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1. Consider the space H1(−1, 1) = {f ∈ L2(−1, 1) t.c. f ′ ∈ L2(−1, 1)},
which is a Hilbert space endowed with the inner product

(f, g)H1 =

∫ 1

−1
f(x)g(x) dx+

∫ 1

−1
f ′(x)g′(x) dx.

Relying on the Gram-Schmidt method, find the best approximation of
f(x) = cos(2x) in the subspace M ⊂ H1(−1, 1), which is generated by the
vectors uo = 1, u1 = x, u2 = x2.

2. Using the separation-of-variable method, determine the solution u of the
following problem and discuss its regularity

∂2u

∂t2
− ∂2u

∂x2
= 0 x ∈]− π, π[, t > 0,

u(x, 0) = x(π2 − x2) x ∈ [−π, π],

∂u

∂t
(x, 0) = 3 cos(

3

2
x) x ∈ [−π, π],

u(−π, t) = u(π, t) = 0 t ≥ 0.

3. Consider the Cauchy Problem{
y′ = ln(5− y2),

y(xo) = yo.

Determine the main properties of its general solution and draw a qualita-
tive graph, as (xo, yo) ranges in a proper open set D ⊆ R2.

4. Compute the Fourier transform of the tempered distribution

u = x arctan(x− 1),

justifying all the steps.


