0, T[ (41)
(with B(x, ) max-monotone, a(x) > 0)

? ? ? ? ?

Linearity is not the key ... the explanation stays elsewhere:
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between the (nonlinear) structurally stable flow

Diu—V-B(x,Vu) 30  in H(Q), a.e. in |0, T| (40)
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Diu+ a(x)u=0 in [2(Q), a.e. in ]0, T[ (41)
(with B(x, ) max-monotone, a(x) > 0)
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Linearity is not the key ... the explanation stays elsewhere:

In (40) wu(t) € V= Hj(Q) cC H = L*(Q),
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and the (linear) structurally unstable flow
Diu+ a(x)u=0 in L%(Q), a.e. in ]0, T[ (41)
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Linearity is not the key ... the explanation stays elsewhere:

In (40) wu(t) € V= Hj(Q) cC H = L*(Q),
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The compactness of the injection V — H makes the difference !
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What makes the difference

between the (nonlinear) structurally stable flow

Diu—V-B(x,Vu) 30  in H(Q), a.e. in |0, T| (40)
and the (linear) structurally unstable flow

Diu+ a(x)u=0 in L%(Q), a.e. in ]0, T[ (41)
(with B(x, ) max-monotone, a(x) > 0)
? ? ? ? ?
Linearity is not the key ... the explanation stays elsewhere:

In (40) u(t) € V = Hy(Q) CC H = L*(Q),
in (41) u(t) € V=H = L*Q).

The compactness of the injection V — H makes the difference !

The classical Trotter-Kato theorem actually applies to (40) and not to (41).
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Conclusions
1. Any max-monotone operator may be given a variational representation.

2. Operator compactness and structural stability of max-monotone equations
may then be proved via [-convergence, w.r.t. a suitable (nonlinear) topology on
VxV.

3. This applies e.g. to Diu+a(u) > h (a max-monotone).

Further Issues
1. The onset of long memory in the limit.
2. The identification of the limit of sequences of representative operators.

3. The extension to other classes of operators, including homogenization problems.

4. The extension to « pseudo-monotone.
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