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(BF)

Double-difusive convection flow based upon Brinkman-Forchheimer equations

Uu=vAu-d-Vu—au-Vp+gT+hC+f; in Qx{t>0}
Ti+u-VT =AT+f, in Qx{t>0},
Ci+Uu-VC=AC+pAT + fz in Qx{t> 0},

(BF)'(?T()N) V.u=0 in Qxit>0},
u=0;T=0(%=0)C=0(4% =0)on dQx {t> 0}
Ult=0 = Ug(X) ;  Tltzo = To(X); Cli=o = Co(X),

(U@ =u(S); TO)=T(S); C(0)=C(S),)

au 14 oC
. . . .
4 U(X, t) solenoidal velocity of the fluid, u; = 7('){ , It = T)t , Ci= 7t 5

@ T(xt): temperature,

@ C(x,t) : concentration of solute (salt for oceanography),

@ p(x,t): pressure,

@ g,h,p,a: constant vector term derived from gravity, Soret coefficient, and Darcy coefficient
@ Q c RN: bounded domain, fi, fo, f3 : external forces

Mitsuharu OTANI ( Waseda University, Tokyo, JAPAN) Double-Diffusive Convection DIMO2013-Diffuse Interface Models

2/44



Navier-Stokes Equations

Uu=vAu—-u-Vu-Vp+ f(t) in Qx{t>0},
V-u=0 in Qx{t>0}

Ulga =0

Ult=o = Uo(x), (u(0) = u(S))

(NS)

ou

@ u(x,t): solenoidal velocity of the fluid, uy = i

@ p(xt): pressure.
Known Results
@ (NS) N = 2: 7 unique global solution
@ (NS) N = 3: 7 unique local solution, 7 unique global small solution
@ (NS), N =2: IS—periodic solution for any f € L?(0, S; L%(Q))
@ (NS), N = 3: 7S—periodic solution for small f € L2(0, S; L?(Q))
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Known Results Dirichlet Boundary Condition

Known Results: Dirichlet BC

Theorem 1 ( Terasawa-O (2010))
For all N < 3 and for any ug € H.(Q), To,Co € H3 (L),

f1 € L2([0, 0); LA(Q)), f2, f3 € L2 ([0, ®0); L%(2)), (BF)P has a unique (global)
solution U = (u, T, C)! satisfying

Uy, Au € L(0,S;L2(Q)), where A : Stokes Operator
T,,C, AT, AC € L%(0, S; L2(Q)),

ueC(0,S; HA(Q)), T,C e C([0,S]; HY(Q)) VS € (0, ).

Theorem 2 ( Uchida-O (2013))

For all N < 3and for any f; € L?(0, S; L%(Q)), fo, f3 € L?(0, S; L2(Q)), (BF)? has a
S-periodic solution U = (u, T, C)! satisfying

Ui, Au € LZ(O,S;L(Z,(Q)), where A : Stokes Operator
Ti, Ci, AT, AC € L2(0, S; L2(Q)),

u e C(0,S]; HL(Q), T.C e C([0, S]; Hi(Q)).
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Neumann BC

Double-difusive convection flow with Neumann BC

U =vAu—-au-Vp+ gT + hC + f;

(BF)EIT) V-u=0 in Qx{t>0},

'on

in Qx{t>0},

Ti+u-VT =AT+f, in Qx{t>0},
Ci+u-VC=AC+pAT + fz in Qx{t> 0},

u=0; % =0; 2L =0 on 0Qx{t> 0}

Ult=0 = Uo(X); Tltzo=To(X); Clt=0 = Co(X),
(uO)=u(S); TO)=T(S); C(0)=C(S),)
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P TEiES
Function Spaces

Q : bounded domainin RN, Q=Qx(0,S),

CR(Q) ={u= (L U2 - ,uN); WeCy(@Q) j=1,2,--- N, V-u =0},
LA(Q) = (LA(Q)N, HYQ) = (HY(Q)N = (WHQ)V,
L2(Q) = The closure of C2(Q) under the L2(Q)-norm,

H2(Q) = The closure of CX(Q) under the H(Q)-norm,
H = L2(Q) x L2(Q) x L2(Q), HO = L2(Q) x L2(Q) x L%(<),
Cx([0,S]; H) = {U € C([0, S]; H); U(0) = U(S)},

@ Pq = The orthogonal projection from L?(Q) onto L2(Q),
@ A= —PuA : The Stokes operator with domain D(A) = H2(Q) N H1(Q),

@ Ay =-A withdomain D(Ay) = {ue H3Q); ¥ =0 on dQ},

’6n

@ A”, A} and Ay denote the fractional powers of A, Ap and Ay of order a.
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Neumann Boundary Condition Main Results

Main Results: Initial Boundary Value Problem

Theorem 3 (Uchida-O (2013))

Let N < 3and (fy, fo, f3)' € L?(0, S; HO). Then for each initial data
Uo = (U, To, Co)' € D(A®) x D(AL) x D(AZ) with a € [1/4,1/2], (BF)N admits a
unigue solution U = (u, T, C)' € C([0, SJ; H) satisfying U(0) = Ug and

tY2- g, tY2 e Au € L3O, S; L2(Q)),

tY/272 || Vullzq) € LP(0,S) for all p € [2, 0],

(#)a tU2-a g, T, tl/2-25,C, tY2-2AT, tY2-2AC € L2(0, S; L3(QY)),
t2 [V Tl €/ IVCllia € LP(0,S) forall pe [2,c0],

S

where LY = LP(dt/t), i.e., | flleos) = (f [ (0)IPt2dt)”P for 1 < p < oo and
0

L = L.
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Main Results
Main Results: Periodic Problem

Theorem 4 (Uchida-O (2013))
Let N < 3and (fy, fo, f3)' € L?(0,S; HO) such that
fo. fye{f; ff(x,t)dxdt:O}. (1)
Q

Then (BF)Y admits a solution U = (u, T, C)! € C,([0, S]; H) satisfying

A, Au € L2(0,S;L2(Q)),
u € C([0, S]; Hx ().
#)1)2
aT, &C, AT, AC € L2(0,S; LY(Q)),

T, C e C([0, S]; HY(Q)).

Remark 1

Condition (1) is the necessary condition for the existence of the periodic solution
of (BF)N.

v

Mitsuharu OTANI ( Waseda University, Tokyo, JAPAN) Double-Diffusive Convection DIMO2013-Diffuse Interface Models 8/44



Abstract Formulation
Reduction to an Abstract Problem

Let ¢ be a proper lower semi-continuous convex function from H into (—oo, +00].
Define the effective domain of ¢ by D(¢) = {U € H; ¢(U) < +c0} and the
subdifferential of ¢ by

dp(U) ={f eH;pV)-¢U) = (f,V-U)y foralVeH}

with domain D(d¢) = {U € H; dp(U) # @}. Then A = dp becomes a maximal
monotone operator.

It is well known that J,U = (I + 1A)"U — U, as 1 — +0for all U € D(A). Then for
a € (0,1), p €1, ], by measuring how fast J,U converges to U, we can define a
nonlinear interpolation class B, y(A) associated with A by

Bop(A) ={U € D(A); t™*|U - JU |y € LY(0, 1)}
We often use the notation

Uls, 0 = [tV = J Ul [ oy

If Ais non-negative self-adjoint operator, then D(AY) = B, 2(A).
In the later arguments, it will be shown that the leading terms (A, Ay, Ay)' can be
given as the subdifferential of a suitable lower semi-continuous convex function on
H.

Double-Diffusive Convection DIMO2013-Diffuse Interface Models 9/44



Abstract Formulation
Operate P, to the first equation of (BF) to erase Vp. Then we have

U+ vAU=-au+PogT +PohC +Pq fi1,
T + AT +u-VT = f,, 2
0C+ANC +U-VC = —pANT + fa.
Here, for each parameter € (0, 1], H, designates the Hilbert space H endowed
with the following inner product:

2
(U1, Ug)n = (ug, U2)pz +(T1, To)p2 + %(Cl, Co)z Ui = (U, Ti,C)', (i =1,2). (3)

Next define ¢ by

Y 2 1 2 Ui 2
o(U) = | 2NIVUIIE: + SIVTIE: + g5 IIVCIE, if U € Dlg) = Hy x HEx HY,
+00 if U e H\D(p).
Then the subdifferential d¢ is given by
—-vPaAu
dp(U) =| -AT with domain D(d¢) = (H? N HL) x D(Ay) x D(Ay).  (4)
-AC
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Abstract Formulation
Furthermore, we put

u(t) au(t)
v =| 10 | Lo=| ato |
c) aC(t)
au(t) - Pa gT(t) - Pa hC(t) Pa fa(t)
BU) = wIT() L FO=| 60
U-VC(EH) — pAT (1) fa(t)

Then the initial boundary value problem and periodic problem for (2) are reduced
to the following abstract problems in H:

)+ 3p(U0) + BUWM) = FO) te[0.S],

(CP) ®)
U(0) = U,
Y @) + dp(U(D) + BU®) = F®) te0.S]

APy da Y - e (6)
U(0) = U(S).
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Neumann Boundary Condition Abstract Results

Abstract Results

In order to prove Theorems 2.1 and 2.2, we rely on abstract results.
(A1) ForanyL € (0,+c0), the set {U € H; ¢(U) +[|U|I3 < L} is compact in H.
(A2) B(") is ¢-demiclosed in the following sense:

Un — U strongly in C([0, S]; H), d¢(U,) — dp(U) weakly in L2(0, S; H),
B(U,) — bweakly in L?(0, S; H), then b(t) = B(U(t)) holds for a.e. t € [0, S].

(A3)? For a given exponent a € (0, 1/2), there exists a monotone increasing
function £(-) such that

1 1a
IBWIIn < L(VIIH) {£llde(U)lIn + glw(U)lm +1} 'U € D(dg),

where ¢ is a positive constant determined by the initial data Up and the
external force F(t), more precisely, € is a monotone decreasing function of
[Uoln + IUols, 4@e) + IFlLzo.s;H)-

(A4) There exists a monotone increasing function ¢(-) and k € (0, 1) such that
IBU)IG < Kildp(U)IE +(@(U) +IIUIE)  "U € D(@y).
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Abstract Results
Then the following results hold.

Theorem A-1 [0, JDE, 1982]
Let Ug € B, p(d¢) with p € [1,2] and F € L?(0, S; H), and let (A1), (A2) and

(A3)? be satisfied. Then there exists Sy € (0, S] depending on |Ug|y and
|Uols, () such that (CP)has a solution U(t) in [0, So] satisfying

tY2oduydt, tY229p(U (L), tY2 Y B(U(L)) € L%(0, So; H),
U () — Uollu, t72 " o(U(®)IM? € LY, So) "q e [2, ).

Theorem A-2 [©, JDE, 1982]

Let (A1), (A2) and (A4) be satisfied and let Uy € D(¢) and F € L%(0, S; H).
Then there exists Sg € (0, S] depending on |Ug|y and ¢(Ug) such that (CP)has a
solution U(t) in [0, So] satisfying

du/dt, dp(U(t), BU() € L%(0,So; H), ¢(U(t) € W0, Sp; RY).

Remark 2

In [O, JDE, 1982], Theorem A-1 is actually proved under a different assumption
(A3),, which is slightly stronger than (A3)°. However it is easy to see that the proof
of Theorem A-1 holds true with (A3), replaced by (A3)°.
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Neumann Boundary Condition Abstract Results

(A5) There exists a monotone increasing function £(-) and a constant k € [0, 1)
such that

IBU)IIE < Kllde(U)IIF + (U W) (¢(U) + 1Y YU € D(dy).
(AB) There exist positive constants @, K such that

(- dp(U) = B(U), U)y + ap(U) < K YU e D(dy).

Theorem A-3 [O, JDE, 1984]

Let (A1), (A2), (A5) and (A6) be satisfied. Then for every F € L2(0, S; H), (AP)
has a strong solution U € C,([0, S]; H) such that

du/dt, dp(U), B(U) € L(0,S; H),
¢(U) € WH(0, Sp; RY) and ¢(U(0)) = ¢(U(S)).
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Initial Boundary Value Problem
Proof of Theorem 3

@ Local Existence
e Reduce our problem to an abstract Cauchy Problem.

e Apply Theorem A-1 to the problem.
@ Existence of Global Solution in time

o Establish some a priori estimates.

@ Uniqueness of the Solution

Mitsuharu OTANI ( Waseda University, Tokyo, JAPAN) Double-Diffusive Convection DIMO2013-Diffuse Interface Models 15/ 44



2 BTy 2 e ) G
Check of (A.1)

{U € H;p(U) + U <L}

% 1
=wewywm+zwwé ——|IVCIZ, + IIullZ, + ITIIZ, + |mm_}

1802
From Rellich-Kondrachev’s theorem, the level set is compact in

H(Q) = L2(Q) x L2(Q) x L2(Q).
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2 BTy 2 e ) G
Check of (A.2)

Assume ux — uin C([0, S]; L2(Q)),

Tk — T in C([0, S]; L%(Q)),

Ck —» CinC([O0, S]; LZ(Q)),

—v PAug — —v PAu in L%(0, S; L2(Q)),
—ATg — —AT in L?(0, S; L?(Q)),

_ACk — —AC in L4(0, S; L2(Q)).

auy — PgTk — PhCy — hy in L2(0, S; L2(Q)),
Uk - VT — hy in L2(0, S; L2(Q)),

Uk - VCx — pATk — hg in L4(0, S; L2(Q2)).

then we have to show

h; = au—PgT —PhC fora.e. t € [0, S],
h,=u-VT fora.e. t€]0, 5],
hs =u-VC —pAT fora.e. t€[0,S].
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2 BTy 2 e ) G
Check of (A.2)

Take V¢ € C3'(Q2 % (0, S))

(U - VT, @) = —(V - U Tk, ) — (UcTy, V) = —(UxTy, Vo)
— —(UT,Vg¢) =(u- VT, ¢)

Let us recall the assumption we imposed:
Ug- VT — hy in L%(0,S; LA(Q)).

So we obtain
h,=u-VT for ae te]0,S]
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Initial Boundary Value Problem, Local Existence
Check of (A.3)2 : Choose n = & and denote H,, simply by H.
By the definition of B(U) and the inner product of H, we get

IB(U)II4 <allull.z +19llITllz + Ih[[Cli2
E
+UlVT. + 3—p(|||u|VC||Lz +pllATIIL2).
Here using Holder’s inequality and the fact that |W|f3 < W 2|W s, We get
UV Tl < ullies IV Tl < Hullies IVTIRZ IV T
E
< ZIATllz + ;(|||Vu|||Lz + 1[IV |L.

Hence, by virtue of (7) and (8) , we obtain

IBU)IIH < ( +3 )IIATIIL2 +2 1% * IACI,2
&
+ ;(IIIVUIIILZ +IIVTI, + gllVCIIfz) +72(llVlIn +1)

< ellap(U)lln + 22 (¢¥2(U) + Ul + 1),

Since 3 = 2 © a =1, (9) ensures (A3)% with « € [1/4,1/2) and (A4).
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i) Ry VAL P ) ) S
A priori estimates

ur = vPAu—-au+PgT+PhC
(BF) Ti+u-VT =AT in Qx{t>0},
Ci+u-VC=AC+pAT in Qx{t> 0},
Multiplying the second equation of (BF) by T and integrating over Q, we get

> OltIIT(t)II 2 +IVTOIZ, < 20l IT@)le. (10)

Here we used the fact that
f(u‘VT)de=fu~V(}T2)dx=fdivu}Tzdx=0.
Q Q 2 Q 2

Hence we can derive the a priori bound for ||T (t)|| = and substituting this estimate
in (10), we obtain

sup [IT®)IIF fIIVT('E)II2 dt <y (ITollz), MMallz)- (11)

0<t<S
Similarly we get

sup [ICOIIF fIIVC(t)II2 dt <y (ITollz, lICollLz, [ fallLz) Il falliz).  (12)

0<t<S
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Proofs of Main Results Initial Boundary Value Problem, Global Existence

Multiplying the first equation of (BF) by u;, we get

v d ad
||ut||i§+§af|vu|2dx+ > gt f|u|2dx

< lludlcz (11Tl + AIICHI + 1 Fall2) (13)
1
< S IuliZz + (19Tl + AMICHL2)* + 11 allZ.

Then integrating (13) over [0, t] with t € (0, S] and using (11) and (12), we obtain

sup (vIIFUI B, + allu?, ) + f ludZ, dt
0<t<S (14)
< y(Vuolllez, IVolIH, [IFllL2o,s:H) )
which also implies
fllﬂullz dt <y (IlIVuolllz, [lUollH, [IFllL20,5:H) )- (15)

v
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Proofs of Main Results Initial Boundary Value Problem, Global Existence

Multiplying the second equation of (BF) by —AT, we obtain, by the same argument
as for (8) with e = 1,

1d

1 1
éd—tuVTuﬁz +IATIZ < > fg U IVT2dx+ EHATMEZ + [ f2ll2 ATl 2

1 1 1
<(g+ 5+ ) ATIE + 255 (19Ul + lullz ) IVTIE + 11l

Then Gronwall’s inequality with (14) yields

S
sup [VT(OIZ + fo IAT (©)1, dit

0<t<S (16)
< y(lIVUolllLz, IVTollz, [ICollLz, IFllLz.s;H))-
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Proofs of Main Results Initial Boundary Value Problem, Global Existence

Multiplying the third equation of (BF) by —AC and applying the same argument as
for (16), we now have

sup [VC (), f IAC(I, dt

0<t<S

(17)
< y(IVUolllz, Tollz, ICollke, [IFllLz.s;m) )-

Thus, a priori estimates (14), (16) and (17) assure that every local solutions can
be continued globally up to [0, S], provided that

Uo € D(p) = D(AY?) x D(AY?) x D(AY?).
As for the general case where
Uo € D(AY) x D(AY) x D(AY) with @ € [1/4,1/2),

since U(t) enjoys (#),, there exists a tg € (0, Sp) such that U(tg) € D(¢). Hence,
regarding U(tg) as an initial data and applying the global existence result for the
case where Ug € D(¢), we can derive the global existence result for the general
case.
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UEREES
Uniqueness

Let U and U? be solutions of (BF) for the same initial data and put
U=, T,CY (=12 W=U'-U%2=(w,10).
Then W = (w, 7, 6)! satisfies
W = vPo AW —aw + P, gt + Po h6,
(D) ht=At—-ul-Vr+w-VT?
00 =A0+pAr—ul-Vo+w-VC2
Multiplying the first equation of (D) by w, we get

1d
> d—tnvvnig +VIIVWIIE +alwiiZ, < [gllizllz Wiz + [hili6lc w2
(18)
1 1 1
< 5 (1g+ IDIWIE, + S1glIiTliE, + 5 IhTI6E-
Multiplying the second equation of (D) by  and IVIi3 < V| 2|VlLs, We obtain
1d
Ed—tnfniz +IV1lZ, < fg|w||VT2||r|dx
< tlls IV T2z [ lle
(19)

1 2 2 2112
< Z(IIVTIILZ +1ITlIE) + Y IVTAS Wz VW L2
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Uniqueness
By the argument similar to that for (19), we obtain

||9|| +IValIZ, < f IWI|[VC?||6ldXx+ p f V7| V6| dx
Q

2dt
< ||e||Le||vc2||Lz|||w|||Ls +pIV Tl IVl
1
Z(uveu 2+ 101%) + Y IVCHIE Mz [1IVWHIL + Z1IV6IIE, + o2 197,
1 %y 2 1
< SIVeI + P29l + XN v, + p%ynvczuﬁz||w||]ig +Zle. @0

then

Put y(t) = IWOIZ, + 712, + 22 I6VIZ. and sum up (18), (19) and (20)x 2,

we get
1d
2 dt

2
YO < 7y(® + LIV T2O1L w2, +
<y(IVTAIE + IVCAIE: + 1)Y(O).

2p4 5 IVCH IM)IIZ,
Here we note that (#), with a € [1/4,1/2] implies that
tY2 VT2 2, tY27|IVCH| 2 € LYO,S) = [IVT?||2, IVC|.2 € L0, S).

Hence, the uniqueness follows from Gronwall’s inequality.
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Periodic Problem
Proof of Theorem 4

@ Reduce our problem to an Abstract Periodic Problem

@ Introduce Approximation Problems

Apply Theorem A-3 to approximation problems

@ Establish some a priori estimates

Convergence of solutions of approximation problems
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ATEHTE B ATS
Approximate Equations

When one tries to apply Theorem A-3 to (AP), one faces some difficulties. The
most serious one arises in checking (A5). In fact, we recall that estimate (9) gives

IBOU)IR < & 1ap(UIf + %5 (V) + IUI).

but the required growth order in (A5) is quadratic. Moreover, when the constant
vectors g, h are very large, it is difficult to examine whether condition (A6) is
satisfied. From these reasons, we are led to introduce relaxed approximate
problems. However, the approximate problems introduced in Uchida-O (2013)
prevents establishing the desirable a priori estimates under the homogeneous
Neumann boundary condition. In order to manage with this difficulty, we introduce
another approximation procedure.

otu = vPqoAu —au + P g[T].: + Pa h[C], + Pq f1,
(BF)eq § 0t T +UVT = AT — &|T|P2T - + f, (21)
0 C+UVC =AC+pAT —¢|C|P2C = AC + fa,

where ¢, A € (0, 1) are approximation parameters and the cut-off function [T], is
defined by

], - T if [T <1/e,
"l (sgnT)1/e if [T|>1/e, £€(0,1),
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Reduction of Approximate Equations to Abstract Equation
For the perturbation term, we replace it by

B.(U) = (au — Pq g[T]: — Pa h[C],, u-VT, u-VC — pAT)".
We take n = 1 and replace ¢ by ¢. . given by

¢ea(U) = ¢(U) + ¢ea(U),

E E

TP + —— |ICIIP, + + if U € D(y,.
lﬁs,/l(u) _ p LP 9p2p LP (lﬁ /l)

+00 if U € H\D(,.0).

where D(/,1) = L2(Q) x LP(Q) x LP(Q).

Since (d¢(U), 8y..1(U))n = 0, we can deduce that d¢ + dyr, , becomes maximal
monotone, and hence we get d(¢ + 1) = ¢ + A, With

D3 (¢ + 2.0)) = D(¢) N D(3.) -

Thus, we have another abstract problem associated with approximate problems:

du(t) )
(AP)M{ —gt F0%ea(UM) + BLUWM) = F(t) te[O,S],
U(0) = U(S).
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Solvabilty of Approximate Systems
To apply Theorem A-3 to (AP), ., we are going to check (A5) and (A6).
Check of (A5) By the definition of B,(U) and the inner product of H, we get

IBo(U)IG < BINVIIG + 2llu- VTIIE, + % lu- VCIIZ, + SMATHEZ,
Since V - u = 0, the integration by parts gives
[u - VT|||_2 = fVT -u(u-VT)dx= —fTuV(u~VT)dx< f|T||u||V(u -VT)|dx
Then by the elllp?tic estimate and Ht')lder"i,E inequality, we haveQ
2|lu- VTIILz <ﬁfg ITIIUIIUIIATIdX+,3fQITIIUIIVUIIVTIdX
< BTl llutlics Hullles TAT llez + BIT lleez lHullles VUl [TV Tl 2.

Hence, by using the inequality ||W|| < Wl 2 W3, we get

L6’
1
2|lu- VTI% < §||AT||52 +BUNVUIE, + I TIE Ul
1
+ énﬂunig +BUNVULIE, +1IVTIE, + 1T IES).
Consequently, by taking p > 12, we obtain

IBe(U)IIE < S10¢ea(UI + €1V ) (wea(V) + 1),
whence follows (A5) with k = 1/3, provided that p > 12
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Proofs of Main Results Solvability of Approximate Systems

Check of (A6)  The definition of the inner product of H gives
1
(0¢ea(U), U)n = IIVUllIE, + IV TIZ, + gnvcnfz
p 2 € p 1 2
+ellTIE + AT + @IICIILp + @IICIILZ > 2¢e.a(V).

Moreover, noting that (u- VT, T),2 = (u- VC, C),2 = 0 and the cut-off function is
bounded by 1/, we get

1
(Be(U), U > a”“”iz =lalllullz I[T]ellz - IhIIIUIIL;,II[C]gIILz - —IIVTIILzIIVCIILz

a 192 + [hf?
> allull, - 2- S lulP, g— (T, + NICL 1) |VT|| IVCI?,

1802 |
>-L g,
&
where we used Cauchy’s inequality and g is a suitable constant. Hence we get
(= 0psa(U) — B:(U), U)n + ¢goa(U) < -

whence follows (A6) with K = £ and @ = 1.
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A priori estimates and Convergence as £ — 0
For A > Ofixed, Convergenceas & — 0

Since A > 0 fixed, the principal part dy. , is coercive. Then we can establish the
same a priori estimates of U, ,, solutions of (AP), ,, independent of € and repeat
the same standard arguments for the convergence of solutions along € — 0 as the
Dirichlet boundary condition case.

In this way, we can assure the existence of solutions of the following equations:

0tU = vPqoAu—au +PqogT + PohC + Pq f1,
T +uVT = AT - + fp,

0iC+U-VC = AC + pAT - + f3,

u(0) = u(S), T(0)=T(S), C(0) = C(S).

(BF),
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A priori Estimates 2 — 0
A priori estimates for T, C

Integrate the second equation of (BF),, then by the boundary condition, we get
d
Tt fTA(x t)dx+ /lfTA(x t)dx = ffz(x t)dx 'te[0,S]. (22)

Here we used the following facts.

fAT/ldX:f&dS=O, fu,l-VT,ldX=fdiv(ulT,l)dX=fuﬂT/lndS= 0.
Q aa 0N Q Q oQ

Integrating (22) on t € (0, S) and using the periodic condition and (1), we have

s
/lfle(x, t)dxdt=0 so 7ty e[0,S] such that fTﬂ(x, to)dx = 0.
0JQ Q
Hence by (22), we obtain

t
f T.(x t)dx = f e 9 | f,(x, t)dxdt "t e [to,to + S].
Q Q

to

Then applying Poincaré-Wirtinger's inequality
1
V-Vl < CwlVMl: "ve HY(Q), V= a f v(x)dx

we obtain
ITalliz@) < CwliVTallLe) + SlifallLe)- (23)
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Aprior| Estimates = 0
Multiplying the 2nd equation of (BF), by T, and recalling (u, - VT,, T,).2 = 0, we
have

éd—tIITall 2 + VTl +/l||T)”|_2:ff2T/ldX- (24)

Integrating (24) over [0, S] and using the periodic condition, we get

IVTaliZ20 + ATallZz gy < If2llieg ITallLzgy- (25)
Then substituting (23) into (25), we get

”VT/l“LZ(Q) (CW + 28)” f2|||_2(Q),

ITallfz(g) < {2CH(CH +25) + 282} fallfz -
Since T, € C([0, S]; L?(Q)), there exists ty € [0, S] such that

ITa(to)llz = min ITa(V)l]2.
0<t<S

(26)

Hence by (26), we have
1
ITa(to)llt> < 5 {2C(Cl + 28) + 287 HIall(z ) < ¥
Then, integrating (24) over [to,t] (to < t < to + S) and over [to, to + S], we obtain

ITallcqo.siLz@)s 1V Tallq)s /1||T/1||Ez(Q) <vy.
Similarly we have

2
ICallcqo.siz@): 1VCallz)s ACallizq) < v
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Apial EEIEEs 1 =
A priori estimate for u

U =vPoAu—au+ Pqg[T]: + Paoh[C], + Pqfi, xu fdx J
Q

S

0
S

S
O(allullig +IVuli?; )dt < fo(IQIII[T]aIIL2 +[hIClellz + I fallce) lullz dt

< Co(ll fallez, lIf2llesiLzy» 1 falliz@s;L2@)))

t0€[0,S] st Klu(to)llz < [IVulto)ll?, < Co/S

t
f dt= ggt%llu(t)llﬂ,g < Co(ll fellez, 1 f2llizos; 2@y, [1fallzos:2@)» Ss p)
to -
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A priori Estimates 2 — 0
A Priori Estimate for u;, Vu

U =vPoAu—au+ Pag[T]le + Pah[C], + Pafi, Xu; fdx J
Q

s s
f dt= f”ut”iz dt < Co(ll fallz, If2lliz, lIfall2)
0 0 v

S
Eq = fllSDQAullizdtsCo
0 ‘T

Iy €[0,S] st ||Vu(to)||12L§ <Co/S

t
f dt= max||Vu(t)ll.z < Co(ll f1llez, lIf2lli2, [ fsll2, S, p)
t 0<t<S
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A priori Estimates 2 — 0
A Prior Estimates for VT, AT

Te+U- VT =AT -AT +f5, x-AT [ dx J

Q.lQ_

1
o VT ()12, + AT ()12, + VT ()12

< (lu- VT2 + I fallz ) IAT(£) Il
lu- VTIZ < IVTIZ llul, < KIVTIZE AT IS Ul VUl

< ellATIIZ, + ClIVTIIE, IIUIIM IIVUIILS
o€ [0,S] st IIVT(to)llz < Co/S

t

S
dt= max||VT(t)||Lz+f||AT(t)||f2dtsco.
0<t<S 0

to
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A prior Estimates 2~ 0
A Priori Estimate for T;

Te+U-VT =AT -AT +f,, xTy [ dx J

NI
Q.lQ_

VT Ty(D)11? T(t
VT (OIE + 1T + 2dtn (t) 1%,
< (u- VTl + [ falle) I Te(t) 2
lu- VT, < ellATIE + Col VT ull, I Vullg,

S S
fdt:> flth(t)llfzdtsCO
0 0
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A priori Estimates 2 — 0
A Priori Estimates for VC, AC

Ci+U-VC=AC+pAT -AC+fs, x-AC [ dx J
1d)vc AC(t) 17, + AUIVC(D)II?
5 gill VI + IAC)IIE, + AUV,

< (Ilu- VCliez + [ f1llcz + plIAT [l2) | AC(t) |12
llu- VCIZ, < IVCIZ ul, < KIVCIRAIACIE Ul I VUl

< €llACIIE, + C.EIIVCIILZ|IU|IL§I|VU|IL§

It €[0,S] st ||IVC(to)ll2 < Co/S
t S
dt= 5ntaé||VC(t)||Lz +f |AC(t)|I?, dt < Co.
<t< 0

to
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A prior Estimates 2~ 0
A Priori Estimate for C;

Ci+U-VC=AC+pAT -AC+fy, xCi [, dx J

NI
Q.lQ_

2
IVCOIE +IC(OIE + 5 dtu(:(t)u
< (Ilu- VClicz + Il fallz + plIAT ll2)IC(t) Il
llu- VCIiZ, < ell ACIIE, + ColIVCIE Ui, 1 Vull?,

S S
[Ta= [leoiR.dsc
0 0
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i T
Convergence

A priori estimate

s
(Q%an(t)lH + 52?8(%@/1('[)) + £(|8tuﬁ(t)||2-| +[8pa(U(1)15) dt < Co,
Uy = (uy, Ty, C)t

Qgs(w(ul(t)) < Co = {U,(1) }1e0,2) forms a precompact setin H “te[0, 9]
10t Ua(t)llzq) < Co = {Ua(t) }ac1) is equi-continuous in - C.([0, S]; H)
Ascoli’'sTheorem=7 Up(t) = U, (t) (1p — 0 as n— o) s.t.
Unp—U=(u,T,C)' stronglyin C.([0,S];H) as n —
AUy — 0=(0,0,0) stronglyin C,([0,S];H) as n— oo
0tUp - dtU = (ug, Ty, Ct)t weakly in L2(O,S; H) as n—
B(Un) — B(U) weaklyin L2(0,S;H) as n— co.

= U gives a solution of (AP).
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Proofs of Main Results Remarks

Remark 3
If we impose the assumption

fa(t), fa(t) € L3(Q) = { f e L3(Q); f f(x)dx=0} fora.e. te(0,S),
Q

which is slightly stronger than (1), then the periodic solution given in Theorem 2.2
satisfies T(t), C(t) € LZ(Q) for a.e. t € (0,S).

Remark 4

Repeating exactly the same arguments as those in [4] with Poincaré’s inequality
replaced by Poincaré-Wirtinger’s inequality, we can prove the following
unigueness result.

Theorem 5

Let f; € L2(0, S; L2(Q)), then there exists a (sufficiently small) constant g
depending on |gl, |hl, v, p and |l filli20s12(q) Such thatif
I f21lL20.5;L2(0)) < Yo and || f3]lL2os:L2(02)) < Yo, then the periodic solution of (BF)
satisfying (#),2 in Theorem 4s unique.

W
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e s
Concluding Remarks

@ Our main theorem holds true also for unbounded domains.
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e s
Concluding Remarks

@ Our main theorem holds true also for unbounded domains.

@ For bounded domain case with Dirichlet BC, if the external forces are all zero,
then U(t) = (u(t), T(t),C(t))' decays exponentially to zero.
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e s
Concluding Remarks

@ Our main theorem holds true also for unbounded domains.

@ For bounded domain case with Dirichlet BC, if the external forces are all zero,
then U(t) = (u(t), T(t),C(t))' decays exponentially to zero.

@ Existence of global attractors and exponential attractors
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