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Synopsis

e phase transition and phase separation

e vector-valued Allen-Cahn equations (Bronsard & Reitich 93, Garcke et al. 98, 99a, 99b)

— robust formulation of discrete spatial problems (logarithmic ~~ obstacle potential)
— polygonal GauB-Seidel relaxation (k. & Krause 03, 06)

— truncated non-smooth Newton multigrid (TNNMG) (Graser & Kh. 09, Gréiser 11)

— numerical experiments

e vector-valued Cahn-Hilliard equatiOnS (Blowey et al. 96, Barret & Blowey 96, 97, Graser, Kh. & Sack 13)

— robust formulation of discrete spatial problems
— truncated Schur Newton methods (Griser & Kh. 06, 09, Griser 08, 11)
— numerical experiments
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Ginzburg-Landau Approach to Phase Transition/Separation
1
Ginzburg-Landau free energy: E(u) = / e|Vul? + g\Ifg(u) dx
Q
order parameter (phase field): u € [—1,+1]

diffuse interface: I'c = {x € Q | u(x) € (uq,up)}, binodal values u,, up € [—1, 1]

\Iflg - |Ogarithmic free ENErgy. (Giacomin & Lebowitz 98)

y(u) = 50((1 — u) In(+54)
+ (1 + w) In(HF)) + 30c(1 — u?)

temperature 6, critical temperature 6.

deep quench limit: 8 — 0 = Wy — Wy
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Phase Field Modaels

Isothermal case: 6 = const.

phase transition:  Allen-Cahn equation (non-conserving)
EUt = —%S(U) — cAu — %\IJ/Q(’U/) (Cahn 60, Allen & Cahn 77)
phase separation:  Cahn-Hilliard equations (conserving)

cur = Aw, w = %E(U) — —eAu + %\Ifle(u) (Cahn & Hilliard 58)

Lyapunov functional:  2£&(u(t)) <0

deep quench limit 8§ = 0:  variational inequalities
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Phase Field Modaels

Isothermal case: 6 = const.

phase transition:  Allen-Cahn equation (non-conserving)

EU+ — —%g(U) = cAu — %\IJ/Q(U) (Cahn 60, Allen & Cahn 77)

phase separation:  Cahn-Hilliard equations (conserving)

cur = Aw, w = %E(U) — —eAu + %\Ifle(u) (Cahn & Hilliard 58)

Lyapunov functional:  2£&(u(t)) <0
deep quench limit 8§ = 0:  variational inequalities

robustness of numerical solvers for @ — O (kn. & Krause 03, 06, Graser & Kh. 09, Gréser 11)
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N Phases

concentrations:  uj,...,upn

vector-valued phase field: u = (uq,...,uy) € RY

N
Gibbs simplex:  u(z,t) € G ={v € RN | 0 < v, Zvi =1} (closed, convex)
i=1

u3
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Ginzburg-Landau Free Energy

N
1
5(u):/§2%Z]VUi]2—|—g\Ifg(u) dr, >0
1=1

multi-well potential: ~ Wo(u) = ®Pp(u) + X, (u) + 0.5 Cu - u

q)@(u) =

9

y

N
Zé’uz‘ In(u;) + Xjo,00)(wi), 6 >0

1=1

L X[0,00) (), =0

Hy={veRV| YL v=1}

critical temperature: 6. =1

symmetric interaction matrix: C' = (1 — ;)

i,J=1

[ 50
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Vector-Valued Allen-Cahn Equations
projected L?-gradient flow of &:
eup = eAu— 1PUy(u), P=1- 311" e RV*N, 0 >0
parabolic variational inequality (Bronsard & Reitich 93, Garcke et al. 98, 99a, 99b):

u(t) e G:  e(ug,v—u)+e(Vu, V(v —u))
+1(00(0) — dow) ~ NHu,v—u) 20 Yo e g

0>0

proper convex, lower semi-continuous functional:  ¢g(v) = [, Pg(v(x)) dx

Gibbs constraints: G = {’v € (Hl(ﬂ))N | v(x) € G a.e.in Q}
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Discretization

implicit Euler discretization:  stepsize T

linear finite elements SJN ;
triangulation 7;, meshsize h; = O(277), nodes Nj, nodal basis )\Z(gj) of §;
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Discretization

implicit Euler discretization:  stepsize T

linear finite elements SJN ;
triangulation 7;, meshsize h; = O(277), nodes Nj, nodal basis )‘z(aj) of §;

discrete spatial problems:

u; €G;t (uj,v—u;) +7(Vuy, V(v —u;y))
+%5 (90,5 (v) — Po,5(u)) — N5(uj,v —uj) > (u?ld,’v —u;) Vv e g,

quadrature rule (lumping):  ¢g,; = |, IsnPg(v) dx
J

discrete Gibbs constraints:  G; = {v € SN |v(p) e G Vpe Ni}
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Discretization

implicit Euler discretization:  stepsize 7 < %;

linear finite elements SJN ;
triangulation 7;, meshsize h; = O(277), nodes Nj, nodal basis )‘z(aj) of §;

discrete spatial problems:

u; €G;t o (uj,v—u;) +7(Vuy, V(v —u;y))
+25 (00,5(v) — B0,5(w) =N (ujv —uy) > (ughv —uy) Vv eG;

quadrature rule (lumping):  ¢g,; = |, IsnPg(v) dx
J

discrete Gibbs constraints:  G; = {v € SN |v(p) e G Vpe Ni}
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Convex Minimization
variational inequality:
u; € Gjoooa(ug,v—uz) + 5 (¢;(v) — ¢j(u)) = l(v—u;) Vv eg;

bilinear form: a(v,w) = (1 = N%)(v,w) + 7(Vv, Vw) (H1(Q))N-elliptic

linear functional: /(v) = (u?ld,v)

equivalent reformulation:
u; € Gj e J(u;) < J(v) Vv € G

strictly convex energy:  J(v) = 2a(v,v) + S¢;(v) — £(v)

£
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Polygonal GauB-Seidel Relaxation n. & krause 03)

descent directions: )\I(,j)Em, peN;, m=1,...,M

edge vectors of GG: Es Es

Ey,...,Exy eRY M :=NEZD — o(N?)

A4 B2\ .
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Polygonal GauB-Seidel Relaxation n. & krause 03)

descent directions: )\](oj)Em, peN;, m=1,...,M

edge vectors of GG: Es Es
Ei,...,Eyy eRY . M= Y0 o(N2)

successive minimization of 7 + xg,

on 1-D subspaces span{)\](?j)Em}, peN;, m=1,.... M
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Polygonal GauB-Seidel Relaxation n. & krause 03)

descent directions: )\I(,j)Em, peN;, m=1,...,M

edge vectors of GG: Es Es
Ei,...,Eyy eRY . M= Y0 o(N2)

successive minimization of 7 + xg,

on 1-D subspaces span{)\](?j)Em}, peN;, m=1,.... M

- 2
complexity: O(N<n;)
g|0ba| CONVErgence (Kh., Krause & Ziegler 06)

exponentially deteriorating convergence speed: p; =1—O(277)
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Fast Algebraic Solvers

e monotone multigrid (MMG) (kh & Krause 03, 06)
multilevel version of GauB-Seidel relaxation
robust global convergence for # > 0 with asymptotic multigrid convergence rates
e primal-dual active set strategy (Blank, Garcke, Sarbu & Styles 11)
obstacle potential, local convergence
e truncated non-smooth Newton multigrid (TNNMG) (Graser & kh 09, Griser 11,13, .. )
motivated by a non-smooth Newton approach
robust global convergence for # > 0 with asymptotic multigrid convergence rates

faster and simpler to implement than MMG

Freie Universitat I
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Truncated Non-Smooth Newton Multigrid (TNNMG)

convex minimization:

1
ueR": Jw) <Jw) VveR" J(’v)ziAv-v—b-’v—HI!(fU)

T
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Truncated Non-Smooth Newton Multigrid (TNNMG)

convex minimization:

1
ueR": Jw) <Jw) VveR" J(’v)ziAv-fU—b-’v—HI!(v)

reformulation in terms of polygonal GauB-Seidel correction:

T =ur + F(u")

Freie Universitat (| )



Truncated Non-Smooth Newton Multigrid (TNNMG)

convex minimization:
1
ueR": Jw) <Jw) VveR" J(’v)ziAv-fU—b-’v—HI!(v)
reformulation in terms of polygonal GauB-Seidel correction:

w T =u” 4 F(u"), F(u)=0
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Truncated Non-Smooth Newton Multigrid (TNNMG)

convex minimization:
1
ueR": Jw) <Jw) VveR" J(’v)ziAv-fU—b-’v—HI!(v)
reformulation in terms of polygonal GauB-Seidel correction:

ut =¥ + F(u”), F(u)=0 (F is Lipschitz!)
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Truncated Non-Smooth Newton Multigrid (TNNMG)

convex minimization:
WERT: Ju) <Jw) YweR",  J(v) :%Av-v—b-v+\11(v)
reformulation in terms of polygonal GauB-Seidel correction:
w T =u” 4 F(u"), F(u) =0 (F' is Lipschitz!)
non-smooth Newton iteration:

—OF (") (u* Tt —u”) = F(u")
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Generalized Linearization OF (Griser 11)

GauB-Seidel correction:  F(u) = (D+0%) Y(b—(R+L)u—LF(u)), A= L+D+R
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Generalized Linearization OF (Griser 11)
GauB-Seidel correction:  F(u) = (D+0¥) " Yb—(R+L)u—LF(u)), A= L+D+R

Clarke’s generalized derivative:

(D +0¥) Y w) = (fi(wi))iey,  filwi) = (Agi - +00;(-)) ™~ (w;)
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Generalized Linearization OF (Griser 11)
GauB-Seidel correction:  F(u) = (D+0¥) " Yb—(R+L)u—LF(u)), A= L+D+R
Clarke’s generalized derivative:
(D +00) " (w) = (hlw))ir,  fi(u) = (A +9%()) ™ ()

/0 if OW,(f(w;)) is set-valued
00 = (14 0001 ) clse

Freie Universitat | &




Generalized Linearization OF (Griser 11)

GauB-Seidel correction:  F(u) = (D+0%) Y(b—(R+L)u—LF(u)), A= L+D+R

Clarke’s generalized derivative:

(D +0¥) Y w) = (fi(wi))iey,  filwi) = (Agi - +00;(-)) ™~ (w;)

/0 if OW,(f(w;)) is set-valued
00 = (14 0001 ) clse

enforcing of chain rule: non-smooth Newton Linearization

uu—|—1/2 — Y 4+ F(’LLV), uu—|—1 _ uu—|—1/2 o J//

I(uu+1/2) V+1/2)+J,

I(uu+1/2) (uy—l-l/Z)

(u
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Generalized Linearization OF (Griser 11)

GauB-Seidel correction:  F(u) = (D+0%) Y(b—(R+L)u—LF(u)), A= L+D+R

Clarke’s generalized derivative:

(D +0¥) Y w) = (fi(wi))iey,  filwi) = (Agi - +00;(-)) ™~ (w;)

/0 if OW,(f(w;)) is set-valued
00 = (14 0001 ) clse

enforcing of chain rule: non-smooth Newton Linearization

uu—|—1/2 — Y 4+ F(’LLV), uu—|—1 _ uu—|—1/2 o J// V—|—1/2)

I<u1/+1/2) V+1/2)+<],

(u T(uv+1/2) (u

TNNMG: fine grid smoothing + truncated multigrid step + projection + line search

f
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Numerical Experiments
parameter: 6 =0, N =4, ¢=0.04, 6. =1

discretization:  implicit Euler scheme, 7 =3¢*/N, j=9: h; =1/256 ~¢/10

evolution:




Iteration History (First Spatial Problem)

error over number of iteration steps for V' (1,1,0) cycle:

5

10

norm of correction
I
o

- constant 1/N

- previous timestep

— nested iteration

\

10 20 30 40
iteration

#nodes = 263 169

norm of correction

10°

- constant 1/N

——previous timestep

-— nested iteration

50 100
iteration

# nodes = 1 050 625

150
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Iteration History (First Spatial Problem)

error over number of iteration steps for V' (1,1,0) cycle:

5

10

norm of correction
I
o

- constant 1/N

- previous timestep

— nested iteration

\

10 20 30 40
iteration

#nodes = 263 169

norm of correction

10°

- constant 1/N

——previous timestep

-— nested iteration

50 100
iteration

# nodes = 1 050 625

global convergence and local multigrid convergence speed

150
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Local Mesh Independence of Convergence Speed

mesh-dependent global convergence and mesh-independence by nested iteration:

10 1
— constant 1/N
= previous timestep 08 —a&— constant 1/N
o o Y . .
c 10 — nested iteration ® =& previous timestep
5 9 —8—nested iteration
i) c 0.6
- @
a9 o
]
& >
2 € 0.4
E 3
2 >
“ 02
- 0 ’
0 50 100 150 10° 10* 10° 10°

iteration # nodes

#nodes = 1 050 625
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More Phases

parameter: 6 =0, N =8, ¢=0.04, 6. =1

evolution:
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Robustness of Convergence Speed w.r.t. N

initial value: nested iteration #nodes: 263 169

averaged convergence rate over number of components NV:

o o o
s [52] [us]

avg convergence rate

o
Fo

I

— = —a  » a3y
8

2 4 6 10
# components
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Vector-Valued Cahn-Hilliard Equations

u; = LAw, w= —&?Au+ PV)(u), 6 >0
LeRN*N ' sps-d., ker L =span {1}
weak formulation: Find (u(t),w) € G x HY{(Q)"N:

e2(Vu, Vv) + (PP} (u),v) — (w,v) = 0 Yove HY Q)N
(ug,v) + (LVw,Vv) = 0 Yve HY(QN

g >0

existence and uniqueness:  Elliott & Luckhaus 91

<2
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Vector-Valued Cahn-Hilliard Equations

u; = LAw, w= —&?Au+ PV)(u), 6 >0
LeRN*N ' sps-d., ker L =span {1}
weak formulation: Find (u(t),w) € G x HY{(Q)"N:

e2(Vu, Vv) + (PP (u),v) — (w,v) = 0 Yve HY Q)N
(ug,v) + (LVw,Vv) = 0 Yve H{(QN

g >0

existence and uniqueness:  Elliott & Luckhaus 91

Remark: I - P)u=+1, (I — P)w=20

<2
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Discretization

semi-implicit Euler scheme, linear finite elements SJN

spatial problems: Find (u;,w;) € G; X SJN:

e*(Vug, Vo) + (P®(uj),v) — (w;,v) = (Nu°d — 1, 0)

(BB)
(uj,v) + 7(LVw, Vo) = (u°4 v)

existence, uniqueness, convergence:  Blowey, Copetti & Elliott 96

V’UESJN

V’UESJN
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Discretization

semi-implicit Euler scheme, linear finite elements SJN

spatial problems: Find (u;,w;) € G; X SJN:

e*(Vug, Vo) + (P®(uj),v) — (w;,v) = (Nu°d — 1, 0)

(BB)
(uj,v) + 7(LVw, Vo) = (u°4 v)

existence, uniqueness, convergence:  Blowey, Copetti & Elliott 96

formulation not robust for 6 — 0

VUESJN

V’UESJN
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Discretization

semi-implicit Euler scheme, linear finite elements SJN

spatial problems: Find (u;,w;) € G; X SJN:

e*(Vug, Vo) + (P®(uj),v) — (w;,v) = (Nu°d — 1, 0)

(BB)
(uj,v) + 7(LVw, Vo) = (u°4 v)

existence, uniqueness, convergence:  Blowey, Copetti & Elliott 96
formulation not robust for 6 — 0

linear constraints (polygonal GauB - Seidel)

V’UESJN

V’UESJN
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Robust Reformulation: w; ~ Pw;

reduced test space: Sy = {v €S} | Y v; =0}

e2(Vuy, Vo) + ((u;),v) — (wj,v) = (Nud—1,v) Yo € 55
(uj,v) + 7(LVw;,Vv) = (u?ld, V) Yo € S}YO

robust formulation for §# > 0:  Find (uj,w;) € S;; x 8\

e (Vuy, V(v — uy)) + ¢5(v) — ¢;(uy)

—(wj,v —u;) > (Nu‘;ld, v — u,) Yo € S;Yl
(uj,v) + 7(LVw;,Vv) = (u}’-ld, V) Vv € S}

AOSTITIA >
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Robust Reformulation without Linear Constraints: w; ~ w; + n;1

Lagrange multiplier ;:  (u, 1v) = (u°4,1v) = (1,v)

unconstrained spatial problem for all § > 0:  Find (u;,w;) € §;¥ x S;":

e2(Vuy, V(v —uy)) + ¢j(v) — ¢;(uy)

(GKS) —(wj,v —u;) > (Nu}?ld,’u—uj) Yo € S
—(uj,v) — 7(LVw;, Vv) = —(u‘;ld,v) Yo € SJN

/- ,f:‘,‘
;’ Berlin
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Robust Reformulation without Linear Constraints: w; ~ w; + n;1

Lagrange multiplier ;:  (u, 1v) = (u°4,1v) = (1,v)

unconstrained spatial problem for all § > 0:  Find (u;,w;) € §;¥ x S;":

e2(Vuy, V(v —uy)) + ¢j(v) — ¢;(uy)

GKS —(wi,v—wu;) > (Nuddv—wu;) YveSV
J J 7 J J
—(uj,v) — 7(LVw;, Vv) = —(u‘;ld, V) Yo € SJN

Theorem: (Graser, Kh. & Sack 12)

non-degeneracy + sufficiently fine mesh =-  existence and uniqueness of (u, w).
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Robust Reformulation without Linear Constraints: w; ~ w; + n;1

Lagrange multiplier ;:  (u, 1v) = (u°4,1v) = (1,v)

unconstrained spatial problem for all § > 0:  Find (u;,w;) € §;¥ x S;":

e2(Vuy, V(v —uy)) + ¢j(v) — ¢;(uy)

(GKS) —(wj,v —u;) > (Nu9dv—u;) VveS)
—(uj,v) — 7(LVw;, Vv) = —(u Vo € SN
J J J J

Theorem: (Graser, Kh. & Sack 12)

non-degeneracy + sufficiently fine mesh =-  existence and uniqueness of (u, w).

Theorem: 6 >0: (u,w) solves (BB) <= (u, Pw+ nl) solves (GKS)

f
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Non-Smooth Saddle-Point Problem

(5 % )(0)-(0)

F=A4+0P, AcR*"spd, BeR™ (Ce&R™"sp.s.-d.

<2
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Non-Smooth Saddle-Point Problem
F BT U f
>
B —-C w g
F=A4+0P, AcR*"spd, BeR™ (Ce&R™"sp.s.-d.

basic observation: (Griser & Kh. 09)

nonlinear Schur complement: H(w) =0, H(w)=—-BF Y(f—-BlTw)+Cw+g

<2
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Non-Smooth Saddle-Point Problem
F BT U f
>
B —-C w g
F=A4+0P, AcR*"spd, BeR™ (Ce&R™"sp.s.-d.

basic observation: (Griser & Kh. 09)
nonlinear Schur complement: H(w) =0, H(w)=—-BF Y(f—-BlTw)+Cw+g

convex potential: H =VJ

f
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Non-Smooth Saddle-Point Problem

F BT U f
>
B —-C w g
F=A4+0P, AcR*"spd, BeR™ (Ce&R™"sp.s.-d.

basic observation: (Griser & Kh. 09)
nonlinear Schur complement: H(w) =0, H(w)=—-BF Y(f—-BlTw)+Cw+g
convex potential: H =VJ

unconstrained (!) convex minimization: w € R™ : J(w) < TJ(v) Vv € R"”

f
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Nonsmooth Schur Newton Iteration (criser & kn. 06, 09, Graser 08, 11)

basic properties:
e gradient-related descent method (global convergence by damping!)
e preconditioned Uzawa iteration
e extension and globalization of primal-dual active sets

e first formulation in function space: Hinze & Vierling 2012

numerical realization of each iteration step:
e vector-valued Allen-Cahn-type problem (unilateral box constraints!): TNNMG

e linear saddle point problem: multigrid-preconditioned GMRES

Freie Universitat Gl
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Convergence Properties

Theorem:  Global convergence.

expected numerical convergence properties:

e superlinear convergence

e no damping and fast convergence for “good” initial iterates
e nested iteration provides “good” initial iterates

e nested iteration provides mesh-independent convergence

e logarithmic potential: robust convergence for varying temperature T' € [0, T¢]

Berlin

Freie Universitat J



Numerical Experiments
parameter: L=1—-=<11"=P, 6=0.1, N=6, £2=0.005, 6.=1

discretization: semi-implicit Euler scheme, 7 =¢2/5, j=8: h; =2""~¢/9

evolution:

t=20 t = 2071 t = 2007 t = 10007
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Superlinear Convergence and Nested lteration

algebraic error over number of iterations:

“bad” (- - -) and “good” (——) initial iterates
various temperatures ¢ = 0.0, 0.001, 0.1, 0.5

10° .
4
10° -‘Mm!-im:1=rm$,,H.H.q,”rm-l-ﬂ H"f \~¢¢+t| R
c \ *
[ ]
~ ‘*
@ 2 ‘
= A \
=] i [
- . '
o a \
1
E [ iI.
O (] ]
11
= L
1
1 !
o & *
20 30 40 50 60
iteration
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Robustness w.r.t. Temperature § and Number of Phases NV

averaged convergence rate over

inverse temperature 6 number of Phases IV
0.20 : : : 0.20
a W
& &
© 0.15 © 0.15
c c
Li}] Li}]
4 4
2 0.10¢ > 0.10f
o o
v o
© B
g 0.05 g 0.05
S o .
) b ) ) ) . .
G'Dlnuﬂ 102 10* 10° 108 10%° 00032 5 6 7 8 9 10

inverse temperature # components
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Mesh-Dependence

averaged convergence rate over number of nodes (N =6, § = 0.1):

0.20

0.15

0.10}

averag ed convergence rate

0.00 :

10° 10° 10* 10°
# nodes
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Fast Solvers for Vector-Valued Phase Field Equations

vector-valued Allen-Cahn equations

e polygonal GauB-Seidel relaxation (kh. & Krause 03, 06)

e truncated non-smooth Newton mU|t|gr|d (TNNMG) (Graser & Kh. 09, Griser 11)

vector-valued Cahn-Hilliard equations (Graser, kh. & Sack 13)

e fast solver for Allen-Cahn-type problem + linear saddle point solver

e truncated Schur Newton methods (Griser & Kh. 06, 09, Griser 08, 11)
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Nonlinear Schur Complement
>
B -C A g

HAN =0, HM\=-BF Yf-B"\)+C\+yg

2
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Nonlinear Schur Complement
(5 %)) (0)
>
B -C A g
HAN =0, HM\=-BF Yf-B"\)+C\+yg

Proposition
Let ©* : R™ +— R denote the polar functional of ¢ with F' = 0y

e J(N) = ¢*(f — BTX) + 3(CX, \) + (g, A) is Fréchet—differentiable

o H=VJ

e H()\) = 0 is equivalent to unconstrained (!) convex minimization

AeR™: JN) < TJ(v) Vv € R”
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Gradient-Related Descent Methods

N =)\ 4 p.d, , d, =-S5, 'VI(\), S,s.pd.

Assumption on d,:  c||v||* < (Syv,v) < Clv||*? VreN

Assumption on p,: T (A + pudy) < T(N) — (VI (N),d,)?/||dy |2

Theorem: (..., Ortega & Rheinboldt 70, Nocedal 92, Powell 98, Deuflhard 04, ...)

The iteration is globally convergent.

AOSTITIA >
27 SO

ﬂ Berlin

X

Freie Universitat

]
1



Damping Strategies

classical Armijo damping: two parameters, expensive evaluation of J
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Damping Strategies

classical Armijo damping: two parameters, expensive evaluation of J

inexact damping: approximate the solution of (H (A" + pd, ), d,) = 0 by bisection

computational cost: evaluation of (9¢)~! in each bisection step

numerical experience: usually 1 step, but up to 8 steps in exceptional cases
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Damping Strategies

classical Armijo damping: two parameters, expensive evaluation of J

inexact damping: approximate the solution of (H (A" + pd, ), d,) = 0 by bisection

computational cost: evaluation of (9¢)~! in each bisection step

numerical experience: usually 1 step, but up to 8 steps in exceptional cases

monotonicity test:  (Graser & Kh. 09, Graser 10)

no damping necessary, if  ||d,|| < ol|d,_1]|, o<1
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Inexact Evaluation of S !

Proposition:
Let d, = d, = =S, 'VT(\Y).
Then the accuracy conditions

~

ld, —du| < Jldull . (H(W),dy) <0 Vv eN

preserve convergence.
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Selection of S,: Nonsmooth Schur Newton Methods
gradient-related descent method:
)\l/—|—1 — \Y — pyslj—lﬂ()\u)

H(\) = —-Bu"™ + C\ + g, w’tt = =Y f — BT)\Y)
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Selection of S,: Nonsmooth Schur Newton Methods
gradient-related descent method:
)\l/—|—1 — \Y — p,/Sy_lH()\V)

H(\) = —Bu"™ + C\ + g, w’tt = =Y f — BT)\Y)
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Selection of S,: Nonsmooth Schur Newton Methods
gradient-related descent method:
)\l/—|—1 — \Y — pyslj—lﬂ()\u)

H(\) = —-Bu"™ + C\ + g, w’tt = =Y f — BT)\Y)

smooth nonlinearity:

Newton's method: S, =H'(\)=B(F Y (f-B"\))B' +C
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Selection of S,: Nonsmooth Schur Newton Methods
gradient-related descent method:
)\l/—|—1 — \Y — pyslj—lﬂ()\u)

H(\) = —-Bu"™ + C\ + g, w’tt = =Y f — BT)\Y)

smooth nonlinearity:

Newton's method: S, =H'(\)=B(F Y (f-B"\))B' +C

non-smooth nonlinearity:

non-smooth Newton: S, = H'(A\") = B(6(F1)(f — B*\")))BT +C
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Selection of S,: Nonsmooth Schur Newton Methods
gradient-related descent method:
)\l/—|—1 — \Y — pyslj—lﬂ()\u)

H(\) = —-Bu"™ + C\ + g, w’tt = =Y f — BT)\Y)

smooth nonlinearity:

Newton's method: S, =H'(\)=B(F Y (f-B"\))B' +C

non-smooth nonlinearity:

non-smooth Newton: S, = H'(\Y) = B(6(F 1) (F(u’*t1)))BT + C
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Selection of §(F~1)(F(u”*!)): Truncated Derivatives

. +
postulating the chain rule: §(F~1)(F(u**1)) := (F’(u”“))

oA o)\
. . a9 LG )
Freie Universitat (L3 i



Selection of §(F~1)(F(u”*!)): Truncated Derivatives

A +
postulating the chain rule: §(F~1)(F(u**1)) := (F’(u”“))

® piecewise smooth: (logarithmic potential)

F— A—|—(I)/Z 5(F_1)(F(uy+1)) — (A s (I)//(uy+1))—1

/- ,f:‘,‘
;’ Berlin

Freie Universitat|
N\ INSHEZ7




Selection of §(F~1)(F(u”*!)): Truncated Derivatives

A +
postulating the chain rule: §(F~1)(F(u**1)) := (F’(u”“))

® piecewise smooth: (logarithmic potential)

S +
F=A+0%: 6(F YH(F(uth)) = (A + <I>”(u”+1)) truncation at “large” |®"|
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Selection of §(F~1)(F(u”*!)): Truncated Derivatives

A +
postulating the chain rule: §(F~1)(F(u**1)) := (F’(u”“))

® piecewise smooth: (logarithmic potential)

S +
F=A+0%: 6(F YH(F(uth)) = (A + <I>”(u”+1)) truncation at “large” |®"|

uniformly bounded |®”| with finitely many jumps truncation at jumps
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Selection of §(F~1)(F(u”*!)): Truncated Derivatives

A +
postulating the chain rule: §(F~1)(F(u**1)) := (F’(u”“))

® piecewise smooth: (logarithmic potential)

_ +
F=A+0%: 6(F YH(F(uth)) = (A + <I>”(u”+1)) truncation at “large” |®"|
uniformly bounded |®”| with finitely many jumps truncation at jumps

characteristic function ® = x;_; 1; : (box constraints)

. +
F=A+0x_11: OF H(F(uTh)) = (A(u”“)) truncation at active nodes
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Convergence Results for Non-Smooth Schur Newton Methods

Theorem: (Graser & Kh. 09, Graser 09)

global convergence (exact and inexact version) independent of any parameters
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Convergence Results for Non-Smooth Schur Newton Methods

Theorem: (Graser & Kh. 09, Griser 09)
global convergence (exact and inexact version) independent of any parameters
piecewise smooth and uniformly bounded ®”:
S, = B(Aﬁ”(u”+1))+BT + C' € 0H()\") (B-derivative) for rank B =n
e |ocally quadratic convergence for non-degenerate problems

e inexact version: asymptotic linear convergence for C' s.p.d.
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Convergence Results for Non-Smooth Schur Newton Methods

Theorem: (Graser & Kh. 09, Griser 09)
global convergence (exact and inexact version) independent of any parameters
piecewise smooth and uniformly bounded ®”:
S, = B(Aﬁ”(u”+1))+BT + C' € 0H()\") (B-derivative) for rank B =n
e |ocally quadratic convergence for non-degenerate problems
e inexact version: asymptotic linear convergence for C' s.p.d.
characteristic function ® = x[_ 1]

e finite termination
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Interpretations

non-smooth Schur Newton iteration:
o't =F"Y(f-B"\),  H\)=-BuT'B"+C\N +yg
o \VTL =\ — p,,S;lH()\”), S, = B(5(F‘1)(F(u”+1)))BT +C
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Interpretations

non-smooth Schur Newton iteration:
o't =F"Y(f-B"\),  H\)=-BuT'B"+C\N +yg
o \VTL =\ — p,,S;lH()\”), S, = B(é(F‘l)(F(u”“)))BT +C

preconditioned Uzawa iteration:
e evaluation of F'~!: semilinear elliptic problem (obstacle potential: active set)
nonlinear GauB-Seidel, multigrid (kn. 9402, ..), damped Jacobi (xBiank et al),
e (inexact) evaluation of S !: linear saddle point problem

multigrid (.. Vanka 86, Zulehner & Schéberl 03,...), €xact
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Interpretations

non-smooth Schur Newton iteration:

o w1 = F=Y(f — BT)\Y), H(\) = —-Bu""'BT + C\ +g¢

o N =)\ —p,STTH(A\), S, =B((FH(F@ )BT +C
preconditioned Uzawa iteration:

e evaluation of F'~!: semilinear elliptic problem (obstacle potential: active set)
nonlinear GauB-Seidel, multigrid (kn. 9402, ..), damped Jacobi (xBiank et al),

e (inexact) evaluation of S !: linear saddle point problem

multigrid (.. Vanka 86, Zulehner & Schéberl 03,...), €xact
extension and globalization of primal-dual active set strategies: (Griser 07)

non-smooth Schur-Newton for L?-control <= primal-dual active set (Hintermiler, ito
Kunisch 03)
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