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ABSTRACT. In this paper we prove convergence and error estimates for the so-called 3-field formulation using
piecewise linear finite elements stabilized with boundary bubbles. Optimal error bounds are proved in L? and in
the broken H! norm for the internal variable u, and in suitable weighted .2 norms for the other variables A and

.

1. INTRODUCTION

The aim of this paper is to consider the effects of bubble stabilizations of the so-called three-field formulation
for domain decomposition methods. Let us briefly recall it. Assume that we have to solve a linear elliptic problem
whose variational formulation is given by:

(1.1) find w € V such that a(w,v) = (f,v) Yv eV,

on a domain 2. We assume that the problem is associated to a second-order differential operator, so that the
space V will be a subspace of H!(Q2). By splitting Q into subdomains ° one introduces suitable subspaces
V* (to be made precise in the sequel) of H'(Q®), and defines M* = H~'/2(9Q%), ¥ = U,00° and & =
{traces on ¥ of the functions of V'}. Setting V* := II,V*® and M* := II;M*, the three-field formulation of (1.1)
then reads

findu e V¥, A€ M*, and ¢ € & such that

(1.2) i) as(u®,v)— < A%, v >, = (f,v)s YveV? Vs
' i) < p’us > =< pd Y > Vu® e M® Vs
ii) Yo, <A > =0 Yo € d

(the nearly obvious meaning of as, < .,.>; and (.,.)s will be made precise in the next section.)
This formulation was originally introduced in [8], [9], where it was proved that, under reasonable assumptions,
problem (1.2) has a unique solution related to the solution of (1.1) by

i)u® = wyg- for each s
(1.3) i) A* = 88:] o for each s

i) ¢ = wpy,
with %‘ 00s = outward conormal derivative to Q°. In order to approximate (1.2) one has to choose, for every
s, finite dimensional subspaces V;’, M; and ®j; of V®,M* and & respectively, to construct V;* := IL,V;’ and

My = II,M}, and to consider the following discretized problem.
find up € Vi, Ay € M}, and ¢, € &5, such that

(1.4) i) as(uj,v)— < Aj,v > = (f,v)s Yv e Vy? Vs
' i) < pfuf >, = < pu, P > Vu® € Mj Vs
i) Y, < A%, >, -0 Vo € &),

In [8], [9] we proved that a finite element discretization of (1.2) on compatible grids (with a suitable interpre-
tation of M) gives back the global finite element solution of (1.1) with formulae identical to (1.3). To deal with
more general approximations, including the use of (possibly) different discretizations for the three variables in
the same subdomain, or from one subdomain to another, a wide class of stabilization procedures was introduced
and discussed in [2]. However, it is interesting to see if, for particular cases, a simpler and cheaper stabilization
could be used, instead of the more general (but heavier and costlier) stabilization of [2]. A typical example of
interest is clearly the case where the variables w and 1 are approximated by continuous piecewise linear finite
elements, although on different, incompatible grids, and the variable A by piecewise constants. This was done
in [7], where a stabilization procedure was proposed, based on the idea of adding suitable boundary bubbles to
the space V). The underlying concept is reasonably simple: it is clear that in (1.4) the only control on ¢ can
be obtained from (1.4 ii). Therefore, to gain control on 1, one can increase the space M;. As each space M} is
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made of piecewise constants, this can be done simply by refining the mesh. It has to be pointed out that, once
the first refinement has been made, the grid for M} could undergo a further refinement (if convenient for some
technical reason) without jeopardizing the control on ¢y,. In its turn, the control on A; can only be obtained
from equation (1.4 i), since (1.4 iii) is clearly too weak (any monster taking the same value with opposite signs at
the interfaces will satisfy (1.4 iii).) Hence, to control Aj we have to enrich the finite element spaces V7, and the
cheapest way is to add boundary bubbles. In [7] we showed, on a single domain problem, that an almost arbitrary
mismatch between the grid for Mj and that for V7 can be stabilized (to gain control on A}) by suitable quadratic
boundary bubbles. We also showed that the bubbles, together with the unknown Ay, could be easily eliminated by
static condensation, thus remaining with a symmetric (if problem (1.1) is symmetric) positive definite problem
in the unknown uy, only. In particular, in [7] we assumed, as a starting point, that two original, unrelated grids
were given, one for A\, and one for uy. For technical reasons (essentially, in order to be able to perform the static
condensation on Aj afterwards) our first step was to refine the grid for M, by adding all the boundary nodes
of the grid for V’. However we had to assume, to avoid technical difficulties, that the points of the two original
grids were not too close (otherwise the refined grid for M; might contain very small intervals) and that the two
given grids were “comparable” in the following sense

(1.5) B> Ah

(with v a fixed constant) with obvious meaning for the symbols. These assumptions were removed or relaxed,
always for the single domain case, in [10], where an optimal estimate for u — u;, was proved, allowing the presence
of “very close nodes” and changing (1.5) into the much weaker

(1.6) hy > y(hy)?

(see [10] for further details.)

Here we tackle the whole problem (1.4), proving optimal error estimates for the three variables u, A, . We
assume that two independent grids are given, this time for V,* and ®. It seems particularly reasonable to assume
the grid for @4, as given, since in many cases this will be the space were multidomain preconditioners (for the Schur
complement) will be applied: to have a convenient grid might then allow the use of more powerful preconditioners
(see for instance [13], [15], [3], [5], [20], [14], [18], [19].) Similarly, the given grids for V}} might have been chosen,
in each subdomain, to match specific difficulties arising in that subdomain, and related to the coefficients of the
operator and/or to the right-hand side. On the other hand, the choice of the grid for M} seems to be less crucial,
at least in a certain number of applications, and could be made in order to allow an easier stabilization. As in
the single domain problem, we work with piecewise linear finite elements for ¢, and uj. The bubbles used for
stabilization, as well as the unknowns Aj (piecewise constants), can be eliminated by static condensation. For
the sake of simplicity we restrict ourselves to the case were the given grids for V,’ and ®; are “comparable”, in
the above sense. It would surely be interesting to have results under weaker assumptions, at least of the type
(1.6). On the other hand, we allow the case of “very close nodes” that can be generated by merging the nodes of
the two given independent grids. For a multifield formulation similar to the one discussed here (but using four
fields) and related preconditioners we refer to [16].

We now give an outline of the paper. In the next Section we make precise our assumptions on the domain, the
operator, the given decompositions and the formulation of the stabilized discrete problem. We shall also recall a
few trace theorems that will be used in the subsequent sections. In Section 3 we prove the error estimates: we
start with u — uy, proving optimal estimates first in the broken H'—norm and then in the L?—norm. Optimal
error estimates are then proven for 1) — ¢, and for A — A, in suitable weighted L2-norms. Under our assumptions,
these estimates imply optimal error bounds in L?(X) for 1) — ¢,. The same is true for A — A, but only outside
the possible “very small intervals”. Finally, in Section 4 we underline some numerical aspects, such as the actual
implementation of the procedure and its expected numerical performances.

2. STATEMENT OF THE PROBLEM AND DISCRETIZATION

2.1. Assumptions on the operator, the domain, and the subdomains. To fix ideas, let us consider the
following differential problem

— : 2
(2.1) { Au =f inQCR
0
where (2 is a convex polygon, and

(2.2) Au= - a% <a,»j(x)g—z> + ag(x)u.
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We assume that, for almost every = in Q, 0 < ao(z) < K and that the 2 x 2 matrix (a;;(x)) is symmetric and
positive definite, with smallest eigenvalue > a > 0 and largest eigenvalue < (3, independent of z. To the operator
A we assign the bilinear form

2

ow 0
(2.3) a(w,v) = /Q(”Z_1 aij(x)a—za—; + ap(z)wv) dz, w, v € H'(Q).
Let V = H}(Q), with norm || - ||y = | - |i,o. With our assumptions on the coefficients the bilinear form is
continuous and V —elliptic, i.e.,
(2.4) da>0: alvl} o < a(v,v) Yo eV,
(2.5) aM >0: a(w,v) < Mlwl|lollv]h,o Yw,v € V.

Then for, say, f € L?*(Q) problem (1.1) has a unique solution u € H{(Q) N H2(Q).
Let now Q be partitioned into a finite number N of polygonal subdomains Qf (s = 1, N), with boundary
¥ = 0Q° and diameter Hy;. We make precise the notation of (1.2) by defining, for s =1, N,

Ve = {ve H'(Q%), v=0 on[*NaQ},

< -,- >,= duality pairing between H'/?(T'*) and H~'/?(I'*),
(-,-)s = scalar product in L?(Q¥),

as(w,v) = Zij:l (aij(x) gﬁ ) C’?Tv])s + (ao(x)wav)s w,v € V.

(2.6)

In agreement with the definition of V' and ® = {traces on ¥ of the functions of V'}, we will have:
(2.7) d={pe H'/*():p=00nd0}

With this notation problem (1.1) is equivalent to problem (1.2), and the relationship between the solution w of
(1.1) and the solution (u, A,1) of (1.2) is precisely given in (1.3). We explicitly note that (2.5) will also hold in
each Q¢ by replacing 2, V and a with Q°, V¢ and ag respectively.

Finally, we recall some known results related to trace theorems, whose proof can be checked by using trace
theorems on the reference element. We have that for every 6y < m/3 there exists a constant C' = C'(6p) such that,
for every triangle T" with minimum angle bounded from below by 6y,

(2.8) [Whyser <Clolr  YveHY(T),
Ov

(2.9) |aT|1/2,E)T <C |vlor  YveHT),

(2.10) [v]3/2,00 < C |olor Yo € H*(T),

where, as we shall do throughout the whole paper, the usual notation for Sobolev norms and seminorms (see e.g.
[12]) is used. On the other hand, we can easily deduce that, if e is an edge of T', and hr its diameter,

(2.11) 1vl5.e < Chg'llolloz(lvllor +hrlvlr) Vo e HNT),

always with a constant C' depending only on 6. The basic instrument for proving (2.11) is the fundamental
theorem of calculus applied to v2, where v, is a sequence of smooth functions converging to v in H'(T').

We end this section by recalling a well known property of Sobolev fractional norms and seminorms. We report
it for seminorms of fractional order 6 in dimension one, but the result is more general. If an interval I is the
disjoint union of subintervals I, then

(2.12) Y Wl <lolr Vo H(I).
k

2.2. Assumptions on .7, 7;° and generation of the .7)° decompositions. In order to discretize problem
(1.2), let 7, be a decomposition of ¥ into intervals I, and let, for each s = 1, N, Zf be a decomposition of Q°
into triangles T', and .7,% a decomposition of I'* into intervals I. We shall denote by hj,, h3, hy the mesh size of
T, ¢, Ty respectively. Next, we define the finite element spaces

(213) V,f = {’U eVs: viT € Pl(T) VT € %S} Vs,
(2.14) Mi = {u* € LX(T%): i, € Ry(I) VI € ) Vs,
(2.15) b, ={ped: preP(I)VIeE T},

and we set, as before, V* := IL,V;? and Mj := II;M}. Then we look for an approximate solution (us, An,¥s)
of (1.2), with up € V¥, A\ € Mj;, and ¢, € ®5,. If the three decompositions are totally arbitrary, the discrete
problem can be unstable, and even singular. Here we assume that the decompositions 7,7 and 7 are given and



4 FRANCO BREZZI AND DONATELLA MARINI

‘untouchable’. To avoid unnecessary complications in the bubble stabilization described below, we just require
that, for each s, the decomposition .7,° does not include triangles having more than one edge on the boundary
of Q°. As we have seen in the Introduction, we can however choose the grid .7)° in such a way that the problem
becomes stabilizable by the simple addition of boundary bubbles to the spaces V}’. To do that, however, we shall
need, as in [7], some minor assumptions on the two decompositions 7,7 and . Next, we will generate the 7’
decomposition and introduce the stabilization through boundary bubbles. We assume that the decomposition
Ty is quasi-uniform [12] and that, for all s, the restriction to the boundary I'* of .77 is also quasi-uniform. We
assume moreover that the decompositions are comparable. In particular we introduce h,,q, as the biggest among
the lengths of the intervals of .7, and the lengths of the boundary edges of the decompositions .7}, for all s.
Similarly, we define h,,;, as the minimum over the same set. We assume that:

(216) 3’)/1 > 0 such that hmae < ’Ylhmin-

In the sequel, to avoid heaviness in the notation we shall write A in place of i, and h for the maximum diameter
over Jy and over all 7,%’s (including internal triangles). We apologize for the rather unusual notation but, as we
shall see, h will be used much more often than h.

Remark 1. The assumptions on the 7, grid are rather heavy, and will forbid the application of the present theory
to several interesting cases. We remark nevertheless that, in a certain number of cases, grid refinements and self
adaptive procedures might occur only in the interior of the subdomains, thus escaping our present limitations. On
the other hand, as we shall see in the last Section, we believe that the above assumptions are just technical ones,
and that the results (and the applicability of the whole method) are valid in more general circumstances.

We generate now the grid for the A\p’s as
(2.17) 73 = merge ()0, (T)r-} V.

More precisely, for all s, we take as nodes for .7,° the union of the nodes of .7 and the nodes of .77 belonging to
['*. In doing this it may occur that 7)> has very small intervals, whenever two nodes of (7,°);r- and (J)rs get
too close. Such “small intervals” will be allowed in our discussion (neglecting possible programming problems),
but will need a special treatment from the theoretical point of view. For this we introduce a constant 8 such
that 0 < 8 < 1 and we define, following essentially the notation of [10], “irregular” the intervals whose length is
smaller than Bh. More precisely, for I € 7%, we say that

(2.18) I3 is “irregular” if |I5] < Bh.
Otherwise I§ will be called “regular”. Therefore, we have
(2.19) Iy, > 0 such that, Vs VI3 € if I3 is “regular”, then |I3| > y2h.

Note that one endpoint of an irregular interval must be a node of .7, and the other one a node of 7.

2.3. Introduction of the bubbles. For each s, we add to the discretization of u® as many bubbles as the
intervals of 7;°. More precisely, let T be a triangle having an edge T" on I'*, so that T' = Uly, I € Jy.
Accordingly, T = Uy Tg. (See Fig. 1). A boundary bubble by is a function by, € H* () such that supp(by) C Tk
and flk br, # 0. (See [7] for more details.) The optimal shape of these bubbles is still under investigation. As a
simple example, one can think of a quadratic function vanishing on the two internal edges of T}, (see Fig. 1). As
the choice has to be made up to a scaling factor, we can then assume that b; has value 1/4 at the midpoint of
I;,. With this choice one can easily compute that

3 12
(2.20) / by, dz = |Ty| /12, / b ds = || /6, / (a2 dp = 2=t Ikl

where ey, ; are the edges of T},. Consequently, we can deduce
(2.21) bl 1, z/ Vbl doe < b /|,
Ty

with hy = diameter of T', |I;| = length of Iy, and + a positive constant independent of hr and |I}|.
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FIGURE 1

2.4. The stabilized problem. From now on we shall always assume that the decompositions 7, and 7’ are
given and satisfy (2.16), that the decompositions J;° are generated according to (2.17), and that the spaces
Vi, M} and ®;, are defined as in (2.13), (2.14) and (2.15), respectively. Let moreover, for every s, B} be the
space of bubbles introduced above. We shall replace the space V;’ by the augmented space

(2.22) Vi = V®B] Vs
and then set ‘~/h* = Hs‘~/,f, My =1I,M;. The stabilized discrete problem is now

find up, € V;*, A, € M and ¢, € &,  such that

(2.23) i) a(up, v)= < Aj,v > = (f,v)s Yo e Vs Vs
i) < ptuj >s = < pfPn > Vu® e M; Vs
i) Y, <A, > 0 Vi

Remark 2. As pointed out in [7] and further developed in [10] for the single-domain case, the bubbles and the
multipliers A\j can be eliminated by static condensation, leaving, as unknowns, only v, and the piecewise linear
part of up. This will be further discussed in the last Section.

3. ERROR ESTIMATES

Comparing (1.2) and (2.23) we easily obtain the error equations

i) as(u® —uj,v)— < A=A, v> =0 VUGIN/,f Vs
(3.1) i) < pfu®—uj > =< pf ) — iy > Yu® e M; Vs
iii) Y, <A = A7, >, =0 Yo € .

Let uf € ‘7,15, Ay € M;, 1 € &5, be some interpolants of u® € V', A\* € M?, ¢ € ® respectively, to be specified
later. Then, by adding and subtracting these interpolants in (3.1) we obtain

ay  Jut—uilig. < Zas(us —up,u® —uy) +> as(u® —uj,ui —uj) (use (3.1 1))
S

/

(3.2)

-~

= I +3 0 <N =N uf—up >,
For the second term in (3.2), by adding and subtracting u® we have

Yos <A = AL uf —up >, =Z</\s— ur—ut >s +> <N =AU —uf >
(3.3) S

J

= IT +Y o, <N =X u” —up >,

By inserting now Aj in the last term of (3.3) and using (3.1 ii) we have

Y <N =Xt g > =Y <N =Nt —up >, Y, <A = AL - >,
(3.4) N

/

= II7 D <A =AY — Uy >
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Finally, inserting A® in the last term of (3.4) and using (3.1 iii) we have

Y <A ALY — > =) <A =AY = > Y <A = ALY — >,
(3.5) s s

~ J/ ~ J
~~ ~~

= v + V.

We will now define proper interpolants to estimate the different pieces of (3.2), (3.3), (3.4), and (3.5). From now
on we will omit the superscript s unless it is really necessary.

Let 11 € ®4 be the usual continuous piecewise linear interpolant of 1, and, for each s, let u; € V¥ be the usual
continuous piecewise linear interpolant of u. The standard interpolation estimates are [12]

(3.6) [lu —url||r,T < Ch%fr|u|27T YT € 9} (r=0,1),
(3.7) lu—ur|lre < C’|e|3/2’7"|u|3/276 Ve edgeof T, VT € 77 (r=0,1),
(3.8) o = ®rller < CUP"lsy,r VIe Ty (r=0,1).

(Here and in the sequel C' will denote a constant independent of the mesh size, not necessarily the same in the
various occurrences). For the A—variable two different ‘interpolants’ will be needed. For each s, let us denote by
Ar the piecewise constant function on the 7y —grid defined by

(3.9) / A=A)ds=0 VI, e,

I,

and by XeM 2 the piecewise constant function on the ) —grid defined by

(3.10) / (A—=Xbds =0 VI € M}, Vbe Bj.
I
We recall that the following interpolation estimates hold (see [12])
(3.11) ||A_AI||—T’7I¢ §C|[¢|1/2+T|/\|1/2’Lp, 0<r<1/2,
(3.12) IN=Xl=rrs SCIBIY* T Nijo; 0<r <172,

We also recall that (1.3) implies that X takes opposite values on the two sides of each subdomain interface. In its
turn Aj, being defined on the .7, —grid, inherits the same property. Hence,

(3.13) Y <he>=> <ALp>=0 Vped,

as ¢ € @ is single-valued on ¥. On the other hand, X does not enjoy this property.

Some comments are in order before proceeding to estimate the various pieces in (3.2)-(3.5). In doing this, two
types of difficulties will arise. One is connected with the fact that, on the left-hand side of (3.2), we have the
broken H' — seminorm of the error while, in estimating some of the pieces, it would be easier to use the broken
H' —norm. Hence, we will need to bound the norm of the error with its seminorm. This is not a major problem,
and is dealt with in Lemma 4. The second source of difficulties lies in the estimate of pieces II and V', whose
treatment is actually very similar, where an estimate of A\ — A, in terms of u — up is needed. This is done in
Lemma 1.

Lemma 1. Let T be a boundary triangle of 7,2, and let I, be a boundary edge as in Fig. 1. Then we have

(3.14) 1A = Mlo,r < Chr' |1 ™ [lu = unl |1 7,
where (u, \,v) is the solution of (1.2) and (up, An,¥n) that of (2.23).
Proof.
o= Xir, =1 [, O = Nbidsl/ [, beds (use (3.10))
=1 [, (An = Nbrds|/ [; bi ds (use (3.1 1))
(3.15) = la(u — un, bi)|/ [}, br ds (use (2.5))
< Mllu = up| 7okl 7/ [, O ds (use (2.20) — (2.21))

< Chr' 2|1 |73 lu — up |1 7, -
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The result follows then by observing that
(3.16) [IAn = Xllo, = 1A = Xz, [Tel >
O

The unsatisfactory part of (3.14) is clearly the presence of |I;|!. To deal with it in the treatment of IT and V
we shall need an estimate for u — uy and ¢ — 1y, respectively, where |I| appears as a factor. This is done in the
following Lemma.

Lemma 2. Let e C T'® be either an edge of a triangle of 0 or an interval of Jy, and let Ij; be an interval of
7 included in e . Let g be a function in H>/?(e), and let g' be its linear interpolant on e (that is, g' € Pi(e),
and g" = g at the endpoints of e). Then the following estimate holds

(3.17) llg = g1llo.r < Clel'*|Ikllgls/2.e-

Proof. If I, is a regular interval, the result follows immediately from usual interpolation estimates [12] and (2.16),
(2.19). Indeed we have

(3.18) llg = grllo,n, < Clel*?|glaya.e < Clel'/?[1kllgls/2,e-

If instead I}, is irregular, then one of its endpoints must coincide with an endpoint of e. Setting then d = g — g7,
and choosing a coordinate system on e such that I, = (0, |I1|), and d(0) = 0, the fundamental theorem of calculus
and Cauchy-Schwarz inequality give

(3.19) d(s) = / (b dt < 51/2(/S(d’(t))2 i)/,
From (3.19) we then have

IdI2, = A" @(s)ds < [ s (@ (1) dt) ds

(3.20)
I I
< Ll J)™ A @ ()2 dt) ds = | T2 dI2,
so that
(3.21) llg — grllo,re < k|lg —g1li,1,-

Finally, the result follows from (3.21) and interpolation estimates [12]

(3.22) lg = grli,n, <lg —grli.e <Cle'?|gl3/a.0-

O

Lemma 2 is the crucial step where we could not avoid the assumption (2.16), at least in the present line of proof.
Indeed, for intervals |Ij,| which are away from the endpoints of e, we cannot estimate ||g — gr||o,1, better than
le|?|Ix|'/?, even using a W2 regularity for g (which, in the applications, will be either u or 1.) This is not
enough to compensate for the |I;|~! term in (3.14), unless |e| is bounded in terms of |Ij|. The use of a higher
regularity for g and/or a nonlinear bound of |e| in terms of |I| would strongly increase the ugliness of the paper
without seriously improving the quality of the results. An ideal result would be to derive optimal error bounds
without assuming any relationship between %IE and Z, but we did not succeed so far. In view of this, from
now on we shall use (2.16) whenever this can simplify the proofs, even when it is not strictly necessary.

The combined use of Lemma 1 and Lemma 2 allows us to prove the following Lemma 3 and Corollary 1, which
provide the basic instruments for estimating the terms IT and V, respectively.

Lemma 3. Let T be a boundary triangle of 7,7 with a boundary edge T', and let Ij, be an interval of 7\ included
inT'. Then

(3.23) | [ (A= An)(u—ur)ds| < C(h3|N1y2,0, + hrllu — unll,7)luls,r,
Iy

where (u, \,v) is the solution of (1.2), (un,An,¥n) that of (2.23), and ur is the linear interpolant of u.
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Proof. Using Cauchy-Schwarz inequality, the triangle inequality, the interpolation estimate (3.12) and then (3.14)
and (3.17) with g = u we easily deduce

| [7, A = An) (v — ur) ds| < [|IX = Anllo,r | |u — urllo,z,

< (1A = Allo,ne + A = Anllo,r) [ = wrllo,n,

(3.24) -
< (CIIk*2| A1 2,1, + [IX = Anllo.r) u = wrllo,z,
< CUY2 N2, + b2 Tl =M = wnll ) | ] fuls o7,
and the result follows immediately from (2.10) and |Ij,| < Chr. O

With similar arguments we can prove the following result.

Corollary 1. In the same hypotheses of Lemma 3 we have
(3.25) [ O = X @ =) ds| < CUL Nl o, + gl [l = wnlly o)Vl 2,1,
Iy

where (u, A, ) is the solution of (1.2), (un, An,¥n) that of (2.23), I, is the interval € Fy such that I, C I, and
1 is the linear interpolant of v .

Proof. The proof mimics exactly that of Lemma 3 with v = ¢, ur = ¢r. O

We have now all the necessary instruments to estimate the pieces (3.2)-(3.5). To simplify the following notation,
we set, for s=1,N

(326) El%,,s = ||U’ - uh”%,Qs; E%,s = ZTCQS h%"|u|%,T

s

We can now estimate the different pieces in (3.2)-(3.3)-(3.4)-(3.5). We begin with (3.2):

I =% as(u—upu—ur) (use (2.5))
SMZSHU_U’hHLQS U_U,IHLQS (C—S)
(3.28)
< M, llu = unllf 0o)2 (32, llu — urlf o)/ (use (3.26) and (3.27))

= MEyEr,

where, as well as in the following, C-S indicates the use of Cauchy-Schwarz inequality. We now estimate (3.3). We
recall that (2.16) implies that for every triangle T in .77 having an edge T" in I'* there are only a finite number
of subintervals I}, of 7% contained in T". Then:

II =Zs<x\—/\h,u1—u>s

=3 2Tk flk (A= Ap)(uy —u)dl (use (3.23) and (2.12))
(3.29) <O (b3l A j2,m + hrllu — uplly, 1) |ul2 (use (1.3) and (2.9))
< O, Cr(hiluler + hrllu — unllyr)lul2r (C-S)

< C(E? + ELEy)

The estimate of (3.4) is also simple, provided that we introduce the following notation. For every s, and for every
I, in T'* we denote by T a generic triangle (not necessarily in 7,° but respecting the minimum angle condition)
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belonging to ° and having I, as an edge. Then,
IIT =3, <X=An,u—up >,

=32, JAA=Ar)(u —up)dl ((3.9) and duality)

<> ZLp A= ArllZ1j2,1, |0 — unliyo 1, (use (3.11) and (2.8))
(3.30)

<0y, ZIw [Tyl 2,1, lw — unli T, (use (2.9) and C-S)

< C X (X hrlul2 )2 u = un|10- (C-5)

< CEE},.

The term I'V would be a potential source of major difficulties, as it requires in principle an estimate of ) — vy, in
terms of u — up. Our choice of A7, however, makes it vanish thanks to (3.13):

(3.31) V=3 <X =\, =ty >, =0.

Before estimating V we need further notation. For every triangle T in 7,7, we define I, (T) as the union of the
intervals Iy, in .7, which intersect 0T on a set of nonzero length. Note that there are only a finite number of
them, depending only on the constant 1 in (2.16). We also denote by T} any triangle (with the minimum angle
property) in Q° having I,,(T') as an edge. Then the estimate of the last piece proceeds as follows.

14 :Zs</\_)\haw_wl>s

=2 7 2w Jr, (A= A) (¥ — ¢r) dT (use (3.25))
5 <O, S S (L2 M og, + b2l = unlls o) L2 |l5jo,r,  (use (212) and (2.16))
| <O Y, Yr (W Mo, + herllw = wnlls o) [¥l3 /2,1, (1) (use (2.9) and (2.10))
< C Y (b luler + hrllu = upllyr)lule,r, (C-S)

< C(E} + EyEy).
We can now collect equations (3.2)-(3.5) and the estimates (3.28)- (3.32), thus obtaining
(3.33) a |us —ujfi oo < C(Ef + ErEy).
The final estimate would then be achieved if we could bound the term Ej = 7 ||u — us|[} . appearing in the
right-hand side of (3.33) in terms of the left-hand side. For this we need the following lemma.
Lemma 4. If (u,\,v¢) and (up, An,¥r) are the solutions of (1.2) and (2.23) respectively, then

(3.34) Yol —unlff . <O Ju—unli g
8 8
Proof. For each s, let g5 be defined as
(3.35) 00 = ([ (=) da)/j0v,
and let g be the piecewise constant function defined on €2 by gjq- = ¢s. Then set
(3.36) w=u—uy—q.
Since w has zero mean value in each Q° we easily have
(3.37) Yol <CY lwlig=CY Ju—uplf g

Let now x € Hi(2) N H*(Q) be the solution of —Ax = ¢ in ; set 7 = Vy and set, for every s = 1, N,

ne = 52‘ re = T Ts|rs- We consider now a new, artificial triangulation in each Q° that agrees with 7 on

I'* and has maximum diameter smaller than or equal to h (plus, clearly, the usual minimum angle condition).
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Note that, in this way, we obtain a compatible decomposition of the whole . Let now 7! be the lowest order
Raviart-Thomas interpolant of 7 (see e.g. [6]). We have

(3.38) 7 lsrgaiviey < Clirllia < Cllxllag < Clllog:
We notice that, for each s, if uf§ is the interpolant of p} defined as in (3.9), then
(3.39) g =11 ngr..
With classical arguments we have then
lallie == JoAxade = =32, Jo. Axgs dow = =32, Jro 1305 dT = =32, Jp. pnjgs dU
(3.40) = =2 Jro #3(gs +w)dT + 32, [r pjwdl = = 3 [r, pi(u—up) dl + 32, [, piwdD

== Jre 13 = Pn) dT + 3°, [ pjwdl.
The first term in the last line of (3.40) vanishes thanks to (3.13), and the second can be bounded as follows

Yoo fre pjwdl =3 [T nawdl =3 (o, diviiwdx + [, 7" Vwdx)

<N rraioy (2, ] )" < Cllalloe (3, [1wllf 0:)*/?,
where, in the first step, we used (3.39), and in the last step we used (3.38). Hence, from (3.40),(3.41) and (3.37),

(3.41)

(3.42) lallo.o < CQ_ Hwlli @)'? < OO |u— unli )/?.

Since S S

(3.43) Dol —unlffgr =D [lw+dllf o = D (llwllf o0 + llalf5 00)s

using (3.42) in (3.43) we have the result . O

From (3.33) and (3.34) we deduce the first convergence theorem.

Theorem 1. Let (u, \,v) and (up, An,n) be the solutions of (1.2) and (2.23) respectively. Then the following
estimate holds

(3.44) Ep=()_|llu—usll} q.)"/? < CE; < Chlulz.
8

We are now able to prove a convergence result in L?(Q) for the u variable.

Theorem 2. Let (u, \,v) and (up, An,1n) be the solutions of (1.2) and (2.23) respectively. Then the following
estimate holds

— —2
(3.45) ||U, — uh||07Q < ChEr <Ch |U,|27Q.

Proof. Let w € HJ(2) N H2(Q) be the solution of the adjoint problem of (2.1) A*w = u — uy, in Q. Let, for
every s = 1, N, wj € V7 be the piecewise linear interpolant of w, so that interpolation estimate (3.6) holds, and
let w; € @5 be the piecewise linear interpolant of w on ¥, for which interpolation estimate (3.8) holds. Then,
integrating by parts, inserting wf, using (3.1 i), and inserting w; we get

||u—uh||(2),9 =< u—up, A*w >= -3 <u—uh,§Twa >+ >, as(u — up,w)
, =T+, as(u—up,w—wi)+Y , as(u—up,wi) =T+IT+Y <=, wi >,
40 =THIT+Y, < A=A wi—w >+ < A= Xp,w =Wy >5+ 3 < A=Ay, Wy >
=I+I1T+IIT+1IV+YV.

The term I will be estimated later on. To estimate IT we proceed as for (3.28) and use continuous dependence
of w on u —up, and (3.44). Thus,

(3.47) 1T < Chlwl2 (Y llu — unll? g:)'/> < CREW|u — unljo,o-
el
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The term V' vanishes thanks to (3.1 iii), while I1] and I'V can be treated exactly as (3.29) and (3.32) respectively:
Ir, 1V < C 3, g (hlule,r + hrllu = upll.r)lwlz,r

(3.48) < C Y, Yp(brlulzr + [|lu— usllr,7)hlw]2T

< C(Ef + B)'/? hlw|z,0 < ChEf||lu — ug|lo,0-
It remains to estimate the term I. For that, set, for every s =1, N, p* = E?Twws

defined as in (3.9). Inserting uf, using (3.1 ii), (3.13), (3.11), and (2.8) we have
I ==Y, <u—uppi—pf>s =2, <uU—up pf >s

. Let 7 be the interpolant of u

=2 U UR g — B > = 2 <Y = Un, pf >

(3.49)
== <u—up,py —py >s< 0 fu—uplijo sy — pgll-ij2,rs
<CY, lu—unlo:hlptli 2 < ChEplwlao < ChEL||lu — uglo,o-
Finally, using (3.47)-(3.49) in (3.46) we conclude. O

So far, we have obtained optimal error estimates for the variable u. In a sense, this might be considered as
sufficient, in order to assess the accuracy of the three-field formulation. However, it might be interesting to see if
similar error estimates could be proved for the other two variables A and . In the sequel we are going to present
some of those error estimates, restraining ourselves, for the sake of simplicity, to the ones whose proof is more
elementary. In particular we shall obtain optimal error estimates for both ¢ and X in the weighted L?-norms

(3.50) llellls, = O ol llellf )"
Iy

and

(3.51) Nelles = OO0 D el llullg n)'?
s k

In order to make the following exposition more fluent, we anticipate the following technical fact, whose proof is
totally elementary and will therefore be left to the reader. Assume that I is an interval, p a real number with
0 < p < 1, and I, a subinterval having length |I,| > p|I|. Let m, be the midpoint of I,. Then, for every p,
polynomial of degree < 1 that does not change sign in I, we have
2 3p° 2
(3.52) plm)p(t) de = 1,1 (mg) > =2 [ p2(t)dr.
I, T
We can now prove the following Inf-Sup condition for the spaces M} and ®r.

Lemma 5. Let s be fivzed. Assume that the interval I, € 'Zlfu“s contains at least two regular intervals Iy € J.
Then, for every @i € @5, not identically zero on Iy, there exists a uj € M}, not identically zero on Iy, such that

3p2 .
(35 ilf, = [ on 0 > 2229 2l gl o
»
where
. Bh
(3.54) Pmin = mln{m, Iy C yw\rs}a

and 3 is defined in (2.18).

Proof. As yy, is not identically zero, there exists at least one regular interval I where ¢, does not change sign.
Let m be the midpoint of this Iy, and set uj = ¢n(m) in I, pj = 0 in the rest of I,,. We have then

(3.55) /1 pison dT = |3 |15 1,
P
On the other hand, using (3.52) we also have
s 3p?nzn 2
(3.56) | wondr > 22y
P

as the regularity of I implies |Ix| > Bh > pmin|Ly|- Now, (3.55)-(3.56) give (3.53). O
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We can now prove our convergence theorem for the variable ).

Theorem 3. Let (u, A\, ¥) and (up, Ap,1n) be the solutions of (1.2) and (2.23) respectively, and assume that for
all s =1, N each interval I, € ‘Zﬁ\rs contains at least two reqular intervals Ix € Fy°. Then the following estimate
holds

— —2
(3.57) ¢ = ¢nllls, = O >yl Il = vullg 1) < ChE; < Chul2.0.

s I,j,

Proof. . Let 11 be the interpolant of ¢ as in (3.7), and use, in every I;, Lemma 5 with ¢ = ¢, — 7. We obtain

3 ?mn s
(3.58) |[¢pnbﬂ i (hn = r) dD = (FE2E) 21 2 g, — o, [l o.r,
P
On the other hand,
639 I [ = =11 [ i vy a 102 [ @ —endr =1+ 1
P P P

In order to bound the first term, we set as in (3.30) T, a triangle in Q° having I, as an edge, and we apply (2.11)
in Ty,. We obtain

I =1V [, b (b — ) dT = |2 f; i (= w) dT < [T 2o,z [lun = ullo.g,
(3.60)
< CIL V2 i lour, (Lo~ lu = unll§ 7, + = unllor, [|u — unllz, )
The second term in (3.59) is easily bounded using (3.8) and (2.10) as
(3.61) 11 < Cllugllory 11 P13 /2,1, < Cllullo.r, [Ts)?|ul2.r,

Inserting (3.60)-(3.61) in (3.59) and then in (3.58) and taking the square gives, on the intervals I, where 1), — 1
does not vanish identically:

(3.62) \Lylllen = 1ll3.1, < Cllu—unlld 1, + 1 Iplllw = unlloz, llu = unllyy + Lp|*ul3 1,)-
Summation of (3.62) gives, using (3.44) and (3.45)
—2
(3.63) Yo Mulllvn —illg s, < Ch°E}
S I¢.
and the result follows by (3.8) and the triangle inequality. O

Remark 3. We notice that the additional assumption required on 9\ for proving the error bound (3.57) is not
difficult to realize in practice. Indeed, one can start by defining 7 as in (2.17). If there is an I that does
not contain two reqular intervals of 7, we just add a node to 7,7, by splitting in two equal parts the longest I
contained in Iy.

Remark 4. The norm (3.50) used in estimate (3.57) is clearly weaker than the norm in L*(X). However it is
optimal, compared with the regularity assumptions on the solution. In particular, using (2.16) and (3.57) one can
easily deduce

—3/2
(3.64) 1% = Ynllos < CFJulag
for quasi-uniform meshes.

As far as the A variable is concerned, we already had in (3.15) that

(3.65) M = M < Che 2|1 722 lu — w17

for every I, C 7 (s=1,N), where T is the triangle in 7,7 having I as part of its boundary. If I} is regular, this
implies

(3.66) M= Xin < Okl u = upl |7

We would like to prove that (3.66) is essentially true for irregular intervals as well. Assume therefore that I, is
irregular. We need some notation. Let () be the endpoint of I}, that is a vertex of 7,7 (there must be one). Let
T be the triangle of .7,° having I, C 0T. Let P and R be the boundary vertices in .7, sharing a triangle with Q.
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P P " R R

FIGURE 2

Let Q' be the other endpoint of I;, and assume, to fix ideas, that Q' € QR. As it will be the worst case, we also
assume that there exist two other points, P’ € PQ and R’ € QR such that PP’ and RR’ are irregular intervals of
7. See Fig. 2. Let now vy, be a function in V}® (hence, piecewise linear on .7,7) such that v, (Q) =1 and v, =0
at the other vertices, and K=supp(vy). In the case of Fig. 2, K will be the union of the three triangles.

We are ready. Splitting the integral in five pieces we have

! ~ R P’ R’ R
| [§ O = XNwndl| =] [4-dl — [} -dD— [ -dl — [5-dD — [ -dr|
(3.67)
<|I| + |II| + |ITI] + |IV|+ +|V]

and we bound separately the five pieces. To start with, we remark that 771 and IV are made of regular integrals.
Therefore from (3.66) we have immediately

(3.68) [IIT] + [IV] < Cllu — usl1.k,
as |vp| < 1. On the other hand, using elementary calculus and then (3.65) we have
~ P+ P ~ PP'|)?
(3.69) |[I|=|/\h—/\|ppl '|PPI|-’Uh( )=|/\h—/\|Ppr- (| |) SCHU_UILHLK-

2|PQ)|
The term V is then estimated in an identical way
(3.70) VI < Cllu—unll,x-

so that we have only to deal with I. Adding and subtracting A, using (3.12), (3.1,i), (2.9) and estimating the
norms of vy, (that is ||vs|lo.pr < Ch'/? and ||vp||1.x < C) we obtain:

s JEOw = Nondl = [ = Nop dl + [ (A = Nop dD < ChY2\ M|y jo.pr |[vallo,pr + a(u — un, o)
3.71
< Chlula,x + M|lu—up|likl|vnlli,x < C(hlule,x + [Ju—un|li x)-

Summing all the five contributions from (3.68), (3.70), (3.69) and (3.71) we have

Q' -
(3.72) |/ (A — Nop dL| < C(hlu|2,x + ||u — unl|1,k)-
Q
On the other hand, the same integral can be estimated from below:

| [S O = Mo dl] = As = Ay, - 1QQ'] - v (F52) = [\ = Ny, - [QQ) - 22810
(3.73)
> ClIk| [An = Al
Comparing (3.72) and (3.73) we conclude with the following theorem.
Theorem 4. Let (u, \, V) and (un, Ay, ¥p) be the solutions of (1.2) and (2.23) respectively, and let X be defined
by (3.10). For all s=1,N let I}, be an interval in 77, and let K be the union of those triangles of 7, that have
at least one point in common with I,. We have

(3.74) A= A, < O (Blule,k + |[u = unl]y, ).

From (3.74), the previous error estimate (3.44), the interpolation estimate (3.12) and the triangle inequality we
have then the final error estimate for A, in the norm (3.51).

Theorem 5. Let (u, \,) and (un, An,¥n) be the solutions of (1.2) and (2.23) respectively. We have
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(3.75) 1A = Malllss = Q0 Y 1TklIA = Anllg 1,)"? < CEr < Chluls,q.
s k

4. NUMERICAL CONSIDERATIONS

In this Section we shall address a certain number of numerical considerations, in order to cast some light on
different issues, like the actual implementation of the procedure and its expected numerical performances. To
present a full set of numerical experiments (that might show the accuracy and stability of the method, the quality
of the preconditioners that can be used, and the overall performance in terms of accuracy versus computer time
in different typical situations of industrial interest) is far beyond the scopes of this paper.

On the other hand, since a full numerical evidence in support of the present approach is presently lacking, it
is worth spending a few comments in order to explain the reasons why we believe in its potential.

We then go back to the stabilized problem (2.23), that we report here for the convenience of the reader:

find up, € V¥, A € My and b, € &,  such that

(4.1) i) as(u?uv)_ <ALL,v > = (f,v)s Vo € 17/5 Vs
i) < pfuf > =< us i >, Vu® € Mj Vs
ii) Yo, <AL, > =0 Y € &y,

First of all, we note that the formulation (4.1) does not seem to be very well suited for a global solution, as one
would have by applying an iterative algorithm (conjugate gradient, GMRES, etc) to the whole system. Even the
procedure that eliminates the bubbles and the Lagrange multipliers Aj (that we are going to describe in detail
in the sequel) will not produce a system which is well suited for that. On the other hand, in most cases, this is
not the preferred way for solving a domain decomposition problem. Looking at (4.1) it is clear that, for fixed
Y, the first two equations can be solved independently and in parallel. We can therefore consider the mapping
I = (S, S) that associates to the pair (f,4y,) the solution (up, Ag) of the first two equations of (4.1). With
this notation, problem (4.1) can be written as:

(4.2) find ¢, € ®;, such that S <A ), 0 >=0, Vo€ By

It is clear that in (4.2) a crucial role is played by the linear operator Sy, from @}, to its dual space, defined by:

(4.3) < Sh(n), 0 >=Y_ < A0, ¢n), ¢ >,

which is commonly called Schur complement, and whose spectral properties have a paramount relevance in solving
(4.2) by iterative methods. It is easy to see that Sy is the discretization of a pseudo-differential operator S, of
order 1, on ¥;. In order to precondition (4.2) one has to find a cheaply computable operator that could be
regarded as an approximation of S~!. Several choices for that are found in the literature. For instance one could
solve local Neumann problems (not necessarily related to the actual form of the operator A or to the 7 grids)
in order to get an approximation of the local Steklov-Poincaré operators. Or one can define a sort of H'/2 inner
product on @4, and invert the associated linear operator. We refer to the survey [11], and to the impressive set
of proceedings of the various meetings on Domain Decomposition Methods, whose last volume is [4]. Tt is clear,
however, that in doing that the task is made much easier if the grid on Xj is uniform. For instance one could use
fast solvers for the local Neumann problems, or find easy expressions for the H'/2 inner product, and so on. This
is the main reason why we believe that an approach allowing the use of a uniform grid on ¥; (independently of
the grids that are used in the subdomains) is worth investigating.

Let us now discuss the actual computation of the operator .#,, and in particular the solution of the local
problems in each Q2. For this, we concentrate on a single domain. We assume v, to be given, and we see how
to compute the corresponding uj and Aj. For the sake of simplicity, we might drop at this point the superscript
s, as the same identical procedure will be applied, in parallel, in each subdomain. With an abuse of notation, we
are also going to call  (instead of Q°) the current subdomain, and so on. No confusion should arise. With this
simplified notation the local problem becomes:

given ¢, on 012, find uy € Ith and )\, € M;  such that
(4.4) i) a(up,v)— < Ap,v > = (f,v) Yo eV,
i) < p,up > =< mn> V€ My,
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where M}, is made of piecewise constants on 9, and ‘711 is obtained as the sum of piecewise linear functions on
I, (that we will denote by V7,,) and the space of boundary bubbles Bj. Accordingly, u;, will be written as

(4.5) up(z) = ur(x +Zu3bk

From the second equation of (4.4), by taking u as the characterlstlc function of an interval I of 7, we obtain:

(4.6) ub, = < 8 Ypds — /Ik uLds> //Ik brds.

We remark that both uy and ), are linear in each [}, so that, indicating by my the midpoint of I}, and setting

(4.7) vl = brds,
Iy,

we immediately obtain from (4.6) that

(4.8) uly = (n(mr) — ur (mi))| x|/ i
We can now use the first equation of (4.4), with v = b, in order to express A as a function of the other variables:
(4.9) Mo = (aur, br) + u alby, be) = (f,bx)) /7i-

Assume now, for simplicity, that in (2.2) we have ap = 0, and that the other coefficients a;; are piecewise
constants. Assume also that the right-hand side f is piecewise constant. The last two assumptions are not
really restrictive, as in most cases both a; ; and f are approximated anyhow by piecewise constants in the actual
implementation. The first assumption, on ag, is more restrictive, but, as we shall see, is there only to have a nicer
final formula, and a piecewise constant ag could also be taken very easily into account. We remark now that,
integrating by parts, for every vy, € Vg and for every k we have:

(410) a(vL,bk) = a(bk,vL) = . ana = ana’yl‘”

where clearly dvr, /On,, is the conormal derivative of vz, with respect to the bilinear form a, as given in (2.3). We
also set:

(4.11) WkT:/ brdz, Y = a(bg, br),
T

so that (4.9) becomes

k
(4.12) e = Ly —(UBW’“ fete)

on, o
With some manipulations, using (4.8) and (4.10), we obtain
6vL
4.13 a uks by, v :/ —u ds.
(4.13) (; Bbe,vr) BQ(% ) o

Taking now the first equation of (4.4) for v = v, using (4.8) (4.12) and (4.10), we obtain with easy computations
that

( )— < WL o _ oy, L
a\ur,,vr,)— ur,, — — vy,
9 76na 78

<| Ij") Vi wr(mg)or (me) =
(fior) = 225 fi (% |ka|>UL( k)= <¢h,3 <|I’}|> Y& b (o ().

Equation (4.14) can be further simplified. In particular, if vy, is a basis function having value 1 at a boundary
node and 0 at the other nodes of .7, and if f is piecewise constant on .7, using (2.20) we rather easily get:

T
(415) ka (M) ka&’l}[l mk /fUde
k Tk

where the last integral is made over the triangles havmg an edge on 0. By linearity, the formula will then hold
for every vy vanishing at all internal nodes. Hence, we can also consider the new scalar product, defined for
piecewise linear functions uy, and vy, as

I 2
(4.16) < ur,vy, >pi= E <|7—I;|> Y ur(my)vr (myg),
k k

(4.14)
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1 2 3 4 5 6  log(e7D)
FI1GURE 3
and, in agreement with (4.15),
(17) (fo)e =5 [ Fopde,

where the integral is extended over the elements having an edge on 92, and v} is obtained from vy, by setting all
the values at internal nodes equal to zero. Equation (4.14) becomes now

8 (0 Bu
a(ur,vp)— < up, 57— > — <V, 7— >+ <UL,V >p=

ong, on,
(4.18) vy
(f,ve) = (fivr)«— <¢h, >+<¢h,vL >n Vur, € V.

The nature of the resulting local problem should now be clear. We remark first that the method we obtained by
adding and eliminating bubbles is very close to the Nitsche’s method [17], which roughly corresponds to

Ovy, Our, o
a(ur,vr)— <ur, — > — < ’UL,— > 4+— < up,vp, >=
(f,vL)— <¢h,a >+h<¢h,vL> Vvp € Vi,

and whose implementation is immediate. In (4.19) « is a suitable constant which has to be > ap depending on
the minimum angle of the triangles. We also point out that, for reasonably smooth f, the term (f,vr,)«, which
appears in (4.18) and not in (4.19), will actually be negligible (but in any case is easy to compute). On the other

Q@ . .
hand the terms > < urp,vr > and < ur, vy >p compare very well in terms of powers of h. The effect of having

smaller intervals I}, or even irregular intervals, should correspond, roughly speaking, to choose a local value for &
which is bigger than necessary. In these circumstances, both (4.18) and (4.19) exhibit, in practical computations,
the typical behavior of penalty methods, as depicted in Fig. 3: for smaller and smaller values of the penalty
parameter €, the relative error stabilizes to a value which is slightly bigger that the optimal one (corresponding,
in general, to € ~ h) that is well within the bounds of optimality (in terms of powers of h.) For this reason, we
believe that our assumptions on the grids, and in particular the quasi-uniformity of .7, on the boundary and the
comparability of the two grids 7, and Jy, are rather technical assumptions, and do not correspond to an actual
weakness of the method.

Finally, we want to point out that, in the spirit of [1], one could think of changing the shape of the bubbles by, so
that the actual computation of the coefficients appearing in the final reduced system become easier. Essentially,
within certain limitations, one might prescribe the value of the coefficients and use them in the computation, just
knowing that there exist bubbles (still providing optimal error bounds) that will produce, after elimination, the
prescribed coefficients. The actual shape of these virtual bubbles does not need to be known explicitly, as only
the final coefficients enter the computation. These matters are currently under investigation.
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