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Energy of a Two-Component Mixture

Let ¢ = ¢; — ¢ be concentration difference of a two-component mixture.
E(c)=< / Ve(x)|2 dx+ et / F(c(x)) dx
2 Jo Q

be the free energy of the mixture, where Q C RY
d=1,2,3,e>0and

Example:

fPR— [0,00) with f(C) =0& ¢c= +1. flc)= 11— c?)?
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Energy of a Two-Component Mixture
Let ¢ = ¢; — ¢ be concentration difference of a two-component mixture.

E(c)=5 /Q Ve(x)|2 dx+ et /Q F(c(x)) dx

be the free energy of the mixture, where Q C RY
d=1,2,3,e>0and

Example: -
f: R —[0,00) with f(c) =0 < c = +1. Q=g
Theorem (Modica-Mortola '77, Modica '87)
E. .0 0P wrt. L1 —T — convergence

where o = f_ll \/2f(s) ds and

=YO*E) ifv=2xg—1
P(v) = {H (O*E) ifv XE
+00 else.
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Sharp Interface Limit of Cahn-Hilliard Equation

We consider
dic = mAp, (1)
p=—elc+e'(c) (2)

together with suitable boundary and initial conditions. Then (1)-(2)
converges to the Mullins-Sekerka equation:

m
V=—Zlnry - Vil on T(2)

plry =oH on I(t)
Ap=0 on Qi(t) a (1)

due to
@ Alikakos et al. '94 (local strong solutions)
@ X. Chen '96 (global varifold solutions).
Here H and V are the mean curvature and normal velocity of I'(t).
[f](X) = Iimh_>0(f(x + hnr(t)) — f(X — hnr(t))).
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Two-Component Mixture with Elastic Energy

To take the anisotropic structure of a metal into account we consider
€

E.(c,u) = E/Q|vC(x)|2dx+s-1/Qf(c(x))dx+/ﬂ\/V(c,g(u))dx
where Q, f are as before, £(u) = 3(Vu+ VuT),
W(c,&) = %(5 —&%(c)) : C(c)(€ = &7(c))

C(c): R, — RS, is symmetric and positive definite, and £*(c) is the
eigenstrain at concentration c.

Theorem (Garcke '00)

E. —. 0 Eo w.r.t. (L1 X Hl) — [ — convergence

where

oHITVO*E) + [, W(v,E(u))dx ifv=2xg—1
Eo(vju):{m (0°E) + Jo W(v.£(v)) "

v
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Cahn-Larché System

Assuming a quasi-stationary evolution for the elastic response one derives

oic = Ap in Q

f= —eDc+ e () + We(c, E(u)) = %Es in Q

0 =div(C(c)(E(u) — E%(c)) =div(We(c,E(u))) in Q

together with

noa - Vclaa = npq - Virlapa = ulsgg =0 on 99

Clt=0 = @ in Q

3)
(4)
(5)

(6)

(7)

plus suitable boundary conditions for c, i1, u and an initial condition for c.

Garcke '03: Existence of weak solutions, uniqueness if C is independent of

¢ and £*(c) if affine linear.
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Sharp Interface Limit System

By formally matched asymptotic calculations it was shown by Fried and
Gurtin '94 and Leo, Lowengrub and Jou '98 that the limit system is

V=g Vi on () (8
Hlry = oH + %an(t)[W Id—(Vu)"Slnry  on [(t) (9)
[Snrgo] = ] = (4] = 0 onf(t)  (10)
Ap=0 on Q%(t)  (11)
divS =0 on Q%(t) (12
r(0) = o (13)

where § = Wg(£1,E(u)) in QF(¢).

Garcke, Kwak '06: Proof of convergence on the level of varifold solutions
similar to Chen '96.
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Convergence in Strong Norms
We assume that C is independent of ¢ and £*(¢) is linear.
Theorem (A., Schaubeck '13)

Let Tyg C Q be a smooth hypersurface and assume that the limit system
(8)-(13) has a smooth solution (T'(t):efo, 1], 4> u) on [0, T] for some

T > 0. Moreover, let (c., i, u.) be the solution of (3)-(7) with suitably
well-prepared initial data co = co .. Then

ah—% c(t)==£1 in Q(¢)
lim po(t) = p(t) in Q2

€||_r'>no u(t)=u(t) inQ

uniformly (on compact subsets) for every t € [0, T].

Schaubeck '13: Existence of smooth solutions for short times.
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Sketch of the Proof
© Estimate of approximate and exact solution: Assuming that
(CAes HAs,UA) is a suitable approximate solution up to order
O(e" ), Kk = g—j:g, one proves
k
I = caclle@x(o, 1)) + llue —vacll20,7mpy < Ce
provided k > K(d).
@ Interpolation with higher order norms yields convergence of ¢. — ca.
in arbitrarily high norms if k is sufficiently large.
© Construction of approximate solution using finitely many terms
calculated by formally matched asymptotics.

To construct the expansion rigorously one solves certain ODEs in
normal direction. Solvability conditions yield e.g.

1
V= —3lnrey - Vi on I'(¢)
1
plrey = oH + 5an(t)[W Id —(Vu)"S]nr;)  on ()

and corresponding linearized equations.
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Spectral Estimate of Linearized Operator
Let I C Q be a smooth interface, d(x) = sdist(x, ), s(x) = Pr(x), and

o) = 0042 + ep*(s(x))0 (42 + £2°(x),
close to I, where 6 is the optimal profile that solves
—0y + f'(6p) =0inR,  6(0) =0,  Hp(xoo)==%1,, (14)
61 € CY(R) N L°(R) is any function satisfying

[ 016667 60) s = 0.
R
and p°(x), ¢°(x) are bounded suitably.

Theorem (Chen '94)

There exist constants £g > 0 and Cy > 0 such that for every ¢ € (0, 9],
w e H(O)(Q)

2 —Le1g ey, 2 2
/Q<6\VW\ +e (% )w ) dx > _COHWHH(*O)I(Q)
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Estimate of Approximate and Exact Solution (1)

Let d- = c. — ca., Ve = U. —ua ., Where (cac, ftac, ua.) solve (3)-(7) u
to order kk and

Led: == —eAd: + e "(cac)d- (linearized CH operator).
Then

Ord: = A (Lsds + VV,c(dsyvs)) + %N(Csy CA,s) + re> (15)

since W (.,.) is linear, where r. = O(¢"*) and
N(ceycae) =f'(c) — f'(cae) — f'(cac)d- = O(d?).
Multiplication of (15) with d. in H l(Q) yields

2dt”d H2 (Ledsads)Lz(Q)

1
—/ W o(d.,v.)d. dx—i——//\/(cs,cA,E)dE dx—l—/ dor dx
Q gJa Q
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Estimate of Approximate and Exact Solution (I1)

To estimate

2 dt”d HH 1 + (Ledz, d2) 2

1
_/ W (de,ve)d: dx—i——/,/\/'(ca,cAﬁ)dE dx+/ d.r. dx
Q g Ja Q

one uses:

(LEdE7 dE)LZ(Q) = /Q€|Vd€|2 + E_lf”(CAﬁ)dEz dx > _CHdEHiI(_O)l(Q)

due to the spectral estimate by Chen.
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Estimate of Approximate and Exact Solution (I1)

To estimate

el + (L, do)e

1
_/ W (de,ve)d: dx—i——/,/\/’(ca,cAﬁ)dE dx+/ d.r. dx
Q g Ja Q

one uses:

/ W (-, v2) d- dx
= [ e £ () (6w ~ £ (e o~ [ vesazde

_ coug(vs)—g*(ds)np—/QVE-SA,EdX

since

divC(E(ve) — £%(d-)) = sa..
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Estimate of Approximate and Exact Solution (I1)

To estimate

2 dt”d HH 1 + (Ledz, d2) 2

1
_/ WC(dE,vE)dst—F—/./\/’(CE,CAﬁ)dEdX—I—/ d.r. dx
Q € Ja Q

one uses:
That

1
[ Ml cad: e~ O )
€Ja
compared to the left-hand side which is of order O(s2%~™) for some m > 0

independent of k. Hence for k large enough this term can be absorbed by
the left-hand side.
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Thank you for your attention!
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