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Rate-independent brittle delamination

Crack initiation and growth along prescibed interface I'¢

Q4

Modeling ansatz: Generalized Standard Materials r
C

~~ for delamination [Frémond82,87]. o)

delamination variable z: [0, T] x I'c — [0, 1] volume fraction of active bonds
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Rate-independent brittle delamination

Crack initiation and growth along prescibed interface I'¢ m
+

Modeling ansatz: Generalized Standard Materials r
C

~~ for delamination [Frémond82,87]. o)

delamination variable z: [0, T] x I'c — [0, 1] volume fraction of active bonds

Rate-independent system described by (Q,&,R1)
Q : state space, Rj : unidirectional, pos. 1-hom. dissipation potential

Dissipation potential:

. S . aplzl ifz<0 with a; > 0
= | R R = T
Ma(2)= [Ruzx)ds  Ru(? { RS -
F'c
Rate-independence < 1-homogeneity: healing
R1(0)=0and VA >0WVv:R1(AV) =AR1(V) forbidden
0
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Rate-independent brittle delamination

Crack initiation and growth along prescibed interface I'¢ m
+

Modeling ansatz: Generalized Standard Materials r
C

~~ for delamination [Frémond82,87]. o)

delamination variable z: [0, T] x I'c — [0, 1] volume fraction of active bonds

Rate-independent system described by (Q,&,R1)
Q : state space, Rj : unidirectional, pos. 1-hom. dissipation potential

Dissipation potential:

. S . aplzl ifz<0 with a; > 0
= | R R =S
Ma(2)= [Ruzx)ds  Ru(? { RS -
F'c
Rate-independence < 1-homogeneity: healing
R1(0)=0and VA >0VW:R(AV) = AR (V) forbidden
I
Dissipation distance: D1(z1,22) = R1(z2—271) 0 P
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Rate-independent brittle delamination

Crack initiation and growth along prescibed interface I'¢ m
+

Modeling ansatz: Generalized Standard Materials r
C

~~ for delamination [Frémond82,87]. o)

delamination variable z: [0, T] x I'c — [0, 1] volume fraction of active bonds

Rate-independent system described by (Q,&,R1)
Q : state space, Rj : unidirectional, pos. 1-hom. dissipation potential

energy functional:  &(t,u,z) := EPUK(t, u) + Jre Nzrup=o ([u(t)], z(t)) + 110,y (2) A
displacement u: [0, T] x (Q, UQ_) —RY, [u] : jump of uacross ¢

brittle delamination: Wt € [0,T]: Z(t)[u(t))=0a.e.on T,
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Rate-independent brittle delamination

Crack initiation and growth along prescibed interface I'¢ m
+

Modeling ansatz: Generalized Standard Materials r
C

~~ for delamination [Frémond82,87]. o)

delamination variable z: [0, T] x I'c — [0, 1] volume fraction of active bonds

Rate-independent system described by (Q,&,R1)
Q : state space, Rj : unidirectional, pos. 1-hom. dissipation potential

energy functional:  &(t,u,z) := EPUK(t, u) + Jre Nzrup=o ([u(t)], z(t)) + 110,y (2) A
displacement u: [0, T] x (Q, UQ_) —RY, [u] : jump of uacross ¢
brittle delamination: Wt € [0,T]: Z(t)[u(t))=0a.e.on T,

Regularization of the brittle constraint by
adhesive contact: Vt € [0,T]: z(t) [u(t)] # 0 allowed on ¢

penalized by energy term
I([u], 2) == §2|[u]|?
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Goal: Model for brittle delamination displaying driving force for crack growth

Ansatz: Approximation adhesive contact T brittle delamination

This result is known for energetic solutions [Roubicek/Scardia/Zaninio9].
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Goal: Model for brittle delamination displaying driving force for crack growth

Ansatz: Approximation adhesive contact T brittle delamination
This result is known for energetic solutions [Roubicek/Scardia/Zaninio9].

But general drawback of energetic solutions: too early jumps
Thus alternative notion of solution: local solutions

Plan of the talk:
1. 2 notions of solution for rate-independent systems: energetic and local solutions
2. 1D-comparison of their behavior for adhesive contact

3. Alternative scaling for the local adhesive model
Motivation as a stress-driven delamination model

4. Analytical results & challenges

5. Numerical experiment
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1. Energetic & local solutions for rate-independent system S

Definition [Mielke&Col: q: [0,T] — Q is an energetic solution to (Q,&,R1), if for all
t € [0, T]it holds &&(-,q ( )) € LY((0,T)), &(t,q(t)) < o and:

(S) Stability : forall§e Q: E(t,q(t)) < &(t,§) +R1(Z—2z(t)),
t
(E) Energy balance :  £(t,q(t)) + Dissg, (2 [0,t]) = £(0,9(0)) +({0t8(5,Q(E))d€7

where Dissg, ( [$,t]) 1= SUP1 part. of [sg] ¥ =1 R1(2(&)) —2(&j 1))

Results in mathematical literature:

Rate-independent evolution of delamination (energetic solutions): e.g.

[Koc¢vara/Mielke/Roubicek06, Roubitek/Scardia/Zanini09, Freddi/Paroni/Roubi¢ek/Zaninill,12,
Mielke/Roubicek/Th12]

Rate-dependent evolution of delamination: e.g.
[Frémond82,87, Point88, Raous/Cangémi/Cocu99, Bonetti/Bonfanti/Rossi07,08,09,11,12]
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1. Energetic & local solutions for rate-independent system S

Definition [Mielke&Col: q: [0,T] — Q is an energetic solution to (Q,&,R1), if for all
t € [0,T] it holds &&(-,q(-)) € L1((0,T)), E(t,q(t)) < o and:

(S) Stability : forall§e Q: E(t,q(t)) < &(t,§) +R1(Z—2z(t)),
t
{(E) Energy balance :  &(t,q(t)) + Dissg, (z,[0,t]) = £(0,q(0)) +({5t€(E,Q(E))df7

where Dissg, ( [$,t]) 1= SUP1 part. of [sg] ¥ =1 R1(2(&)) —2(&j 1))

Definition [Mielke&Co]: q= (u,2) : [0, T] — U x Z is a local solution to (Q,&,Ry), if
Fora.a.te[0,T]:

(Sihe) Minimality :  forall Ge U: E(t,u(t),z(t)) < &(t,0,z(t)),

(Shc) Semistability :  forall Ze Z: E(t,u(t),z(t)) < E(t,u(t),2) +Re(Z— (1)),
Forall0<t; <tr <T: 6

(Eioc) Energy ineq. :  &(tz,q(t2)) + Dissg, (z [t1,t2]) < E(t1,q(t1)) +tf3t€(57Q(5))df-

1
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1. Energetic & local solutions for rate-independent system

S

Definition [Mielke&Co]:
t € [0, T]it holds &&(-,q

(S) Stability :
(E) Energy balance :

where Dissg, (z,

g:[0,T] — Q is an energetic solution
£(t.q(t)) < o and:

()) eL((0T)),

&(t,q(t)) + Dissg, (z,[0,t]) =

forall e Q: &(t,q(t)) < &(t,8) +R1(2—
€,

[5,]) = SURI part, of [st] ¥ (o1 R1(2(&}) —

to (Q,&,Ry), if for all

(1), t
q(0)) +({0t€(E,Q(E))dE7

Z(&j-1)).

Fora.a.te[0,T]:
(Sihe) Minimality :
(Sfc) Semistability :

(Ejoc) Energy ineq. :

Definition [Mielke&Co]: g = (

forallGe U: E(t,u(t),z(t)) <

forallZe Z: E(t,u(t),z(t)) <

Forall0<t; <tr <T:
&(t2,q(t2)) + Dissg, (z,[tz,t2]) <

t
&

u,2): [0,T] — U x Z is a local solution

(t,

€(t1,q(t2))

0 (Q,&,Ry), if

&(t,0,2(t)),

u(t),2) +Re(Z—- 1)),

t

+jats(é,q<é)>df.

1

Hence:

Energetic solutions are particular local solutions.
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Ansatz: Approximation adhesive contact L brittle delamination

Thus:

2. 1D-comparison of energetic and local solutions for adhesive contact
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3. 1D-comparison of energetic and local solutions for adhesive contact

Xx=0 u(1)=vot
uo—oe — .
x=1

adhesive contact

, u(0)=u;

[u(0)] = e u(l) =vot
u(0)=0 ¢ -
e = {x=0}: domain of z x=1
Exlt,u,2) = / S dhu2x+ S22 1)

£bulk(t, )

Minimizer of €PUK(t,.) & BCs: u(x) = votx— Uuz(x—1). = (1) reduces to:

Ek(t,Uz2) = S (vot — up)? + 522
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3. 1D-comparison of energetic and local solutions for adhesive contact

a1z ifz<0,

~ 2 ko2 :
Ex(tuz,2) = 5 (vot — up)? + 522, R1(2) = o otherwise

@)
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3. 1D-comparison of energetic and local solutions for adhesive contact

e _C N2 k2 L) az ifz<0,
Ek(t,uz,2) = 5 (Vot —Uz)" + 3207, jz1(2)_{ ®  otherwise. @

Energetic solutions:
Stability (S): V(0,2) € Ux 2: E(t,Uz2) < Ex(t,0,2) + R1(Z—2)

& (uz2) = argmin(§ (vot — 0)% + 5207 — &y 2)
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3. 1D-comparison of energetic and local solutions for adhesive contact

Eltun2) = G(vot—Up)? + 52, Ra(d) = { mr i o
Energetic solutions:
Stability (S): V(0,2) € Ux 2: E(t,Uz2) < Ex(t,0,2) + R1(Z—2)
& (uz,2) = argmin(§ (vot — 0)2 + 5 2P — a12)

Given z, find u, = argmin($ (vot — 0)% + 5zt — a12): U, = S

2 2
Reduced energy: Ji(t,z) = %((‘é‘ﬁé) +5 (&"ifz)
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3. 1D-comparison of energetic and local solutions for adhesive contact

e _C N2 k2 L) az ifz<0,
Ek(t,uz,2) = 5 (Vot —Uz)" + 3207, jz1(2)_{ ®  otherwise. @

Energetic solutions:
Stability (S): V(0,2) € Ux 2: E(t,Uz2) < Ex(t,0,2) + R1(Z—2)

& (uz2) = argmin(§ (vot — 0)% + 5207 — &y 2)

Given z, find u; = argmin($ (vot — 0)% + 52 — a12): U= &%

2 2
Reduced energy: Ji(t,z) = %((‘é‘ﬁé) +5 (&"ifz)

For the unbroken material, z= 1, rupture occurs when Jy(t,1) = a;.

= Rupture time for energetic adhesive contact model:

tES: Za]_(C‘sz)
Ckv2
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3. 1D-comparison of energetic and local solutions for adhesive contact

a1z ifz<0,
Y otherwise.

Bt 22 — St - g + 522, az1<'z>={ @

Local solutions:

Minimality (S.): Vi€ W E(t,Uzy,2) < Ex(t,0,2).

Semistability (S..): VZ€ Z: E(t,Uz,2) < Ex(t, Uz 2) + R1(2— 2).
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3. 1D-comparison of energetic and local solutions for adhesive contact

a1z ifz<0,
Y otherwise.

Bt d) — S0t~ )+ 22, am-z):{ @
Local solutions:
Minimality (S.): Vi€ W E(t,Uzy,2) < Ex(t,0,2).

& Uz=argmin($ (vot — 0)2 + 5P — a2) = £

Semistability (S..): VZ€ Z: E(t,Uz,2) < Ex(t, Uz, 2) + R1(2— 2).
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3. 1D-comparison of energetic and local solutions for adhesive contact

a1z ifz<0,
Y otherwise.

&(tuz2) = S(vot—u)? + 522, Ri(2) = { @
Local solutions:
Minimality (S.): Vi€ W E(t,Uzy,2) < Ex(t,0,2).

& uy=argmin(§ (vot — 0)? + 574P - a2) = %%_

Semistability (S..): VZ€ Z: E(t,Uz,2) < Ex(t, Uz, 2) + R1(2— 2).
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3. 1D-comparison of energetic and local solutions for adhesive contact

&t Uz2) = S(vot —u)? + 522, Re(2) = @)

a1z ifz<0,
Y otherwise.

Local solutions:
Minimality (S.): Vi€ W E(t,Uzy,2) < Ex(t,0,2).

& Uz=argmin($ (vot — 0)2 + 5P — a2) = £

Semistability (S..): VZ€ Z: E(t,Uz,2) < Ex(t, Uz, 2) + R1(2— 2).

2
For the unbroken material, z= 1, rupture occurs when 3 (gﬂ) =a.

= Rupture time for local adhesive contact model:

k _C+k J2a
LS ™ (CVQ k-~
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3. 1D-comparison of energetic and local solutions for adhesive contact

Comparison of rupture times:

Energetic solution:  tgg= ,/ %
0

ion: k _ C+k /2a
Local solution:  t's = W\/?
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3. 1D-comparison of energetic and local solutions for adhesive contact

Comparison of rupture times:

. . k i
Energetic solution:  tfg=/24EH0 29 qhite | 23,
0 0

ion: k _ C+k /2a
Local solution:  t's = W\/?

&‘
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3. 1D-comparison of energetic and local solutions for

adhesive contact

Comparison of rupture times:

Energetic solution:  tig =,/ 24519
0

ion:  tk.— Cik [f2a k=
Local solution:  t's=F v/ %  —

1

brittle
tes

brittle
tis

=oolll

281
Cv3
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3. 1D-comparison of energetic and local solutions for adhesive contact

Comparison of rupture times:

Energetic solution:  tig =,/ 24519
0

1

tbrittlef 2a1
ES —\/ v

, k -
Local solution:  tf'g =G5\ /8 = g = ool

No rupture in the local brittle limit model!

Alternative scaling needed to obtain rupture in the local model as k — oo!
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3. 1D-comparison of energetic and local solutions for adhesive contact

Comparison of rupture times:

2a,(C+k)
Ckv2

Local solution: ~ tf's = G /2 2% gpdte — o

1

Energetic solution:  tfg= e = /2%

No rupture in the local brittle limit model!
Alternative scaling needed to obtain rupture in the local model as k — oo!
Ansatz: rescale R1 by %:

a—lj'z ifz<O,
00 otherwise.

gk(tvub Z) = %(Vot - UZ)2+ %ZU% iRli(Z) =

@
= Rupture time of rescaled local adhesive model:

k ® i 2a
Kk _C+ N VCV L
0

= —— —
LS (CVok
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3. Rescaled local adhesive model

&u(t,u,2) :Sb”"‘(t,u)Jr/l_ 57U P+l @k, RE(V) = ERy (V) ©)

0 ifv<o,

Clearly 1Ry(v) — Ry (V) = { o otherwise

Semistability for the brittle limit:
L V(2 [UD) + oy (@ dx < /r Lz (2 [u]) + 1o,y (2 dx+R7 (2 2)
C C

Meaning?! ...Where is the driving force for brittle delamination?!
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3. Rescaled local adhesive model
Eu(t,u,2) = K (t,u) + /r sA]P+1py@dx RV =1Ra(v) (@)
C

0 ifv<o,

learly 1R R (V) =
Clearly ¢Ry(v) = Ry (V) {oo otherwise.

Semistability for the brittle limit:

e (2 [U]) + ey () ax< /rc 'z (2 []) + Yoy (@) dx+ Ry (2-2)

Meaning?! ...Where is the driving force for brittle delamination?!

Semistability of the adhesive models, multiplied by k:

/rk722k| [u] Pdx < /rk;ﬂ [u] 2 dx+Ry (2 2)
C C
—_———
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3. Rescaled local adhesive model
Eu(t,u,2) = K (t,u) + /r sA]P+1py@dx RV =1Ra(v) (@)
C

0 ifv<o,

learly 1R R (V) =
Clearly ¢Ry(v) = Ry (V) {oo otherwise.

Semistability for the brittle limit:

e (2 [U]) + ey () ax< /rc 'z (2 []) + Yoy (@) dx+ Ry (2-2)

Meaning?! ...Where is the driving force for brittle delamination?!

Semistability of the adhesive models, multiplied by k:

/rk;za [u]2dx < /rk722k| [u] 2dx < /rk;ﬂ [u] 2dx+Ry (2 2)
C C C
[
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3. Rescaled local adhesive model
Eu(t,u,2) = K (t,u) + /r sA]P+1py@dx RV =1Ra(v) (@)
C

0 ifv<o,

learly 1R R (V) =
Clearly ¢Ry(v) = Ry (V) {oo otherwise.

Semistability for the brittle limit:

e (2 [U]) + ey () ax< /rc 'z (2 []) + Yoy (@) dx+ Ry (2-2)

Meaning?! ...Where is the driving force for brittle delamination?!

Semistability of the adhesive models, multiplied by k:

[Howonex= [52[udPexs [SziludPocs [ 52 PoctRaz-2)
Fe Fe Fe Fe
~—_——
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3. Rescaled local adhesive model
Eu(t,u,2) = K (t,u) + /r sA]P+1py@dx RV =1Ra(v) (@)
C

0 ifv<o,

learly 1R R (V) =
Clearly ¢Ry(v) = Ry (V) {oo otherwise.

Semistability for the brittle limit:

[ (2 0]+ Yoy @< [ 1 (2 [u]) + 1oy (D e+ R (22
C C

Meaning?! ...Where is the driving force for brittle delamination?!

Semistability of the adhesive models, multiplied by k:

[Howonex= [52[udPexs [SziludPocs [ 52 PoctRaz-2)
Fe Fe Fe Fe
~—_——

assume z, 7 char. fct.s of sets Z,Z = /~ |o(u)n?dx
7
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3. Rescaled local adhesive model
Eu(t,u,2) = K (t,u) + /r sA]P+1py@dx RV =1Ra(v) (@)
C

0 ifv<o,

learly 1R R (V) =
Clearly ¢Ry(v) = Ry (V) {oo otherwise.

Semistability for the brittle limit:

[ (2 0]+ Yoy @< [ 1 (2 [u]) + 1oy (D e+ R (22
C C

Meaning?! ...Where is the driving force for brittle delamination?!

Semistability of the adhesive models, multiplied by k:

[Howonex= [52[udPexs [SziludPocs [ 52 PoctRaz-2)
Fe Fe Fe Fe
~—_——

assume z.,Z char. fct.s of sets Z,,Z = /~ %|a(uk)n|2dx
Z

Hence, if (Uy,z) ~~ (u,z) and o(uy) ~ o(u), then traction stress-driven evolution of
delamination in the brittle limit.
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3. Rescaled local models

Existence of local solutions for brittle delamination via

adhesive contact approximation with the rescaled local models
time-discrete scheme

simultaneous limit, i.e. time-step size T = 7(k)

additional regularization for z

additional nonpenetration property included: [u] -n>0a.e. on I¢.
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3. Rescaled local models

Existence of local solutions for brittle delamination via
m adhesive contact approximation with the rescaled local models
B time-discrete scheme
® simultaneous limit, i.e. time-step size T = 1(K)
m additional for z
m additional nonpenetration property included: [u]-n> 0 a.e. on I¢.

Final functionals for adhesive model:
Ri(V) = FR1(V)
Exlt,u,2) = DKL ) +/rc 52/[u] R+ 10,4 (2) + 1 gupnso ([u] ) ot & @
2 ={2:T¢ — {0,1}, Z char. fct. of set Z with P(Z,T¢) < o}
that ze {0,1} a.e. on I'g.

Assumptions on EPUK:  strictly convex, coercive in e(u), p-growth, p € (1,), ext. load f
e.g. linear elasticity %e(u) :Cie(u)—f-u
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4. Analytical results & challenges:

4.a) Time-discrete version of the local model
4.b) Convergence result

4.c) Main challenge: limit passage in energy inequality & mechanical force balance
via Mosco-convergence of the energy functionals
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4.a) Time-discrete version of the local model

Nested partitions of [0, T]:

tiN(k) NGk

® =0 andforall ic{1,...,N t

()}

Choose e.g. N(k) = 2,

Time-discrete scheme:

Nw

Given (up,Zp) = (u(0),z(0)), forallk e N, for all i € {1,...,N(k)}, find
uiN(k) = Argmlnﬁk ,u ﬂ\' (5a)
uel
K . N(k) N N(K
ﬂ\'() € argmin(&x(t; ® y u () ,2)+RE(z—7" 1 )) (5b)
7€
Existence of (ui'\‘(k),;-'\l(k>) by direct method.
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4.a) Time-discrete version of the local model

Piecewise constant interpolants:

= N(k

s g, IR o
where w stands for u,zor f.
Time-discrete version of the local formulation:
Forallt € [0,T]: Ouk(t,Uk(t),z(t)) >0, (7a)
forallt € [0,T]VZe Z: Ek(t,Ux(t), Z(t)) < Ex(t,Uk(t),2) + R (Z— 2(t)), (7b)
forallty € (tlr\i(l), ] andty € (t m< 1,tm ] with | <me {1,...,N(k) }: (7c)

Eulta,D(tz) lt2)) + Disgy (2 1, t2) < Elta, Belta) Zlta)) + [, AECLU(1) 2 (D) .
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4.b) Convergence result

Proposition (3 time-discr. local sol. & a priori bounds): Let k € N fixed, Q, ¢ Lips-
chitz, (U x Z, &k, Zk) as in (4), given data suff. smooth.

Then, (T, Uy, %, Z,) satisfy the time-discrete local formulation and the a priori bounds:
Forallte[0,T]: lug(®)lly <C and P(Z(t),lc) <C (8a)
Forallt <t, €[0,T]: Ra(z(t) — z(te)) <C, (8b)

where z is char. fct. of Zy, Uy € {Tk, Ux}, Z € {Z, &}

Ri(V) = FR1(V)
&x(t,u,z) = ((',bu'k(t7 u) +/I' %Z‘ [[U]] |2 + |[0,1] (20 + |[[[u]],n20] ( [Uﬂ )ax+ EP(ZA Me),
C
and &PUK: strictly convex, coercive in e(u), p-growth, p e (1,00) ~ 1 =W-P(Q\ [, RY).

4)
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4.b) Convergence result

Proposition (3 time-discr. local sol. & a priori bounds): Let k € N fixed, Q, ¢ Lips-
chitz, (U x Z, &k, Zk) as in (4), given data suff. smooth.

Then, (T, Uy, %, Z,) satisfy the time-discrete local formulation and the a priori bounds:
Forallt € [0,T]: luc®)]lyy <C and P(Z(t),lc) <C (8a)
Forallt <t, €[0,T]: Ra(z(t) — z(te)) <C, (8b)

where z is char. fct. of Zy, Uy € {Tk, Ux}, Z € {Z, &}

RE (V) = ER1 (V)

&x(t,u,z) = Sbu”((t, u) +/r %Z‘ [[U]] |2 + |[0_’1] (20 + I[[[U]]»ﬂZO] ( [Uﬂ )ax+ EP(’Z; M),
C
and &2k ; strictly convex, coercive in e(u), p-growth, p e (1,00) ~ U =WP(Q\[¢, RY).

4)

Observe: ||ug|ly < C by class. arguments,

P(Zy(t),T¢) < C by testing minimality of 2" with Z = 0.

Bound for z: Dissy (z, [O,tm(k)]) <C =z €BV((0,T),LY(I¢)) & mon.\, in time
= Dissg, (20t ]) < aa£4- ().
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4.b) Convergence result

Proposition (3 time-discr. local sol. & a priori bounds): Let k € N fixed, Q, ¢ Lips-
chitz, (U x Z, &k, Zk) as in (4), given data suff. smooth.

Then, (T, Uy, %, Z,) satisfy the time-discrete local formulation and the a priori bounds:

Forallte[0,T]: lug(®)lly <C and P(Z(t),lc) <C (8a)
Forallt <t, €[0,T]: Ra(z(t) — z(te)) <C, (8b)

where z is char. fct. of Zy, Uy € {Tk, Ux}, Z € {Z, &}

Theorem (Convergence result): Assumptions as above. Then, for k — co:

forallt € [0,T]: Z(t) > z(t), z(t) >z(t) in Zspy and Tg(t) — u(t) inU, (9a)
foraa.t€[0,T]: z(t)=2z(t) and uyc(t)—u(t) inU (9b)

and (u,z) is a local solution of the brittle limit system (U x L*(¢), Eo, Reo).

gbulkg )  ghritle ifgeUxL(Te), 0 ifv<Oae,
gw(t,q):{w LU+ EGi@ o o go={ 0 Mvs

with EQH (2. U) = Jro 10 a0 (2 [U) + gm0 (1]) + 1o,y (2) 0
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4.b) Convergence result

Theorem (Convergence result): Assumptions as above. Then, for k — co:

forallt € [0,T]: Z(t) = z(t), z(t) > z(t) in Zgpy and Tg(t) — u(t) in U, (10a)
foraa.te[0,T]: z(t)=2zt) and u(t)—u(t) inU (10b)

and (u,z) is a local solution of the brittle limit system (U x L®([¢), Eo, Roo)-

Comments on the proof:

e Limit passage in semistability ineq.: Adaption of construction in [Th12:DCDS-S, Rossi/Th12].
e Difficulties in energy ineq. & mech. force balance since strong convergence needed!

f N(k) (N(k) N(K) (N(K)y . .

orallty € (t,_y’,t, Jandtz € (t,.77,tm ] with | <me {1,... ,N(k)}:

N(k)

Ext2, U (t2), Z(t2)) + DisSyy (%a [t tal) < Exlty, i(tn), Zlta)) +/t;:1) GE(t, Ug(t), Z (1)) dt.
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4.b) Convergence result

Theorem (Convergence result): Assumptions as above. Then, for k — co:

forallt € [0,T]: Z(t) = z(t), z(t) > z(t) in Zgpy and Tg(t) — u(t) in U, (10a)
foraa.te[0,T]: z(t)=2zt) and u(t)—u(t) inU (10b)

and (u,z) is a local solution of the brittle limit system (U x L®([¢), Eo, Roo)-

Comments on the proof:

e Limit passage in semistability ineq.: Adaption of construction in [Th12:DCDS-S, Rossi/Th12].

e Difficulties in energy ineq. & mech. force balance since strong convergence needed!
N(k) (N(k) N(K) (N(K)y . .
forallty e (§2,,f, ] and tz € (1, 1.tm ] with | <me {1,...,N(k)}:

K

Ek(t2,T(t2), Z(t2)) + Dissiy (2 [t to]) < Exlt, Uelta), Zlta)) + [ RE(H U(D), Z(1)) .

I"-convergence is not enough! We need Mosco-convergence of (gk(t, 5 Z))k M
where Ex(t, 0, ) = EPK(t, 0) + [ 52 [0+ 1 gp.n= o) ([]) cx

= G-convergence of ((ﬁk(t, - Z))k = convergence in mech. force balance v/
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4.c) Mosco -convergence of the functionals (Ek(t,  Z) )k

Mosco

WANTED: E(t,,2¢) =5 &(t,-,2), for z, semistable wrt. &, and z - zin SBV(T¢, {0,1}).
i.e.: forall ve U with v|sypw = O a.e. construct recovery sequence (V)i s.th.:

Vi — vstrongly in U and 52| [w][>dx 50 forallkeN.
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Mosco

WANTED: E(t,,2¢) =5 &(t,-,2), for z, semistable wrt. &, and z - zin SBV(T¢, {0,1}).
i.e.: forall ve U with v|sypw = O a.e. construct recovery sequence (V)i s.th.:

Vi — vstrongly in U and 52| [w][dx L 0 forallkeN.
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4.c) Mosco -convergence of the functionals (Ek(t,  Z) )k

Mosco

WANTED: E(t,,2¢) =5 &(t,-,2), for z, semistable wrt. &, and z - zin SBV(T¢, {0,1}).
i.e.: forall ve U with v|sypw = O a.e. construct recovery sequence (V)i s.th.:

Vi — vstrongly in U and 52| [w][dx L 0 forallkeN.

Tool: Support convergence: [Rossi/Th.12]
suppe C suppz+ By (0) forallke N and p(k) — 0 as k—

suppe

4 Vi € WEP(Q\T¢,RY) s.th.

'y'. Vi = 01in suppz+ By k) (0),
.\\' Vk = Vin Q\ supp+ BZp(k) 0)
\ suppe-+By (0) [w]-n>00nT,

[Mielke/Roubitek/Th10]: Let p(k) — O and Hardy’s inequality hold true.
Then, vi — v strongly in WHP(Q\¢, RY).
[Lewis88]: Hardy’s inequality for bad closed sets M (= suppe) C dQ true for p > d.

3Cum > 0VveWLP(Q,RY): |[v/dw|lLe(q. re) < Cuml|OVl|Lr(q, row)
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4.c) Mosco -convergence of the functionals (Ek(t,  Z) )k

Mosco

WANTED: E(t,,2¢) =5 &(t,-,2), for z, semistable wrt. &, and z - zin SBV(T¢, {0,1}).
i.e.: forall ve U with v|sypw = O a.e. construct recovery sequence (V)i s.th.:

Vi — vstrongly in U and 52| [w][dx L 0 forallkeN.

Tool: Support convergence: [Rossi/Th.12]
suppe C suppz+ By (0) forallke N and p(k) — 0 as k—

suppe

4 Vi € WEP(Q\T¢,RY) s.th.

'y'. Vi = 01in suppz+ By k) (0),
.\\' Vk = Vin Q\ supp+ BZp(k) 0)
\ suppe-+By (0) [w]-n>00nT,

[Mielke/Roubitek/Th10]: Let p(k) — O and Hardy’s inequality hold true.
Then, vi — v strongly in WHP(Q\¢, RY).
[Lewis88]: Hardy’s inequality for bad closed sets M (= suppe) C dQ true for p > d.

[Haller-Dintelmann/Kaiser/Rehberg13]: Hardy's inequality for p € (1, )
for closed sets M C dQ. with Property a.
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4.c) Property a & support convergence

[Campanato63,64]: A (open) set M C R™ has Property a iff there exists a > 0 s.th.
VyeMVp,>0: LM(MNBp,(y)) > ap]

Show Property a for semistable z [Rossi/Th.12]

Let Z:={z:T¢— {0,1} is char. fct. of set Z with P(Z,['¢) <o}, TcCR™ m=d-1

Consider: £(t,u,z) +bP(Z,I'¢), £(t,u,-) monotonously increasing, zsemistable

1
&(t,u,2) +bP(Z,Q) < &(t,u,2)+bP(Z,Q)+R(2—2) Vi<z
\
bP(Z,Q) <bP(Z,Q) +a£L4(Z\Z2) VZCZ (%)

\

Property a: Let Z stable as in (x). Then, 3R a(l'¢) > 0 depending on I'c, m, band a, s.th.

vy € supvp, € (OR): L™(ZNBp () > a(Fe)pl", (11a)

vyesupm  Vp. >R: L™(ZNBy,(Y)) > a(l¢)R™, (11b)

DIMO 2013 - 13.09.2013 - Marita Thomas - Marita.Thomas@wias-berlin.de - Page 18 (23) %



4.c) Property a & support convergence

Property a: Let Z stable as in (x). Then, 3R a(l¢) > 0 depending on ', m, b and ay, s.th.

vy € supmVp, € (O,R): L™(ZNBy, (y)) > a(le)py, (12a)
vyesupm Vo >R: L™(ZNBp,(y)) > a(lc)R™, (12b)

¢

Support convergence of (Z) stable as in (x), z — zin LY(T'¢):
suppe C suppe+ By (0) forallke N and p(k) — 0 ask — o

= construction of recovery sequence (V)i s.th.:

V= vstrongly in U and  fr, §Zk|[[vk]]|2dx!: 0 forallkeN. v
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4.c) Property a & support convergence

Property a: Let Z stable as in (x). Then, 3R a(l¢) > 0 depending on ', m, b and ay, s.th.

vy € supmVp, € (O,R): L™(ZNBy, (y)) > a(le)py, (12a)
vyesupm Vo >R: L™(ZNBp,(y)) > a(lc)R™, (12b)
)
Isolated subsets and thin regions of very small volume excluded by (x):
' le Mo
|
isolated subset thin region
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Property a

Isolated subsets and thin regions of very small volume excluded by (x):

Me

isolated subset thin region

Me

Exclude isolated subsets by (x):
Tool: Isoperimetric inequality relative to 'c.
Let Z satisfy (x), zcharact. fct. of Z, A C Zisolated.
Test (x) with Z, charact. fct. of Z\A:
bP(Z,I'¢) <bP(Z\AT¢) +R(Z—2)
= bP(AT¢) <ap LM(A)
D ZBL < o LmA)Ym

isoperimetric inequality
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Property a

Isolated subsets and thin regions of very small volume excluded by (x):
Mo e

isolated subset thin region

Exclude isolated subsets by (x):
Tool: Isoperimetric inequality relative to 'c.
Let Z satisfy (x), zcharact. fct. of Z, A C Zisolated.
Test (x) with Z, charact. fct. of Z\A:
bP(Z,I'¢) <bP(Z\AT¢) +R(Z—2)
= bP(AT¢) <ap LM(A)
b o LA CrCLm(A)l/m

a; = P(ATc)
isoperimetric inequality
Exclude general thin subsets by (x): [Th13]

Tool: Relative isoperimetric inequality for ' N By (y) with unif. const. forally € [, r > 0.
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5. Numerical experiment — setup

Material ~ Young’s modulus  Poisson’s ratio

Glass E:=70.8 GPa v§=0.22

Epoxy Em=2.79 GPa Vn=0.33

ke := kPk, kO :=2025TPa/m,
ko 1= Gk K 1= K0/3

‘ 30um !

plane strain: 2D
/Q\rc ze(u+g(t): C: e(U+g(t))dx+/rC (k2 [u] - tf? + knz| [u] - n|?) dx

g mon. 7 in time.
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Numerical experiment (C. Panagiotopoulos)

2.0

Resultant force (kN/m)
>

0.8.

0.2

0.4

0.6 0.8 1.0
Process time (-)

increasing stiffness kn = 2025x 10 TPa/m with i = 0,1,2,3,4,5, while k = const.
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Numerical experiment (C. Panagiotopoulos)

-
()]

=
i

1.2

Resultant force (kN/m)

-
[=}

%8100 0.405 0.410 0.415 0.420 0.425 0.430 0.435 0.4
Process time (-)

40

T=35x 1072, kn, k fixed.
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Conclusion

B adhesive contact approximation of brittle delamination in local formulation
well-suited for simulations

but scaling of dissipation by 1/k needed, otherwise no rupture
the rescaled model can be interpreted as a stress-driven delamination model

Hope: this property carries over from adhesive contact to brittle delamination

analytical challenge: limit passage in energy inequality & weak mechanical force
balance:
Mosco-convergence of energy functionals needed!
m this requires additional information on fine properties of semistable sets:
m regularity Property a
— results from semistability wrt. perimeter & unidir. 1-hom. dissipation
— minimal regularity requirement for Hardy’s inequality with p € (1, )
m support convergence (implied by Property a)

Thank Youl!
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