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Motivation

Morphology in solder joints

⊲ Phase separation and coarsening

Solder ball After solidification 3h. 300h.

⊲ Crack initiation and propagation along the phase boundary

Tin-lead solders in electronic devices (mobile phones, PCs, micro-chips,...)
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New phase field model - energy

Two components
c+, c−, c+ + c− = 1 =⇒ c = c+ − c−

Variables
c: concentration, u: displacement field
z: damage, 0≤ z ≤ 1

Free energy

Ê (c,u,z) =
∫

Ω

(1
2
|∇c|2 +ψ(c)+

1
2
|∇z|2 +h(z)+W (c,e(u),z)

)

dx

Chemical energy density

ψ : polynomial or logarithmic type

ψ(c)

c
c− c+

Elastic energy density
e(u) = 1

2

(

∇u+(∇u)T
)

W1(c,e(u)) = 1
2(e(u)− e∗(c)) : C(c)(e(u)− e∗(c))

e∗(c): eigenstrain, C(c): stiffness tensor (sym., pos. def.),

W (c,e(u),z) = (g(z)+δ )W1(c,e(u)), δ > 0,

g: monotonically increasing with g(0) = 0, g ∈C1([0,1]).
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New phase field model - energy and dissipation

Free energy

Ê (c,u,z) =
∫

Ω

(1
2
|∇c|2 +ψ(c)+

1
2
|∇z|2 +h(z)+W (c,e(u),z)

)

dx

Dissipation potential

R̂(∂tz) =
∫

Ω

(β
2
|∂tz|

2−α∂tz
)

dx

Constraints for the damage variable

0≤ z ≤ 1, (z = 0 completely damaged, z = 1 undamaged)
∂tz ≤ 0 unidirectional process

E (c,u,z) := Ê (c,u,z)+
∫

Ω
I[0,1](z)dx

R(∂tz) := R̂(∂tz)+
∫

Ω
I(−∞,0](∂tz)dx

R(∂t z)

∂t z
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New phase field model - evolution system

Free energy E (c,u,z)=
∫

Ω

(1
2
|∇c|2 +ψ(c)+

1
2
|∇z|2 +h(z)+W (c,e(u),z)+ I[0,1](z)

)

dx

Dissipation potential R(∂tz)=
∫

Ω

(β
2
|∂tz|

2−α∂tz+I(−∞,0](∂tz)
)

dx

Evolution system (ES) in classical formulation

Evolution law for the mass concentration

∂tc = −divJ, J = −M∇w

w = DcE (c,u,z) = −△c+ψ ′(c)+W,c(c,e(u),z)

Quasistatic balance of forces

0 = DuE (c,u,z) = div
(

W,e(c,e(u),z)
)

Evolution law for the damage variable

0∈ DzE (c,u,z)+∂R(∂tz)

⇐⇒ 0 = −△z+h′(z)+W,z(c,e(u),z)+ r +β∂tz−α + s with

r ∈ ∂ I[0,1](z), s ∈ ∂ I(−∞,0](∂tz).
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New phase field model - initial-boundary conditions

Assumptions

Ω ⊂ R
N bounded Lipschitz domain,

D ⊂ ∂Ω with H n−1(D) > 0.

Initial-boundary conditions (IBC)

Dirichlet conditions u(t) = b(t) on D× (0,T ),

Neumann conditions M∇w ·ν = 0 on ∂Ω× (0,T ),
∇c ·ν = 0 on ∂Ω× (0,T ),
∇z ·ν = 0 on ∂Ω× (0,T ),
W,e ·ν = 0 on ∂ (Ω\D)× (0,T ),

Initial conditions c(0) = c0,
z(0) = z0 with 0≤ z0 ≤ 1.
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New phase field model - growth assumptions

Assumptions:

⊲ ψ ∈C1(R), h ∈C1([0,1]), W1 ∈C1(R×R
N×N),

W1(c,e) = W1(c,(e)t).

Growth assumptions for W1:

⊲ |W1(c,e)| ≤C(|c|2 + |e|2 +1),

⊲ η |e1− e2|
2 ≤ (W1,e(c,e1)−W1,e(c,e2)) : (e1− e2),

⊲ |W1,e(c,e1 + e2)| ≤C(W1(c,e1,z)+ |e2|+1),

⊲ |W1,c(c,e)| ≤C(|c|2 + |e|2 +1).

Growth assumption for ψ :

⊲ |ψ ′(c)| ≤C(|c|2
∗/2 +1)
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New phase field model - weak formulation

Weak formulation
q = (c,w,u,z) is a weak solution of (ES) with (IBC) if

⊲ c ∈ L∞(0,T ;H1(Ω)), w ∈ L2(0,T ;H1(Ω)),

u ∈ L∞(0,T ;H1(Ω;RN)), z ∈ L∞(0,T ;H1(Ω))∩H1(0,T ;L2(Ω)),

0≤ z ≤ 1 a.e. and ∂tz ≤ 0 a.e.

⊲ for all ξ ∈ L2(0,T ;H1(Ω)), ∂tξ ∈ L2(ΩT ) and ξ (T ) = 0:
∫

ΩT

(c− c0)∂tξ dxds = −
∫

ΩT

M∇w ·∇ξ dxds

⊲ for all ξ ∈ H1(Ω)∩L∞(Ω) and a.e. t ∈ (0,T ):
∫

Ω
wξ dx =

∫

Ω

(

∇c ·∇ξ +ψ ′(c)ξ +W,c(c,e(u),z)
)

ξ dx

⊲ for all ξ ∈ H1(Ω,RN) with ξ = 0 on D and a.e. t ∈ (0,T ):
∫

Ω
W,e(c,e(u),z) : e(ξ )dx = 0
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New phase field model - weak formulation

Weak formulation (continued)

⊲ Variational inequality
for all ξ ∈ H1

−(Ω)∩L∞(Ω) and a.e. t ∈ (0,T ):

0≤
∫

Ω

(

∇z ·∇ξ +h′(z)ξ +W,z(c,e(u),z)ξ −α ξ +β∂tzξ
)

dx+ 〈r,ξ 〉, (1)

where r ∈ ∂ IH1
+(Ω)∩L∞(Ω)(z).

⊲ Energy estimate
for a.e. t ∈ (0,T ):

E (c(t),u(t),z(t))+
∫ t

0

∫

Ω

(

−α∂tz+β |∂tz|
2 +M∇w ·∇w

)

dxds

≤ E (c(0),u(0),z(0))+
∫ t

0

∫

Ω
W,e(c,e(u),z) : e(∂tb)dxds (2)
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New phase field model - weak formulation

Weak formulation (continued)

⊲ Variational inequality
for all ξ ∈ H1

−(Ω)∩L∞(Ω) and a.e. t ∈ (0,T ):

0≤
∫

Ω

(

∇z ·∇ξ +h′(z)ξ +W,z(c,e(u),z)ξ −α ξ +β∂tzξ
)

dx+ 〈r,ξ 〉, (1)

where r ∈ ∂ IH1
+(Ω)∩L∞(Ω)(z).

⊲ Energy estimate
for a.e. t ∈ (0,T ):

E (c(t),u(t),z(t))+
∫ t

0

∫

Ω

(

−α∂tz+β |∂tz|
2 +M∇w ·∇w

)

dxds

≤ E (c(0),u(0),z(0))+
∫ t

0

∫

Ω
W,e(c,e(u),z) : e(∂tb)dxds (2)

Theorem (Heinemann & K.)

For smooth solutions, (1) and (2) are equivalent to

0∈ ∂R(∂tz)+∂zE (c,u,z).
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Main result - existence

Notion of weak solutions

⊲ Cahn-Hilliard system with elasticity

⊲ variational inequality for z

⊲ energy estimate

Assumptions

⊲ Initial and boundary conditions

⊲ Conditions for ψ , h and W

Theorem (Heinemann & K.) Existence of weak solutions

Let b ∈W 1,1([0,T ];W 1,∞(Ω;RN)), c0 ∈ H1(Ω) and z0 ∈ H1(Ω).

Then there exists a weak solution (c,u,w,z) of (ES) with the previous initial and bound-
ary conditions.
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Numerical simulations

(Müller, WIAS)

⊲ loading proportional to the time t

⊲ initial damage seed

⊲ different thermal expansions of the phases

Phase separation and damage · Levico, 11. September 2013 · C. Kraus · Page 13



Numerical simulations

Damage field is constant in time
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Numerical simulations

Damage field is constant in time

Homogeneous elasticity: C(c) = C

c(0, ·) = c−

(Müller, WIAS)

c(0, ·) = c+
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Numerical simulations

Damage field is constant in time

Homogeneous elasticity: C(c) = C

c(0, ·) = c−

(Müller, WIAS)

c(0, ·) = c+

Inhomogeneous elasticity: C(c) = m(c)C1 +(1−m(c))C2

c(0, ·) = c−

(Müller, WIAS)

c(0, ·) = c+

⊲ Softer material where stresses are large
⊲ Phase boundary aligned with damage
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Numerical simulations
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Numerical simulations

⊲ damage propagation along the phase boundary

⊲ crack branching

(Müller, WIAS)
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Numerical simulations

⊲ damage propagation along the phase boundary

⊲ crack branching

(Müller, WIAS)
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Main result - existence

Notion of weak solutions

⊲ Cahn-Hilliard system with elasticity

⊲ variational inequality for z

⊲ energy estimate

Assumptions

⊲ Initial and boundary conditions

⊲ Conditions for ψ and W

Theorem (Heinemann & K.) Existence of weak solutions

Let b ∈W 1,1([0,T ];W 1,∞(Ω;RN)), c0 ∈ H1(Ω) and z0 ∈ H1(Ω).

Then there exists a weak solution (c,u,w,z) of (ES) with the previous initial and bound-
ary conditions.
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Main result - regularization

Regularized energy

Eε (c,u,z) = E (c,u,z)+
∫

Ω

( ε
q
|∇z|q +

ε
4
|∇u|4

)

dx, q > N.

Regularized evolution system (ESε ) in classical formulation

Evolution law for the mass concentration

∂tc = div
(

M∇w
)

,

w = DcEε (c,u,z) = −△c+ψ ′(c)+W,c(c,e(u),z)+ ε∂tc

Quasistatic balance of forces

0 = DuEε (c,u,z) = div
(

W,e(c,e(u),z)
)

+ εdiv(|∇u|2∇u)

Evolution law for the damage variable

0∈ ∂R(∂tz)+∂zEε (c,u,z)

Boundary conditions: u(t) = b(t) on D, (W,e+ε|∇u|2∇u) · ν = 0 on ∂Ω\D,
M∇w ·ν = 0, ∇c ·ν , ∇z ·ν = 0 on ∂Ω.
(initial conditions as before)

Phase separation and damage · Levico, 11. September 2013 · C. Kraus · Page 18



Proof of (ES ε ) - Implicit Euler scheme

Existence of weak solutions of (ESε ) for fixed ε > 0

⊲ Implicit Euler scheme in time
Discretization fineness τ = T

M

u0: minimizer of u → Eε (c0,u,z0)

Let qm−1 = (cm−1,um−1,zm−1) be given.

Recursive construction of qm

Minimize

F
m
ε (q) = Eε (q)+

τ
2

∣

∣

∣

∣

∣

∣

c− cm−1

τ

∣

∣

∣

∣

∣

∣

2

Ĥ1
+ τR

( z− zm−1

τ

)

+
ετ
2

∣

∣

∣

∣

∣

∣

c− cm−1

τ

∣

∣

∣

∣

∣

∣

2

L2

with the constraints

0≤ z ≤ zm−1,
∫

Ω
(c− c0)dx = 0, u|D = b(mτ)|D.

Weighted scalar product:
(c1,c2)Ĥ1 :=

(

M∇(−div(M∇))−1c1,∇(−div(M∇))−1c2
)

L2 (Garcke 00)

Minimizer of F m
ε : qm = (cm,um,zm)
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Proof of (ES ε ) - energy estimate, convergence properties

qM(t) := qm for t ∈
(

(m−1)τ,mτ] ,

q−M(t) := qm for t ∈
[

mτ,(m+1)τ),
m = 1,2, . . . ,M.

⊲ Boundedness of the energy

Theorem (Heinemann & K.)

For all M ∈ N and all t ∈ [0,T ]:

Eε (qM(t)) ≤C, qM(t) =
(

cM(t),uM(t),zM(t)
)

.

⊲ A-priori estimates, weak convergence properties

⊲ Strong convergence properties

Theorem (Heinemann & K.)

There exists a subsequence {Mk} such that

cMk ,c
−
Mk

→ c in L2∗(0,T ;H1(Ω)
)

,

uMk ,u
−
Mk

→ u in L4(0,T ;W 1,4(Ω;RN)
)

,

zMk ,z
−
Mk

→ z in Lq(0,T ;W 1,q(Ω)
)

as k → ∞.

=⇒ (c,u,z) is a solution of the extended Cahn-Hilliard-system
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Proof of (ES ε ) - Variational inequality

Variational inequality:

⊲ The triple (cm(t),um(t),zm(t)) satisfies for all ξ ∈W 1,q(Ω) with
0≤ ξ + zm(t) ≤ z−m(t) and all t ∈ [0,T ] the estimate:

0≤
∫

Ω

(

(

ε|∇zm(t)|q−2+1
)

∇zm(t) ·∇ξ +
(

h′(zm(t))+W,z(cm(t),e(um(t)),zm(t))

−α +β∂t ẑm(t)
)

ξ
)

dx

↓ m → ∞?

⊲ The limiting triple (c(t),u(t),z(t)) should satisfy for all ξ ∈W 1,q
− (Ω) and for a.e.

t ∈ [0,T ] the following estimate:

0≤
∫

Ω

(

(

ε|∇z(t)|q−2 +1
)

∇z(t) ·∇ξ +
(

h′(z(t))+W,z(c(t),e(u(t)),z(t))

−α +β∂tz(t)
)

ξ
)

dx+〈r(t),ξ 〉,

where r(t) ∈ ∂ IW 1,q
+ (Ω)

(z(t)).
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Proof of (ES ε ) - Variational inequality

Variational inequality:

⊲ The triple (cm(t),um(t),zm(t)) satisfies for all ξ ∈W 1,q(Ω) with
0≤ ξ + zm(t) ≤ z−m(t) and all t ∈ [0,T ] the estimate:

0≤
∫

Ω

(

(

ε|∇zm(t)|q−2+1
)

∇zm(t) ·∇ξ +
(

h′(zm(t))+W,z(cm(t),e(um(t)),zm(t))

−α +β∂t ẑm(t)
)

ξ
)

dx

Approximation properties↓ m → ∞

⊲ For all ξ ∈W 1,q
− (Ω) with {ξ = 0} ⊇ {z = 0} and a.e. t ∈ [0,T ]:

0≤
∫

Ω

(

(

ε|∇z(t)|q−2 +1
)

∇z(t) ·∇ξ (t)+
(

h′(z(t))+W,z(c(t),e(u(t)),z(t))

−α +β∂tz(t)
)

ξ (t)
)

dx
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Proof of (ES ε ) - Variational inequality

⊲ For all ξ ∈W 1,q
− (Ω) with {ξ = 0} ⊇ {z = 0} and a.e. t ∈ [0,T ]:

0≤
∫

Ω

(

(

ε|∇z(t)|q−2+1
)

∇z(t)·∇ξ +
(

h′(z(t))+W,z(c(t),e(u(t)),z(t))−α +β∂tz(t)
)

ξ
)

dx

⊲ Aim
For all ξ ∈W 1,q

− (Ω) and a.e. t ∈ [0,T ] with some r(t) ∈ ∂ IW 1,q
+ (Ω)

(z(t)):

0≤
∫

Ω

(

(

ε|∇z(t)|p−2+1
)

∇z(t)·∇ξ +
(

h′(z(t))+W,z(c(t),e(u(t)),z(t))−α +β∂tz(t)
)

ξ
)

dx

+〈r(t),ξ 〉

Lemma (Heinemann & K.)

Let f ∈ Lq(Ω;RN), g ∈ Lq(Ω) and l ∈ W 1,q(Ω) (q>N) with l ≥ 0, f · ∇l ≥ 0 and
{ f = 0} ⊇ {l = 0} a.e. . If

∫

Ω

(

f ·∇ξ +gξ
)

dx ≥ 0 for all ξ ∈W 1,q
− (Ω) with {ξ = 0} ⊇ {l = 0}

then
∫

Ω

(

f ·∇ξ +gξ
)

dx ≥
∫

{l=0}
g+ξ dx for all ξ ∈W 1,q

− (Ω).
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Proof of (ES ε ) - Variational inequality

⊲ For all ξ ∈W 1,q
− (Ω) and a.e. t ∈ [0,T ]

∫

Ω

(

(

ε|∇z(t)|q−2 +1
)

∇z(t) ·∇ξ +
(

h′(z(t))+W,z
(

c(t),e(u(t)),z(t)
)

−α +β∂tz(t)
)

ξ
)

dx

≥
Lemma

∫

{z(t)=0}

(

h′(z(t))+W,z
(

c(t),e(u(t)),z(t)
)

−α +β∂tz(t)
)+

ξ dx

≥
∫

{z(t)=0}

(

h′(z(t))+W,z
(

e(u(t)),c(t),z(t)
)

)+
ξ dx

⊲ Variational inequality

For all ξ ∈W 1,q
− (Ω) and a.e. t ∈ [0,T ]

0≤
∫

Ω

(

(

ε|∇z(t)|q−2 +1
)

∇z(t) ·∇ξ +
(

h′(z(t))+W,z(c(t),e(u(t)),z(t))

−α +β∂tz(t)
)

ξ
)

dx+〈r(t),ξ 〉

with

r(t) = −χ{z(t)=0}[h
′(z(t))+W,z

(

c(t),e(u(t)),z(t)
)

]+ ∈ ∂ IW 1,q
+ (Ω)

(z(t)).

Phase separation and damage · Levico, 11. September 2013 · C. Kraus · Page 24



Proof of (ES ε ) - Energy estimate

⊲ A-priori energy estimate

Eε (qm(t))+
∫ tm

0

∫

Ω

(

−α∂t ẑm +
β
2
|∂t ẑm|

2 +
ε
2
|∂t ĉm|

2 +
1
2

M∇wm ·∇wm

)

dxds

≤ Eε (q
0)+

∫ tm

0

∫

Ω
W,e

(

c−m ,e(u−m +b−b−m),z−m
)

: e(∂tb)dxds

+ ε
∫ tm

0

∫

Ω
|∇(u−m +b−b−m)|2∇(u−m +b−b−m) : ∇∂tbdxds

with tm := min{τm : τl ≥ t, l ∈ N0}, τ discretization fineness.

⊲ Aim
Energy estimate

Eε (q(t))+
∫ t

0

∫

Ω

(

−α∂tz+β |∂tz|
2 + ε|∂tc|

2 +M∇w ·∇w
)

dxds

≤ Eε (q
0)+

∫ t

0

∫

Ω
W,e

(

c,e(u),z
)

: e(∂tb)dxds

+ ε
∫ t

0

∫

Ω
|∇u|2∇u : ∇∂tbdxds
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Proof of (ES ε ) - Energy estimate

Theorem (Heinemann & K.) Asymptotic energy estimate

For every t ∈ [0,T ]:

Eε (qm(t))+
∫ tm

0

∫

Ω

(

−α∂t ẑm +β |∂t ẑm|
2 + ε|∂t ĉm|

2 +M∇wm ·∇wm
)

dxds

≤ Eε (q
0)+

∫ tm

0

∫

Ω
W,e

(

c−m ,e(u−m +b−b−m),z−m
)

: e(∂tb)dxds

+ ε
∫ tm

0

∫

Ω
|∇(u−m +b−b−m)|2∇(u−m +b−b−m) : ∇∂tbdxds+κm

with κm → 0 for m → ∞.

Proof:

⊲ viscous term: ε∂tc

⊲ regularization term: ε
∫

Ω |∇u|4dx
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Proof of the main results - overview

1. Existence of weak solutions of (ESε ) for fixed ε > 0

⊲ implicit Euler scheme

⊲ convergence properties of the time-discrete solutions

⊲ Cahn-Hilliard system with elasticity

⊲ variational inequality

⊲ energy estimate

2. Existence of weak solutions of the original system (ES)

⊲ a-priori estimates for solutions (cε ,wε ,uε ,zε ) of (ESε ) w.r.t. 0 < ε ≤ 1

⊲ convergence properties: (cε ,wε ,uε ,zε ) → (c,w,u,z) as ε ց 0

⊲ (c,w,u,z) is a weak solution of (ES).
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Results - logarithmic energy

⊲ Chemical free energy density of logarithmic type

ψ(c) = θ
n

∑
k=1

ck logck +
1
2

c ·Ac

Theorem (Heinemann & K.) Existence of weak solutions

Let D = ∂Ω and

• b ∈W 1,1([0,T ];W 1,∞(Ω;RN)), z0 ∈ H1(Ω),

• c0 ∈ H1(Ω;Rn) with ∑n
k=1 ck = 1 and c0

k > 0 for k = 1, · · · ,n.
Then there exists a weak solution (c,u,w,z) of (ES) with

ck > 0, k = 1, · · · ,n,

and the previous initial and boundary conditions b, c0 and z0.

Proof:

⊲ based on [EL91] and [Gar00]
⊲ Higher integrability of ∇u for time dependent Dirichlet conditions:

{uδ } is bounded in W 1,2+ν (Ω;RN), ν > 0 small.
(inequality of Sobolev-Poincaré type, reverse Hölder inequality,
perturbation arguments [Geh73], [GM79])
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Model with refined elastic energy - modeling

Free energy

E (c,u,z) =
∫

Ω

(1
2
|∇c|2 +ψ(c)+

1
2
|∇z|2 +h(z)+W (c,e(u),z)+ I[0,1](z)

)

dx

⊲ Chemical energy density ψ
(i) ψ of polynomial type

(ii) ψ of logarithmic type
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Model with refined elastic energy - modeling

Free energy

E (c,u,z) =
∫

Ω

(1
2
|∇c|2 +ψ(c)+

1
2
|∇z|2 +h(z)+W (c,e(u),z)+ I[0,1](z)

)

dx

⊲ Chemical energy density ψ
(i) ψ of polynomial type

(ii) ψ of logarithmic type

⊲ Elastic energy density W

W (c,e(u),z) = (g(z)+δ )W1(c,e(u)), δ > 0.

Damage literature:

W1(e(u)) = (g(z)+δ )W1(e(u)), W1(e(u)) = 1
2e(u) : Ce(u) .

(Mielke & Roubíček 03/10, Thomas 10, Knees/Rossi/Zanini 11,...)
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Model with refined elastic energy - modeling

Free energy

E (c,u,z) =
∫

Ω

(1
2
|∇c|2 +ψ(c)+

1
2
|∇z|2 +h(z)+W (c,e(u),z)+ I[0,1](z)

)

dx

⊲ Chemical energy density ψ
(i) ψ of polynomial type

(ii) ψ of logarithmic type

⊲ Elastic energy density W

W (c,e(u),z) = (g(z)+δ )W1(c,e(u)), δ > 0.

Damage literature:

W1(e(u)) = (g(z)+δ )W1(e(u)), W1(e(u)) = 1
2e(u) : Ce(u) .

(Mielke & Roubíček 03/10, Thomas 10, Knees/Rossi/Zanini 11,...)

Aim: Modeling of different elastic behavior for undamaged and damaged states
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Model with refined elastic energy - modeling

Aim: Modeling of different behavior for undamaged and damaged states

W (c,e(u),z) = g1(z)W1(c,e(u))+(1−g1(z))W2(c,e(u))

W1 (as discussed)

Example:
W2(c,e(u)) = 1

2

(

(e(u)− ê(c)) : Ĉ(c)(e(u)− ê(c))
)p/2

, 1 < p < 2.

g1 ∈C1([0,1]) : monotonically increasing with g1(0) = 0 and g1(1) = 1

⊲ z = 1: W1 (standard elastic energy density)

⊲ z = 0: W2 (weaker elastic energy density)

⊲ z ∈ (0,1): W1 and W2 contribute

W1(c,e(u)) ≥W2(c,e(u))
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Model with refined elastic energy - assumptions/existence r esults

Assumptions:

⊲ W2 ∈C1(R×R
N×N), W2(c,e) = W2(c,(e)t).

Growth assumptions for W2:

⊲ |W2(c,e)| ≤C(|c|s + |e|p +1), p ∈ (1,2), s <
n(p−1)

n−p

⊲ η |e1− e2|
p ≤ (W2,e(c,e1)−W2,e(c,e2)) : (e1− e2)

⊲ |W2,e(c,e1 + e2)| ≤C(W2(c,e1)+ |e2|
p−1 +1)

⊲ |W2,c(c,e)| ≤C(|c|s + |e|p +1)

Additional assumption for W1:

⊲ lc(·) := W1,e(·,c)−W1,e(0,c) is 1-homogeneous.
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Model with refined elastic energy - assumptions/existence r esults

Assumptions:

⊲ W2 ∈C1(R×R
N×N), W2(c,e) = W2(c,(e)t).

Growth assumptions for W2:

⊲ |W2(c,e)| ≤C(|c|s + |e|p +1), p ∈ (1,2), s <
n(p−1)

n−p

⊲ η |e1− e2|
p ≤ (W2,e(c,e1)−W2,e(c,e2)) : (e1− e2)

⊲ |W2,e(c,e1 + e2)| ≤C(W2(c,e1)+ |e2|
p−1 +1)

⊲ |W2,c(c,e)| ≤C(|c|s + |e|p +1)

Additional assumption for W1:

⊲ lc(·) := W1,e(·,c)−W1,e(0,c) is 1-homogeneous.

Theorem (Bonetti & Heinemann & K. & Segatti)
Existence of weak solutions

Let b ∈W 1,1([0,T ];W 1,∞(Ω;RN)), c0 ∈ H1(Ω) and z0 ∈ H1(Ω).

Then there exists a weak solution (c,u,w,z) of (ES) with the refined elastic energy
and the previous initial and boundary conditions.
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Model with refined energy - balance of forces/variational in equality

Limit of approximate system

⊲ Balance of forces
Test functions ξ ∈ L1(0,T ;W 1,p

D (Ω;Rn))

−div
(

√

g1(z)θu;c;z+(1−g1(z))ηu;c

)

= 0

with
√

g1(z)θu;c;z, ηu;c ∈ L∞(0,T ;W 1,p′(Ω))

⊲ Variational inequality
W,z(cε ,e(uε ),zε ) ⇀ ζ ∈ L2(0,T ;(H1(Ω))′)

Aim: Identifying limits

θc;u;z =
√

g1(z)W1,e(c,e(u))

ηc;u = W2,e(c,(e(u))

ζ = g1(z)W1,z(c,e(u))+
(

1−g1(z)
)

W2,z(c,e(u))

Some ingredients: Lower semicontinuous properties for expressions with W1 and W2 ,
Properties of subdifferentials, 1-homogeneous property of W1,e .
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Model with complete damage

Free energy

E (c,u,z) =
∫

Ω

(1
2
|∇c|2 +ψ(c)+

1
2
|∇z|2 +h(z)+W (c,e(u),z)+ I[0,1](z)

)

dx

⊲ Elastic energy density W

W (c,e(u),z) = (g(z)+¢Aδ )W1(c,e(u)), δ > 0,

W (c,e(u),z) = g2(z)
(

g1(z)W1(c,e(u))+(1−g1(z))W2(c,e(u))
)

,

g2 ∈C1([0,1]) : monotonically increasing with g2(0) = 0 .
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Model with complete damage

Free energy

E (c,u,z) =
∫

Ω

(1
2
|∇c|2 +ψ(c)+

1
2
|∇z|2 +h(z)+W (c,e(u),z)+ I[0,1](z)

)

dx

⊲ Elastic energy density W

W (c,e(u),z) = (g(z)+¢Aδ )W1(c,e(u)), δ > 0,

W (c,e(u),z) = g2(z)
(

g1(z)W1(c,e(u))+(1−g1(z))W2(c,e(u))
)

,

g2 ∈C1([0,1]) : monotonically increasing with g2(0) = 0 .

=⇒ No coercivity of W , no control of u
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Model with complete damage

Free energy

E (c,u,z) =
∫

Ω

(1
2
|∇c|2 +ψ(c)+

1
2
|∇z|2 +h(z)+W (c,e(u),z)+ I[0,1](z)

)

dx

⊲ Elastic energy density W

W (c,e(u),z) = (g(z)+¢Aδ )W1(c,e(u)), δ > 0,

W (c,e(u),z) = g2(z)
(

g1(z)W1(c,e(u))+(1−g1(z))W2(c,e(u))
)

,

g2 ∈C1([0,1]) : monotonically increasing with g2(0) = 0 .

=⇒ No coercivity of W , no control of u

⊲ Mobility
Mobility M degenerates:

M(z) ≥ 0 if and only if M(z) = 0⇐⇒ z = 0
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Model with complete damage
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Model with complete damage
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Model with complete damage

Idea: Time-dependent domain, free boundary problem
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Model with complete damage

Challenges

⊲ Jumps in the energy
→֒ Accounting in the energy inequality
Several energy estimates are established by Γ-convergence

⊲ Time-dependent domain
→֒ Bad smoothness properties
Covering result for such sets with smoothly compactly embedded domains
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Model with complete damage

Challenges

⊲ Jumps in the energy
→֒ Accounting in the energy inequality
Several energy estimates are established by Γ-convergence

⊲ Time-dependent domain
→֒ Bad smoothness properties
Covering result for such sets with smoothly compactly embedded domains

Theorem (Heinemann & K.)

Let b ∈W 1,1([0,T ];W 1,∞(Ω;RN)), c0 ∈ H1(Ω) and z0 ∈ H1(Ω).

Then there exists a weak solution (c,u,w,z) of the doubly degen-
erating system in an SBV -framework.
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Model with complete damage

Challenges

⊲ Jumps in the energy
→֒ Accounting in the energy inequality
Several energy estimates are established by Γ-convergence

⊲ Time-dependent domain
→֒ Bad smoothness properties
Covering result for such sets with smoothly compactly embedded domains

Theorem (Heinemann & K.)

Let b ∈W 1,1([0,T ];W 1,∞(Ω;RN)), c0 ∈ H1(Ω) and z0 ∈ H1(Ω).

Then there exists a weak solution (c,u,w,z) of the doubly degen-
erating system in an SBV -framework.

Afternoon session

Interested in that problem?

Poster by Christian Heinemann
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Thank you for your attention!
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