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Structural topology optimization

The goal is to distribute a limited amount of material in a design domain such
that an objective functional J is minimized.

Find domain Q¥

Linear elastic material

Volume forces f given

Surface forces g given

Prescribe regions of
material and void




Mathematical formulation

Given a design domain Q C R?

min J(QM)
QMGUad

Feasible set: U, = {Q” C Q such that |QY| = V}
May wish to prescribe material and void regions and so require

S()CQM, QMﬂS1:(2)
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Mathematical formulation

Given a design domain Q C R?
min J(QM)
QMeuad

Feasible set: U, = {Q” C Q such that |QY| = V}
May wish to prescribe material and void regions and so require

S()CQM, QMﬁslz(b

Possible objective functionals
Compliance (work done by the load)

Ji(Q") = QMf'u+/rg-u

g

Error compared to target displacement

(@) = ([ ctom - uQF)é

c(x) > 0: given weighting factor, uq: target displacement



Structural optimization problem

Minimize J(QM) = aJ; (QY) + 3J2(2M) subject to

—div(CME(m)) =f in QM
(CME@m))n = 0 onTly
(CME(w))n =g on',

=0 onlp

<

CM elasticity tensor, &(u) = 1(Vu + Vu) strain tensor.



Structural optimization problem

Minimize J(QM) = aJ; (QY) + 3J2(2M) subject to

—div(CME(m)) =f in QM

(CME@m))n = 0 onTly
(CME(w))n =g on',
u =0 onlp

CM elasticity tensor, &(u) = 1(Vu + Vu) strain tensor.
The problem is not well-posed

A possible path to well-posedness: Add perimeter: P(QM )= / ds
oM

This results in the objective functional:

J(QM) = o (QM) + B (QY) + ~P(QM)

Shape derivative: Allaire, Jouve, Toader (2004), Sokolowski & Zolesio (1992).



Multi-material structure optimization

e Heterogeneous structures

e Multi-material shape
optimization

¢ Distribute two or more

materials in a given design
domain 2




Multi-material phase field approach

e We consider a phase field method
e Approximate P(Q") by Ginzburg-Landau functional
o Allows for topological changes (nucleation or elimination of holes)

¢ Easy to construct a multiphase model



Multi-material phase field approach

e We consider a phase field method
e Approximate P(Q") by Ginzburg-Landau functional
o Allows for topological changes (nucleation or elimination of holes)

¢ Easy to construct a multiphase model

Phase field approach, earlier work

o The phase field method has been introduced in topology optimization by
Bourdin and Chambolle (2003)

e Subsequently used by

Burger, Stainko (2006),

Wang, Zhou (2007),

Takezawa, Nishiwaki, Kitamura (2010),
Dedé, Borden, Hughes (2011),

Penzler, Rumpf, Wirth (2013).



(1) T —convergence
it

Perimeter functional Ginzburg Landau functional

l(2) shape derivative lﬁrst variation
classical 1st order conditions first order necessary
asymptotic analysis . .
for SI problem — optimality system

(1) Modica (1987)
(2) Allaire, Jouve, Toader (2004), Sokolowski & Zolesio (1992)



Phase field approach

Fix Notation

® phase field ¢ := (¢ )l 1> phase-fraction ¢ " (N — 1 materials); void ©"; € > 0 interface width
N

® Gibbs-Simplex G = {v € RY [ v; >0, Y v =1}
i=1

e G:={vcH'(QR)|v(x) € Gae. inQ}

o g"={vegG|f,v=m}

Phase 1 Phase 2
w=(1,0,0) w=(0,1,0)




Phase field approach

Mechanical properties of the system

linear elastic material

with fourth order elasticity tensors C',i € {1,...,N — 1}

model void with a very small elasticity tensor CV = CV(g) = e2CN

elasticity tensor in the interfacial region:
_ _ N—1
Clp) = Cle) + ()¢, Vo € G, Clp) = 3 C
=



Phase field approach

We use a Ginzburg-Landau functional with obstacle type potential Elliott, Luckhaus (1999) to approximate
the perimeter

Be)= | (§|V<p|2+§w)), e 0,

with W() = Wo () + I(¢) and Wo () = 5(1 — - ).
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Phase field approach

We use a Ginzburg-Landau functional with obstacle type potential Elliott, Luckhaus (1999) to approximate
the perimeter

Be)= | (§\V¢|2+§W(<p)), e 0,

with W() = Wo () + I(¢) and Wo () = 5(1 — - ).

We introduce

B(e)i= [ (519 + Lun(e))

and note that for o € G we have £ () = E°(¢p).

We take
mean compliance  Ji(u, ) := /(1 - M fu +/ g-u
Q lg
1
2
compliant mechanism  J»(u, ) := (/ c(x) (1 — ™)|u — uQ|2)
Q

The objective functional is given by

T2 (u, ) = ai(u, p) + Bla(u, @) + VE° ()



Optimal control problem

Similarities to optimal control problem, control: ¢, state: u

min  J(u, p) = adi(u, @) + Bl (u, p) + vE (),
over (u,p) € HL(Q,RY) x H(Q,RY),

s.t. (E@),E(M))e(p) = F(m, ) ¥n € HH(Q,RY)
peg"nuU.

(P°)



Optimal control problem

Similarities to optimal control problem, control: ¢, state: u

min  J(u, p) = adi(u, @) + Bl (u, p) + vE (),
over (u,p) € HL(Q,RY) x H(Q,RY),

s.t. (E@),E(M))e(p) = F(m, ) ¥n € HH(Q,RY)
peg"nuU.

(P°)

Here

HL(Q,RY) :={n € H(Q,RY) |np=00nTp}
(E(), EM))e = /Q E(u): CEW),
F(n,¢) :I/Q(l—wN)f-nJr/gw

Mg

U.:={pc H'(QRY) | " =0ae. onSyand o = 1 a.e. on S }.



“Control-to-state” operator

Lemma:

§:L2(QRY) = HH(QLRY), () = u

The control-to-state operator S : L(Q, RV) — H} (2, RY) is
Fréchet-differentiable.



“Control-to-state” operator

Lemma:

§:L2(QRY) = HH(QLRY), () = u

The control-to-state operator S : L(Q, RV) — H} (2, RY) is
Fréchet-differentiable.

Its directional derivative at ¢ in the direction & is given by
S'()h =u"

where u* denotes the unique solution of the problem

(E@), EM)) et = —(E@). E(M))e o - /Q Wfn, W€ HY(Q,RY)



Reduced functional

Lemma:
Set

i) =T (S(e), @) = aJi(S(). @) + B (S(¢), p) + VE ()

The reduced cost-functional j : H'(Q,RN) N L>=(Q,RY) — Ris
Fréchet-differentiable.



Reduced functional

Lemma:
Set
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Reduced functional

Lemma:
Set

i) =T (S(e), @) = aJi(S(). @) + B (S(¢), p) + VE ()

The reduced cost-functional j : H'(Q,RN) N L>=(Q,RY) — Ris
Fréchet-differentiable.

First-order necessary optimality conditions

Let ¢ denote a minimizer of the problem (P¢) and u = S(¢) be the
associated state variable. (P¢) can be reformulated to

min j .
o gmmUC](‘P)

The following variational inequality is fulfilled:

J@)(@—9p)>0 Ypeg"nl,.



First order optimality conditions

Recall .

Flue)=a [ (1= fu+a/ gt ([ =M —ual) 4 [ (5196 + Lunte)

Introducing the adjoint equation

E@E@)ee) = Bhlue) ! /Q c()(1 — ¢")(u — uq) g
+a/ﬂ(1—s0N)f~q+a/ g-q Vg€ HHQRY

we have Fe

*

F@@—w) =T (@) u 4T @)@~ ¢)

(@)@ —)
= (EP). € ))c(p) o) T Ty (1, 0) (@ — )
Recall that #* satisfies (£(u*), £(n))¢(p) = —(E@), E(M)e (o — Jo RNf - 1 we have

{76/%9 Ve-—¥)+ = /"Uo (p- so)—ffz(u ®)” I/QC(sﬁN—@N)\u—uQ\z

/Q(@ =) f - (au+p) = (EP), EW))cr(p)p—) = 0,YP € G NUe.



Theorem (optimality system)

The functions (u, ,p) € HbH(2,R?Y) x (G™ NU.) x HL (L, RY) fulfill the state equation

B (E@).Eme = [(1 =M v+ [ &y vne By

8

the adjoint equation (AE)

E@E@)eie) = Bh(ue) ! /Q ()1~ ¢M)(u - un) g
AE
"o +a/(1—sz>”)f-q+a/ g-q VqeHH(QR).
Q rg

and the gradient inequality (GI)

wa/nw:V(¢—<p)+nga(¢)-(¢—¢)—§Jz(u,¢)—l/Qc(@N—soN)m—uQP

- /Q (B — M) f - (ou+p) — (EP), E@))ero)o—p) > O,
Ve e g"nU,.

(GI)
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the adjoint equation (AE)

E@E@)eie) = Bh(ue) ! /Q ()1~ ¢M)(u - un) g
AE
"o +a/(1—sz>”)f-q+a/ g-q VqeHH(QR).
Q rg

and the gradient inequality (GI)

wa/nw:V(¢—<p)+nga(¢)-(¢—¢>—§Jz(u,¢)—l/Qc(w—so”)m—umz

- /Q (B — M) f - (ou+p) — (EP), E@))ero)o—p) > O,
Ve e g"nU,.

(GI)

® In the case 3 = 0 we have p = au and there is no adjoint equation.



Gradient flow dynamics

Consider L>—gradient flow dynamics of the reduced cost functional j(¢) (+ mass conservation)

E/Q%'(Co—qo)Jr'ye/Qch:V(¢—<P)+g/ﬂ%(w)'(¢—<P)—§J{l/QC(¢N—<PN)\u—u92

/(50 — ) f (e +p) — (EP), EW))e/(p)(p—p) =0 VP EG"NUL.



Gradient flow dynamics

Consider L>—gradient flow dynamics of the reduced cost functional j(¢) (+ mass conservation)

EAwt'(¢—¢)+7€/§2V¢:V(¢— /‘Vo (p— 4P)—*J /QC(stN—@N)\u—qu
- /Q (@ — &) f - (0 +p) — E@), E@)er(p)p-g) >0 Vi € G"NUL.

Numerical approximation

® We discretise the system using a standard finite element approximation
® Solve variational inequality with primal dual active set method by Hintermiiller, Ito, Kunisch (2003)
® PDAS method analysed for Allen—Cahn systems by Blank, Garcke, Sarbu, Styles (2013)



Numerical simulations

Mean compliance

==s)
fixed l l l fixed

g

Michell type structure

fixed

Cantilever beam configuration



Numerical simulations

Mean compliance

=
fixed l l l fixed

Michell type structure

Minimize error to
given target
displacement ug = 0

fixed

g—n

g—

fixed

fixed

Cantilever beam configuration

1 = material

Push configuration



Michell type structured =2, N =2,3=0, f =0

T=(u, ) = i (u, ) +VE" ()

a=1,v=1,e=0.02

B
fixed m fixed g = (0,—1000)7, A, = p; = 1000

e [er@-e)+ne [ Vo V@-)+ L [ Wi(e) (- ¢) —alEw). EWope) 2 0

<S(u),€(v)>c(¢) = /r g-v We HLI)(Q7 [Rd)

® Since N = 2, the vector valued VI can be replaced by a scalar VI for ¢.

® No adjoint equation



Michell type structured =2, N =2,3=0, f =0

fixed m fixed

g Deformed state

t=0.0002 t=10.0003
t=0.0005 t=0.001 t=0.006

Computation starting with checker-board (red: material, blue: void)



Cantilever beam constructiond =2, N =3,6=0, f =0

I (u, p) = adi(u, ) +VE® ()

fixed

azl,"y:l,g:(),()z

H g =(0,-250)", \; = py = 5000

g
e/ﬂ‘P; (P - ‘P)+7€/QV<p: V(e — )+ g/Q\IJ{J(go) (@~ @) — alE), E@))er (o) p—g) = O

€W EWo) = [ 8 W e HY(ORY

® No adjoint equation



Cantilever beam constructiond =2, N =3,6=0, f =0

A

Deformed state

t = 0.000 t =0.0015 t=10.01

--

t=0.02 t=0.04 t=20.3

Computation starting with random initial data (red: hard material, green: soft material, blue: void )



Cantilever beam constructiond =3, N=2,6=0, f =0

I (u, p) = adi(u, ) +vE* ()

a=1,v=1,=0.02

HH g=(0,—165)7, A; = pu; = 5000
9

e[ e @-e)te [ Vo V@) + 2 [ Wi(e) (- ¢) —alew). Ewcpee 2 0

EW.EWhe = [ By W e YR

® Since N = 2, the vector valued VI can be replaced by a scalar VI for ¢.

® No adjoint equation



Cantilever beam constructiond =3, N=2,6=0, f =0

final state deformed state



Push constructiond =2,N =2, a=0, f =0

fixed F fixed
o e I (u, @) = Bl (u, @) + VE* ()
g—1 I-—g

B=10,v=02, ¢ =0.02

g—1 I——g _ T _ —

fixed g B fixed &= (i770) ’ )\] =M= 10

1 = material
e [er@-e)te [ Vo V@-0)+ 1 [ Vi) @)

20 [ @ — M~ ol ~ (E0) EWhe oo 2 0

wmxmmw:ﬂgw W € HL(Q,RY)

8

wmzmmw:Ame”@m—wm—myww/gq ¥a € H(Q, RY).

s

® Since N = 2, the vector valued VI can be replaced by a scalar VI for ¢.



Push constructiond =2,N =2, a=0, f =0

o E s .’

a—1 I-—9
g—1 I—g
o 1 S—
fixed g Etixed
1 = material Deformed state

.
. . invu

[ A |

e .
- - =

X component of u y component of u



