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Existence of the free boundary in a diffusive flow in porous media

4 Problem presentation]

Prove the existence of the solution to a two phase flow
in a porous medium

Compute the solution and the diffusive interface evolution

G.M., J. Optimiz. Theory Appl., 2012
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Existence of the free boundary in a diffusive flow in porous media

Problem presentation

Unsaturated p orous medivm

() C R®, open bounded,

[' = 012 sufficiently smooth
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Existence of the free boundary in a diffusive flow in porous media

Problem presentation

Py
saturated dormain

F =¥
ungaturated ¥ wolumetric fluid content
dotrain

Q=0T)xQ, T<oo, Y=(0T)xT

Qs = {(tv 33) € Q; y(t,l’) — ys} Qu = {(t,[lj) € Q; ?J(tax) < ys}
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Existence of the free boundary in a diffusive flow in porous media

Problem presentation

¥ =¥
saturated domain

unsaturated y volumetric fluid content
domain

Q=(0,T)xQ T<oo, L=(0,T)xT

Qs ={(t,x) € Q; y(t,z) =ysp  Qu=A{{t,7) € Qs ylt,r) <y}
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0
o= Abltay) > f i Q
OB(t, =, y)

v

+af(t,z,y) 20 on X, a>0 (NE)
y(0,2) = 3o in



__A6<t7$7y> > f in Q

+af(t,z,y) 2 0 on X, «a>0, (NE)
y(0,2) = 1y in .

B:Q x (—00,ys] = R, B(t,z,-) € CH—00,y,), li/m B(t,z,r) =K, a.e. (t,r) € Q.
"/ Ys

Fast diffusion in porous media (G.M. Springer, 2006; A. Favini, G.M. Springer 2012)



(@]

j1Q xR = (=00,00], j(t,r,r) = Jo Btz s)ds, v <y
+00, otherwise
(t,z) — j(t,z,r) is measurable on @ for all r € (—o0, y]
j(t,z,-) proper convex |.s.c. a.e. (t,x) € Q
a]<t7 L, ) — B(ta L, ) a.e. (t,ZC) S Q

j(t,z,r) < K. |r|, forany r <y, a.e. (t,x) € Q



Conjugate of j
j*(t, @z, w) = sup(wr — j(t,z,7)) a.e. ({,z) € ¢

reR

Legendre-Fenchel relations

jit,x,r)+ 7 (t,v,w) >rwforallr e R, w € R, a.e. (t,x) € Q,

jt,z,r)+ j*(t, z,w) =rwifand only if w € 9j(t,z,r), a.e. (t,x) € Q.



Conjugate of j
J*(t, z,w) = sup(wr — j(¢,z,7)) a.e. (t,z) € Q
reR
Legendre-Fenchel relations

jit,x,r)+ 5 (t,v,w) >rwforallr e R, w € R, a.e. (t,x) € Q,

jt,z,r)+ j*(t, z,w) =rwifand only if w € 9j(t,z,r), a.e. (t,x) € Q.

Cslw| +CY < j*(t,z,w) forany w € R, a.e. (t,z) € Q, Cs > 0.
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Ay

E_Aﬁ(uxay) = f in Qa
aﬁ(g;ﬂ’w ‘aflt,z,y) 30 on 3, (NE)

y(O,CU) = Yo in €.

j singular potential, ;* minimal growth conditions, no time and space regularity
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Y Af(tay) 3 f in @
0B(t, x, y)

v

+af(t,z,y) > 0 on X (NE)
y(0,z) = 3o in

4 singular potential, ;* minimal growth conditions, no time and space regularity

0

Minimize J(y,w) for all (y,w) € U (P)

connected with (N E) by j and j*

' H. Brezis, I. Ekeland, C.R. Acad. Sci. Paris, 282, 971-974, 1197-1198, 1976
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» G. Auchmuty (NA, 1988)
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» N. Ghoussoub (Springer, 2009)

» A. Visintin ( Adv. Math. Sci. Appl. 2008)

» U. Stefanelli (SICON 2008, J. Convex Analysis 2009)
» V. Barbu (JMAA 2011)

» G. M. (JOTA 2012, 2013)
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Definition. Let f € L1(Q), vy € L™(Q), yo < y; a.e. on €.
A weak solution to (NFE) is a pair (y, w)

y € LX(Q), we(LXQ),

we(t,x) € 0j(t,x,y) = (t,z,y) a.e.on Q, ws € Np(y)

di

for any ¢ € WhH([0,T7; LY(Q2)) N L>®(0,T; D(Apo)), ¥(T) = 0.

AO,oow — —Aw, AO,oo . D(A()’oo) C LOO<Q) — LOO(Q),

D(Agno) = {1 € W2(Q); % +tap=0onTY.
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Existence of the free boundary in a diffusive flow in porous media
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Existence of the free boundary in a diffusive flow in porous media

2 A duality approach
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J: L¥(Q) x LY(Q)
(y,w)eU

U— {<y7w>; g€ L¥(Q), ylt,x) <y, ae, w € LNQ),

Min {/Q (j(t, x,y(t,x)) + 55 (¢, x, w(t, x))dzdt — y(t, x)w(t, z)) dazdt}

dy

E—Aw:fa y(0) = yo

}
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Existence of the free boundary in a diffusive flow in porous media

A duality approach

J: L2(Q) x (L2(Q))

J(y,w) = /Qj(t, x,y(t, x))dzdt + ©*(t, z,w) — w(y)
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w e (LOO(Q)>’7 W = Wy + Wy

Ll(Q) > w, = "absolutely continuous component”, w, = singular component
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2

¥ LOO(Q) — (—OO, OO]

p" (L2(Q)) — (=00, 0]

R.T. Rockafeller, Pacific J. Math. J, 39, 2, 1971

o(y) = fQj(t, x,y(t, ))dxdt proper, convex, Isc

o (w) = f@j*(tv 7, w,(t, w))drdt + 8 (ws)
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@ : L>®(Q) — (—o0, <] p(y) = JoJ(t @, y(t, x))dzdt proper, convex, Isc

0" (L2(Q)) = (—00,00] @ (w) = [ )" (1,2, wall, ) dudt + 5 (ws)

O (v) =sup{v(v); ¥ € D(¢)} = conjugate of the indicator function of D(¢)

D(p) ={y € L™(Q); »(y) < +oo} ={y € L™(Q);y(t,z) < ys a.e.}.

R.T. Rockafeller, Pacific J. Math. J, 39, 2, 1971



Existence of the free boundary in a diffusive flow in porous media

A duality approach

J: L2(Q) x (L2(Q))

Iy, w) = / (gt o)) dadt + / (1 o)t + S (w) — w(y)
Q Q
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J: L2(Q) x (L2(Q))

J(y,w) = / Jj(t, x,y(t, z))dxedt + / J (1t we)dxdt + 8 (ws) — w(y)
Q Q

In some good cases we have a Lemma of integration by parts:

1 1 _
—w(y) = 2 ()1 errcyy — 5 lyoll{ar1ayy — /Qon,ioydfdt (**)



J: L2(Q) x (L2(Q))

J(y,w) = / Jj(t, x,y(t, z))dxedt + / J (1t we)dxdt + 8 (ws) — w(y)
Q Q

In some good cases we have a Lemma of integration by parts:
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Existence of the free boundary in a diffusive flow in porous media 25
A duality approach
Minimize (J) for all (y,w) € U (P)

( fQj(t, x,y(t, x))dxdt + fQj*(t, z,wy(t, w))drdt + 0 (ws)
J(y, w) =

1 2 1 2 B 1 :
\ 3 ”y<T>H(H1(Q))’ 9 HyOH(Hl(Q))/ f@ fA(),ooydxdt if (y,w) € U,
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Minimize (J) for all (y,w) € U (P)

( fQj(t, x,y(t, x))dxdt + fQj*(t, z,wy(t, w))drdt + 0 (ws)

1 2 1 2 B 1 :
\ +3 Hy<T)H(H1(Q))’ D HyOH(Hl(Q))’ fQ on,ooydedt if (y,w) € U,

U= {(y,w)y € L™(Q), y(t,x) € [0,y)] ae., y(T) € (H'(Q)), w € (L*(Q))’,
(y, w) verifies (x)}

d
o /Qy%dxdt + /Qyow(o) T <U}, AO,OO¢>(LOO(Q))/’LOC(Q) — /wadxdt (>l<)

for any ¢» € WH1([0, T]; L'(2)) N L*°(0,T; D(Ao ), ¥(T) = 0.



Theorem

J is proper, convex, I.s.c. on L>(Q) x (L>(Q))".

Problem (P) has at least a solution (y, w).

4 Alaoglu theorem
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Theorem

J is proper, convex, I.s.c. on L>(Q) x (L>(Q))".

Problem (P) has at least a solution (y, w).

A solution to (P) is called a generalized solution to (N E)

3> Alaoglu theorem
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Theorem

Let (y,w) be the null minimizer in (P), i.e., J(y,w) = 0.
Assume that

1 1 _
5 W ey = 5 Iy = | FA Kyt = ~uty),

Then, (y,w) is the weak solution to (NE), i.e.,
wa(t, z) € B(t, z,y(t,x)) ae. (t,x) € Q
and

Wws & ND(QO) <y> .

29
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Proof sketch

J(y,w) = /j(t,x,y)da:dt+/j*(t,x,wa)dwdt—i—5}3@)(103)
Q Q

1 TR )
+3 (D) — 5 Yol ey — /QfAO,éoydxdt =0

30
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Proof sketch

J(y,w) = /j(t,a:,y)dxdt+/j*(t,x,wa)da;‘dt—l—(s};(@(ws)
Q Q

- / weydxdt — ws(y) =0
Q

0p(p)(ws) = supfws(2); z € D(p)} > ws(y)
/Q(j(t, x,y)+ 7t x,w,) — wy)dedt =0 = w,(t,x) € B(t,z,y(t, x)) a.e. (t,z) € Q

—ws(y) + 53(@(“}8) = 0.

w,(y) > wy(z) forany z € D(p) = ws € Np,)(y)-
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Proof sketch

J(y,w) = / j(t, @, y)dzdt + / J* (¢, x, we)dzdt + 0 (W)
Q Q

— / weydxdt — wy(y) =0
Q

0p(p)(ws) = supfws(2); 2 € D(p)} > ws(y)
/Q(j(t, x,y)+ 7t x,w,) — wy)dedt =0 = w,(t,x) € B(t,z,y(t, x)) a.e. (t,z) € Q

—ws(y) + 53(@(“}8) = 0.

w,(y) > wy(z) forany z € D(p) = ws € Np,)(y)-



d
() +wa(Aoocth) + w0y Aot)) = S(0),

for any «» € W1([0, T]; L(Q)) N L>°(0,T; D(Ap)), (T) = 0.

dt

<_> (1) + (@> S () + 1w, (A cth) + ws(Apsoth) = f(1)).
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Existence of the free boundary in a diffusive flow in porous media

A duality approach

If

y €intD(p) ={y € L=(Q); esssupy(t,x) < ys}

Np)(y) ={0} = w, =0

with initial condition and b.c.

Q=Q.,={(t2); ylt,x) <y} unsaturated flow
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Existence of the free boundary in a diffusive flow in porous media

A duality approach

If

y € 0D(p) = {y € L™(Q);esssupy(t, z) = ys}

Qs = {(t,x); y(t, ) = y,}
(g—g) — Aw, 30, in D'(Q,)

saturated

Diffuse Interface Models - DIMO2013, September 10-13, 2013, Levico Terme, Italy

Qu - {(t,ll?); y(t,ﬂ?) < ys’}

(%)a — AB(t,z,y) = f, a.e.on Q,

unsaturated
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Existence of the free boundary in a diffusive flow in porous media

A duality approach

If

y € 0D(p) = {y € L™(Q);esssupy(t, z) = ys}

Qs =A{(t,x); y(t,x) = ys} Qu={(t,x); y(t,x) < ys}

<%)s — Awy 30, in D’(és) (%)a — AB(t,x,y) = f, a.e.on @,

saturated unsaturated

Eoil oot B b Y=Y
saturated domain

"I l.-.'-l: . .
Tl OO T e S T unsaturated y volumetric fluid content
Tivar £ T ) domain
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Existence of the free boundary in a diffusive flow in porous media
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Existence of the free boundary in a diffusive flow in porous media

3 A direct approach
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%—Aﬁ(t,m,y)JrV-Ko(?f,ﬂf,y) > [ in @

ot
op(t, x,y)
ov

+af(t,x,y) 2 0 on X (NE)
y(0,2) = yo in QL

6('7 '7T) S W2’OO<Q)7 for any r c (_Oo7ys]7
(B(t,x,r) = B(t,2,7)(r —=T) > p(r —7)*, forany r,r € (—o0,y, p >0
Ko(t,x,y) = a(t,v)K(y), a; € WH(Q),

K Lipschitz and bounded.
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Definition. Let f € L*(0, T; V"), yo € L=(Q), yo < y, a.e.
We call a solution to (N E) a pair (y, w) such that

y € C([0,T] L*(Q)) N L*0,T: V) n WH([0, T; V')
w € L*0,T;V), w(t,z) € B(t,z,y(t,z)) a.e. on Q,
y < ys a.e. (t,xr) € Q,

which satisfies the equation

/O T <%<t),¢(t)>w dt + /@ (Vw — Ko(t, 2,y)) - Vodadt = /O : (), @)y dt

for any ¢ € L?(0,T;V), and the condition 3(0) = y.

V= H'Q), V' = (H(Q)



For each t
A(t) - D(A(t)) C (HN(Q)) — (H'(Q))

D(A(t)) ={z € L*(Q); Jw eV, w(z) € B(t,x,2)) ae. z €N},

by the relation

(A(t)z, )y = /Q(Vw — Ko(t,z,y)) - Vipdz, forany i € V.

y(O) = Yo.
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Step. 1 Prove the existence to the regularized Cauchy problem?®

@(t) +A:(t)y(t) = f(t), ae.t€(0,T),

dt
y(O) = Yo.

(@) The domain of A.(t) is independent of t and D(A.(t)) = D(A.(0)) = V.
(b) Foreach e > 0 and t € |0, T] fixed, the operator A.(t) is quasi m-accretive on V.
(c) For 8 € V and 0 < s,t < 1" we have

1A=(#)0 — Ac(s)0l[yr < [t = s[ g ([10]ly) (A@)O]y + 1),

where g : |0, 00) — |0, 00) is a nondecreasing function.

Step 2. passing to the limit.

6 M.G. Crandall, A. Pazy, Proceedings of The American Mathematical Society, 1979

C. Dafermos, M. Slemrod, J. Functional Anal.,1973



Existence of the free boundary in a diffusive flow in porous media

4 Numerical results]
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%(@ + Ay(t) = f(t), a.e. t € (0,T),

y(O) = Yo.

y@h+1 - yzh
h

+ Ay = i=1,.,n—1
y(]} = Yo
e Stability and convergence

e Algorithm based on the proof of the m-accretivity of A" = A + %I

1
—T+A") 0=
(it )=

forany g € V', has a solution § € D(A).
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Q={(x,y);x € (0,5),y € (0,5}, T =20

e 0,1, (e—1p?
5(T){[(1702))7 ’I“Zl. ) K(T>_ c—r 7T€[071]

Oo(x,y) = 0.01, f =0, a=10"%, rain = exp(30 — %)/ exp(30), ¢ = 1.02

T 1T 1T Tram
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y(tx1,x2) t=16 Max: 0.990 y(t,x1,x2) t=20 Max: 1.00

1
x2 0.9 0.9
0.8 0.8
0.7 0.7
0.6 0.6
0.5 0.5
0.4 0.4
0.3 0.3
0.2 0.2
0.1 y~lx 0.1
Min: 0.0100 Min: 0.0101
y(t,x1,x2) t=25 Max: 1.00 y(tx1,x2) t=27 Max: 1.00
1 1
0.9 0.9
0.8 0.8
0.7 0.7
0.6
0.6
0.5
0.5
0.4
0.4
0.3
0.2 0.3

Min: 0.147 Min: 0.225
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Thank you for your attention
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