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> different chemical energy densities
> different elastic energy densities
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Motivation

Morphology in solder joints

> Phase separation and coarsening

Solder ball

Tin-lead solders in electronic devices (mobile phones, PCs, micro-chips,...)
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Literature

Phase separation and coarsening

> Phase field models of Cahn-Hilliard type with elasticity
Analysis: Carrive/Miranville/Pietrus 00, Garcke 00, Miranville 00/01,
Bonetti/Colli/Dreyer/Gilardi/Schimperna/Sprekels 02,
Pawtow/Zajaczkowski 08/09/10

Damage
> Elliptic system/differential inclusion
Engineering: Marigo 93, Frémond/Nedjar 96,
Bourdin 00, Miehe 07, Ubachs/Schreurs/Geers 06, Hakim/Karma 09
Analysis: Mielke/Roubitek 03/10, Bonetti/Schimperna/Segatti 05,
Thomas 10, Knees/Rossi/Zanini 11, Rocca/Rossi 12
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Aim
> Developing of a phase field model for phase separation and damage processes
> Analytical properties, numerical simulations

i

Damage
> Elliptic system/differential inclusion
Engineering: Marigo 93, Frémond/Nedjar 96,
Bourdin 00, Miehe 07, Ubachs/Schreurs/Geers 06, Hakim/Karma 09
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New phase field model - energy

Two components

Ci,C., Ci+C.=1 = cCc=cCp—C_
Variables

c: concentration, u: displacement field

z damage, 0<z<1

Free energy

A 1 1

é(c,u,2) = / (51062+ @(©) + 5102+ h(z) + W(c.e(u), 2)) dx
iz 2 w(©)

Chemical energy density

Y: polynomial or logarithmic type
Elastic energy density
e(u) = 3(Ou+(Ou)T)
Wi(c,e(u) = 3(e(u) — e (c)) : C(c)(e(u) —€(c))
€*(c): eigenstrain, C(c): stiffness tensor (sym., pos. def.),
W(c,e(u),2) = (9(2) + d)Wi(c,e(u)), >0,
g: monotonically increasing with g(0) = 0, g € C%([0, 1]).
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New phase field model - energy and dissipation

Free energy

éa(c,u,z):/Q(%\Dc|2+w(c)+%|Dz|2+h(z)+W(c,e(u),z)) dx

Dissipation potential

R(0z) = /Q (%Mz\z - adtz) dx

Constraints for the damage variable

0<z<1, (z=0completely damaged, z= 1 undamaged)
dz < O unidirectional process

&(c,u,2) = ég(c,u,z)—k/gl[oyl](z)dx

X(62) = .@(dz)Jr/Ql(_w,o](@tz)dx

oz
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New phase field model - evolution system

Free energy &(c,u,z) = /Q <%|Dc|2+ y(c)+ %\Dz|2+ h(z) +W(c,e(u),2) + I[oﬁl](z)) dx

Dissipation potential L%’(dtz):/Q (g|dtz|2fa0tZ+|(7m_o](5tZ)> dx

Evolution system (ES) in classical formulation

Evolution law for the mass concentration
oic= —div], J=-MDOw
w=D¢&(c,U,2) = —Ac+ /' (c) +We(c,e(u),2)
Quasistatic balance of forces
0=Dyé&(c,u,2) = div(We(c,e(u),2))
Evolution law for the damage variable
0 e D;&(c,u,2) + 0% (0:2)
<= 0= —Az+h'(2) +Wz(c,e(u),2) +r + Bdz— a +s with
redlpy(2, se€dl_«g(d2).
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New phase field model - initial-boundary conditions

Assumptions

Q c RN bounded Lipschitz domain,
D c 9Q with 2#"1(D) > 0.

Initial-boundary conditions (IBC)
Dirichlet conditions u(t)=b(t) onDx(0,T),
Neumann conditions MOw-v=0 ondQx (0T
Oc-v=0 on dQ x (0, T
Oz.v=0 on dQ x (0, T
We-v=0 ond(Q\D) x

),
)
)
(0,T),
Initial conditions c(0) =0,

2(0)=2 with0< 2 < 1.
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New phase field model - growth assumptions

Assumptions:
> @ € CHR), he CY([0,1]), W € CL(R x RN*N),
Wl(Cv e) ZW]_(C, (e)t)'

Growth assumptions for Wi:
> Wa(c,e)| < C(lc[>+[ef* + 1),
> nler—epl? < (Wie(c,er) —Wie(C.€2)) : (€1 - €2),
> [Wie(c,e1+e)| <C(Wi(c,e1,2) + €] +1),
> [Wic(c,e)] < C(|c/>+ el +1).

Growth assumption for :
> [@(e) < C(lef 2+ 1)
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New phase field model - weak formulation

Weak formulation
g = (c,w,u,z) is a weak solution of (ES) with (IBC) if

> ceL®(0,T;HY(Q)), we L%(0,T;HY(Q)),
ueL®(0,T;HYQ;RN)), zeL®(0,T;HY(Q))NHL(0,T;L%(Q)),
0<z<lae.anddz<Oa.e.
> forall € € L2(0,T;HY(Q)), && € L2(Qr) and &(T) =0
/ (c— )G & dxds = f/ MOw- O dxds
Qr Qr

> forall & e HY(Q)NL®(Q) and a.e.t € (0, T):
Joweax= [ (Dc-0&+ /(08 +We(c.e(u). ) )£ ox

> forall & € HY(Q,RN) with § =0on D and a.e.t € (0,T):
/ We(c,e(u),z) 1 e(§)dx=0
JQ
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New phase field model - weak formulation

Weak formulation (continued)

> Variational inequality
forall & e H1(Q)NL®(Q) and a.e.t € (0O, T):

0< /Q (DZ- 3 +h/(2)5 +W;(c,e(u),2)é —aé +Bd[zf> dx+(r,&), (1)

where r € dly1g)n=(q)(2):

> Energy estimate
fora.e.t e (0,T):

é”(c(t).,u(t),z(t))+/0t/ fadtz+B\dtz\2+MDW»Dw> dxds

< &(c(0) +/ /We (c.e(u),2) : e(db)dxds  (2)
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New phase field model - weak formulation

Weak formulation (continued)

> Variational inequality
forall & e H1(Q)NL®(Q) and a.e.t € (0O, T):

0< [ (0208 +H@ & +Walc.e(u), € ~ a g +pazg) oer (nE), (1)

where 1 € 911 ()= (q)(2)-

> Energy estimate
fora.e.t e (0,T):

g(c(t).,u(t),z(t)H/J/ fadtz+B\étz\2+MDw-DW> dxds

< &(c(0) +/ /we (c.e(u),2) : e(db)dxds  (2)

Theorem (Heinemann & K.)

For smooth solutions, (1) and (2) are equivalent to

0€ 0% (02) + 0,4 (c,u,2).
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Main result - existence

Notion of weak solutions
> Cahn-Hilliard system with elasticity
> variational inequality for z

> energy estimate

Assumptions
> Initial and boundary conditions
> Conditions for ¢, hand W

Theorem (Heinemann & K.)  Existence of weak solutions
Letb e WL([0, T];WL2(Q;RN)), ® € HY(Q) and 2 € HY(Q).

Then there exists a weak solution (c, u,w,z) of (ES) with the previous initial and bound-
ary conditions.
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Numerical simulations

(Miiller, WIAS)

> loading proportional to the time t
> initial damage seed

> different thermal expansions of the phases
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Numerical simulations

Damage field is constant in time
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Numerical simulations

Q

Damage field is constant in time

Homogeneous elasticity: C(c) = C
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Numerical simulations

Damage field is constant in time
Q

Homogeneous elasticity: C(c) = C

h (Miiller, WIAS)

Inhomogeneous elasticity: C(c) = m(c)C1+ (1—m(c))C,

> Softer material where stresses are large
> Phase boundary aligned with damage
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Numerical simulations

u=0

a(t)
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Numerical simulations

u=0

a(t)

> damage propagation along the phase boundary
> crack branching

(Mdaller, WIAS)
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Numerical simulations

u=0

a(t)

> damage propagation along t
> crack branching
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Main result - existence

Notion of weak solutions
> Cahn-Hilliard system with elasticity
> variational inequality for z

> energy estimate

Assumptions
> Initial and boundary conditions
> Conditions for ¢y and W

Theorem (Heinemann & K.)  Existence of weak solutions
Letb e WL([0, T];WL2(Q;RN)), ® € HY(Q) and 2 € HY(Q).

Then there exists a weak solution (c, u,w,z) of (ES) with the previous initial and bound-
ary conditions.
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Main result - regularization

Regularized energy

/€ €
_ 1079+ S 10u®
é"g(c,u,z)7£(c,u,z)+‘/9<q\|:|z| +4\Du\ )dx, g>N.

Regularized evolution system (ESg) in classical formulation

Evolution law for the mass concentration

¢ = div (MOw),

W= D¢é%(c,u,2) = —Ac+ ' (c) +We(c,e(u),2) + €dic
Quasistatic balance of forces

0= Dué:(c,u,2) = div(We(c, e(u),2)) + ediv(|Ou[>0u)
Evolution law for the damage variable

0 € 0%(6t2) + 0-6%(c,u,2)

Boundary conditions: u(t) = b(t) on D, (We+&|Ju/?0u)-v =0 on dQ\D,
MOw-v =0, Oc-v, 0z-v=00n9Q.
(initial conditions as before)
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Proof of (ES ¢) - Implicit Euler scheme

Existence of weak solutions of (ES;) for fixed € > 0

> Implicit Euler scheme in time
Discretization fineness 1 = %
u®: minimizer of u — & (c°,u, )
Let g™ 1 = (c™ 1, u™1, 2™ 1) pe given.
Recursive construction of g™
Minimize

_cm-1 2

FIQ) = &la)+ 5| —

2 z—72"1\ erjjc—cm1
L)+
T H1 T 2 T

L2

with the constraints
0<z<z™l / (=) dx=0,  ulp=b(m)|o.
Q

Weighted scalar product:
(c1, €)1 i= (MO(—div(MO)) 1y, O(—div(MO)) ~1cp) (Garcke 00)

Minimizer of Z: g™ = (c™,u™ Z")
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Proof of (ES ¢) - energy estimate, convergence properties
am(t) :=qMfort € ((m—1)T,mr],
Oy (t) ;=g fort € [mr, (M+1)7),
> Boundedness of the energy

ForallM e Nand allt € [0,T]:
Seam(®) <C,  am(t) = (em(t),um(t),zm(t)).

> A-priori estimates, weak convergence properties
> Strong convergence properties

Theorem (Heinemann & K.)

There exists a subsequence {Mg} such that
CM:Cy, — € in L2 (0,T;HY(Q)),
UM Uy, — U in 20, T;WH4(Q;RN)),
.2z, — 2z inL9(0,T;Wh9(Q))

m=12,...,M.

as k — oo,

= (c,u,2) is a solution of the extended Cahn-Hilliard-system
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Proof of (ES ¢) - Variational inequality

Variational inequality:

> The triple (cm(t),Um(t),zm(t)) satisfies for all & € WL9(Q) with
0< & +2zm(t) <z,(t) and all t € [0, T] the estimate:

0 [ ((el0zm(®I 2+ 1) Damt)- 08 + (1 (am(0) + Walcm(t). {uim(t)) (1)
—a +/36[2m(t))f) dx

l m-— o ?

> The limiting triple (c(t),u(t),z(t)) should satisfy for all £ € W,l‘q(Q) and for a.e.
t € [0,T] the following estimate:

0< /Q ((S\DZ(I)I“‘2 +1)Oz(t) - 0& + (N (2(t)) +Wo(c(t), e(u(t)), z(t))
—a+Baz(t)€) dx+ (r(1).€),

where r(t) € 0IW+1,q(Q>(z(t)).
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Proof of (ES ¢) - Variational inequality

Variational inequality:

> The triple (cm(t),Um(t),zm(t)) satisfies for all & € WL9(Q) with
0< & +2zm(t) <z,(t) and all t € [0, T] the estimate:

0 [ ((elDam(t)[* 2+ 1) Bam(t)- & + (N (am(1)) +Wa(Cm(0). ltm(®). (1)

—a+Baz(t)§ ) dx
Approximation properties l m— oo
> Forall & EW,l’q(Q) with {{ =0} D {z=0} anda.e.t € [0, T]:
0< /Q ((s\l:lz(t)|q*2+1) Oz(t) - O&(t) + (h’(z(t))+Wz(c(t),e(u(t)),z(t))
- a+Bdtz(t))E(t)) dx
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Proof of (ES ¢) - Variational inequality
> Forall & EW,l’q(Q) with {{ =0} D {z=0} anda.e.t € [0, T]:
0< /Q <(s|[|z(t)|q’2+l)lilz(t)~|Z|E+(h’(z(t))+Wz(c(t),e(u(t)),z(t))—a+Batz(t))E>dx

> Aim
Forall ¢ € Wl‘q(Q) and a.e. t € [0, T] with some r(t) € 0IW1.q(Q>(z(t)):

OS/Q ((£|I:Iz(t)|P—2+1) Oz(t)-0& + (W (z(t)) +W(c(t), e(u(t)), z(t)) —a +[35t2(t))5> dx
+(r(t), &)

Lemma (Heinemann & K.)

Let f € LYQ;RN), g€ LYQ) and | € WH9(Q) (g>N) with | >0, f -0l > 0 and
{f=0}>{I=0}ae..lIf

/Q (f-DE+g&)dx>0  forall & e W9(Q) with {£ =0} D {I = 0}

then

/Q(f-DE+gE)dx2/{

o gtédx  forall & eWh9(Q).
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Proof of (ES ¢) - Variational inequality

> Forall § e W %(Q) and a.e.t € [0,T]
/Q((e\lilz(t)|q*2+1) Oz(t) -0 + £ ) ox

, +
= /{zm:m (W (2(0) + Wz (c(t), e(u(t)), 2(1) — a + Baz(t)) & cx

- /{Z“>:°} (' (2(t)) + Wl efutt)). ctt) 20) ) € oix

> Variational inequality
Forall € e W-%(Q) and a.e.t € 0, T]

0= [ ((el02t)* 2+ 1)0a(t) 0 + (W (@) + Wa(e(t)u(t)). (1)

—q +ﬁdtz(t))f) ax-+(r(t),€)
with

M(t) = = Xgz—op [ (2(1)) +Wz(c(t), e(u(t)), (1)) € Olyra g (21))-

Phase separation and damage - Levico, 11. September 2013 - C. Kraus - Page 24



Proof of (ES ¢) - Energy estimate

> A-priori energy estimate
tm 5 B s 12, €aa 2 1
< &(q +/ /we Con. €(Um +b—b). Z) : &(akb) dixds
+£/ /|D(u,;+bfb;,)| O(up +b— by) : Dabdxds
0 Jo
with tm ;= min{tm: 7l >t,| € Ng}, T discretization fineness.

> Aim
Energy estimate

o [ [ ( —aotz+ﬁ|atz|2+e|atc\2+MDw-Dw) dxds
< &(q +/ /We (c.e(u).2) : e(tb) dxds

+£/ / |0ul?0u : Odbdxds
0Ja
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Proof of (ES ¢) - Energy estimate

Theorem (Heinemann & K.) Asymptotic energy estimate

For every t € [0,T]:
gf(qm(t)”/otm/n(—aath+B|5t7m|2+£lﬁtCm\2+MDwm.|:|Wm) dedls
Séag(qo)+/Otm/QW,e(cgq,e(u;1+b—b5),z|;)  e(db) dxds
+e/otm/QID(uﬁq+b—br;)|2D(ur;+b_b;1):Datbdxds+;<m
with Ky — 0 for m— co.
Proof:

> viscous term: £6;C

> regularization term: € [ |Ou[*dx
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Proof of the main results - overview

2. Existence of weak solutions of the original system (ES)
> a-priori estimates for solutions (Cg, W, Ug,Z¢) of (ESg) w.rt. 0<e <1
> convergence properties: (Cg,Wg, Ug,Ze) — (C,W,U,Z) as € \, 0
> (c,w,u,2) is a weak solution of (ES).
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Results - logarithmic energy

> Chemical free energy density of logarithmic type

n
1
Y(c)=106 z cklogeg+ -c-Ac
K=1

2
Theorem (Heinemann & K.) Existence of weak solutions
Let D=0Q and

e be WH([0, T;WE>(Q;RN)), 2 € HY(Q),
o P HYQRM with 3§ ;ck=1and Q> 0fork=1,---,n.
Then there exists a weak solution (c, u,w,z) of (ES) with
>0 k=1,---,n,
and the previous initial and boundary conditions b, c® and 2°.

Proof:
> based on [EL91] and [Gar00]
> Higher integrability of [Ju for time dependent Dirichlet conditions:
{ug} is bounded in W1-2+V(Q; RN), v > 0 small.
(inequality of Sobolev-Poincaré type, reverse Holder inequality,
perturbation arguments [Geh73], [GM79])
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Model with refined elastic energy - modeling

Free energy

&(cu,2) = /Q (%\DCF +yo)+ %|Dz|2 +h(2) + W(c,e(u),2) + 1o (z)) dx

> Chemical energy density
(i) y of polynomial type
(i1)  of logarithmic type

Phase separation and damage - Levico, 11. September 2013
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Model with refined elastic energy - modeling

Free energy

&(cu,2) = /Q (%\qu + o)+ %|Dz\2 +h(2) +W(c.e(u),2) + o (z)) dx

> Chemical energy density
(i) y of polynomial type
(ii) y of logarithmic type
> Elastic energy density W
W(C7 e(U),Z) = (g(Z) + 5)W]_(C, e(u))7 6>0.

Damage literature:
Wi (e(u)) = (9(2) + &) Wa(e(u), Wa(e(u)) = 3e(u) : Ce(u).
(Mielke & Roubi€ek 03/10, Thomas 10, Knees/Rossi/Zanini 11,...)
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Model with refined elastic energy - modeling

Free energy

&(c,u,2) = /Q (%\DCF + o)+ %|Dz\2 +h(2) +W(c.e(u),2) + o (z)) dx

> Chemical energy density

(i) y of polynomial type
(ii) y of logarithmic type

> Elastic energy density W
W(C7 e(U),Z) = (g(z) + 5)Wl(07 e(u))7 6>0.

Damage literature:
Wi (e(u)) = (9(2) + &) Wa(e(u), Wa(e(u)) = 3e(u) : Ce(u).
(Mielke & Roubi€ek 03/10, Thomas 10, Knees/Rossi/Zanini 11,...)

Aim: Modeling of different elastic behavior for undamaged and damaged states
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Model with refined elastic energy - modeling

Aim: Modeling of different behavior for undamaged and damaged states
W(C7 e(U),Z) = gl(Z)Wl(C> e(U)) + (1_ gl(z))\/vZ(c7 e(U))

W, (as discussed)

Example: .
Wa(c.e(u)) = 4 ((e(u) — &(c)) : C(o)(e() — &(c)))P?, 1< p<2

g1 € C1([0,1]) : monotonically increasing with g;(0) = 0and gy (1) = 1

> z=1: W (standard elastic energy density)
> z= 0: W, (weaker elastic energy density)
> ze€ (0,1): Wy and W, contribute

Wi (c, e(u)) > Wh(c,e(u))
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Model with refined elastic energy - assumptions/existence r esults

Assumptions:
> Wo € CHR x RN*NY - Wh(c,e) =Wa(c, (e)t).
Growth assumptions for Wa:

> Mh(c,8) <C(cf+eP+1), pe(1,2), s< ™
> njer—elP < (Woe(C,e1) —Woe(C,2)) @ (61— €2)

> [Waoge(c,e1+ep)| < C(Wh(c,er) + [Pt +1)

> Mbc(c,e)l < C([c[>+ |e[P+1)

Additional assumption for Wy :

> le(+) :==Wye(:,€) =Wy ¢(0,c) is 1-homogeneous.
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Model with refined elastic energy - assumptions/existence r esults

Assumptions:
> Wo € CHR x RNXNY - Wh(c e) =Wa(c, (e)t).
Growth assumptions for Wa:
> Mh(c.e)| <C(cP+[elP+1), pe(12), s<™P
> nler— &P < (Mbe(c,e1) —Woe(C, &) : (61— &)
> [Wae(c,e1 +€)| < C(Wa(c,e) + [ez|P* +1)
> Moe(c.e)] <C(lc/°+[efP +1)
Additional assumption for Wy :

> le(+) :=Wye(-,¢) =Wy ¢(0,¢) is 1-homogeneous.

Theorem (Bonetti & Heinemann & K. & Segatti)
Existence of weak solutions
Letb e WLL([0, T;Wi2(Q;RN)), ® € HY(Q) and 2 € HY(Q).

Then there exists a weak solution (c,u,w, z) of (ES) with the refined elastic energy
and the previous initial and boundary conditions.
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Model with refined energy - balance of forces/variational in equality

Limit of approximate system
> Balance of forces
Test functions & € L1(0, T; W5 P(Q;R"))

—div(\/@eu;c;z+ (1_ gl(z)) nU?C) =0

with \ gl(z) eu;c;z, nu;c < LOO(O’T;Wl‘p, (Q))

> Variational inequality
Wz(ce, €(Ug), 2) — { € L(0,T; (HY(Q))')

Aim: Identifying limits
Qc;u;z =V gl(Z)Wl,e(Q e(u))
Ne;u =Wae(c, (e(U))
{ = g1(2Waz(c,e(u)) + (1—01(2))Weo(c, e(u))

Some ingredients: Lower semicontinuous properties for expressions with Wy and W5
Properties of subdifferentials, 1-homogeneous property of Wy e.
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Model with complete damage

Free energy

&(cu,2) = /Q (%\DCF +yo)+ %|Dz\2 +h(2) + W(c,e(u),2) + 1o (z)) dx

> Elastic energy density W

W(c,e(u),2) = (9(2) + &) Wa(c,e(u)), 5>0,
W(c.&(u),2) = 62(2) (a1 (W (C, e(u)) + (1 - g1(2) Wa(c. () ),

g2 € C}(]0,1]) : monotonically increasing with go(0) = 0.
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Model with complete damage

Free energy

&(cu,2) = /Q (%\DCF +yo)+ %|Dz\2 +h(2) + W(c,e(u),2) + 1o (z)) dx

> Elastic energy density W

W(c,e(u),2) = (9(2) + &) Wa(c,e(u)), 5>0,
W(c.&(u),2) = 62(2) (a1 (W (C, e(u)) + (1 - g1(2) Wa(c. () ),

g2 € C}(]0,1]) : monotonically increasing with go(0) = 0.

—> No coercivity of W, no control of u
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Model with complete damage

Free energy

&(cu,2) = /Q (%\Dc|2+ wic)+ %|Dz\2 +h(2) + W(c,e(u),2) + 1o (z)) dx

> Elastic energy density W

W(c,e(u),2) = (9(2) + &) Wa(c,e(u)), 5>0,
W(c.&(u),2) = 62(2) (a1 (W (C, e(u)) + (1 - g1(2) Wa(c. () ),

g2 € C}(]0,1]) : monotonically increasing with go(0) = 0.

— No coercivity of W, no control of u

> Mobility
Mobility M degenerates:
M(z) >0 ifandonlyif M(z)=0<=12z=0
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Model with complete damage

D Mqa

Dy Mq
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Model with complete damage

D Mqa

Dy Mq

D, Mg
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Model with complete damage

DM D;Mg

Idea: Time-dependent domain, free boundary problem

D, Mg
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Model with complete damage

Challenges
> Jumps in the energy
< Accounting in the energy inequality
Several energy estimates are established by I"-convergence
> Time-dependent domain
— Bad smoothness properties
Covering result for such sets with smoothly compactly embedded domains
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Model with complete damage

Challenges
> Jumps in the energy
< Accounting in the energy inequality
Several energy estimates are established by I"-convergence
> Time-dependent domain
— Bad smoothness properties
Covering result for such sets with smoothly compactly embedded domains

Theorem (Heinemann & K.)
Letb e WL1([0, T;WE2(Q;RN)), ® € H1(Q) and 2 € HY(Q).

Then there exists a weak solution (c,u,w,z) of the doubly degen-
erating system in an SBV-framework.
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Model with complete damage

Challenges
> Jumps in the energy
< Accounting in the energy inequality
Several energy estimates are established by I"-convergence
> Time-dependent domain
— Bad smoothness properties
Covering result for such sets with smoothly compactly embedded domains

Theorem (Heinemann & K.)
Letb e WL1([0, T;WE2(Q;RN)), ® € H1(Q) and 2 € HY(Q).

Then there exists a weak solution (c,u,w,z) of the doubly degen-
erating system in an SBV-framework.

Interested in that problem?
R N 11 .

@ Afternoon session
Poster by Christian Heinemann
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Thank you for your attention!
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