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VIRTUAL ELEMENT METHODS FOR GENERAL SECOND ORDER
ELLIPTIC PROBLEMS ON POLYGONAL MESHES

L. BEIRAO DA VEIGA, F. BREZZI, L.D. MARINI, AND A. RUSSO

ABSTRACT. We consider the discretization of a boundary value problem for a general linear
second-order elliptic operator with smooth coefficients using the Virtual Element approach. As
in [59] the problem is supposed to have a unique solution, but the associated bilinear form is not
supposed to be coercive. Contrary to what was previously done for Virtual Element Methods (as
for instance in [9]), we use here, in a systematic way, the L2-projection operators as designed in
[1]. In particular, the present method does not reduce to the original Virtual Element Method
of [9] for simpler problems as the classical Laplace operator (apart from the lowest order cases).
Numerical experiments show the accuracy and the robustness of the method, and they show
as well that a simple-minded extension of the method in [9] to the case of variable coefficients
produces, in general, sub-optimal results.

1. INTRODUCTION

The aim of this paper is to design and analyze the use of Virtual Element Methods (in short,
VEM) for the approximate solution of general linear second order elliptic problems in two di-
mensions. In particular we shall deal with diffusion-convection-reaction problems with variable
coefficients.

For the simpler case of Laplace operator in two dimensions the Virtual Element Method in the
primal form (see [9]) could be seen essentially as a re-formulation (in a simpler, more elegant and
easier to analyze manner) of the Mimetic Finite Difference method as presented in [23] for the
lowest order case, and extended to arbitrary order in [15].

Actually, in more recent times both Mimetic Finite Differences and Virtual Element Methods
have been growing very fast, allowing a much wider type of discretizations (arbitrary degree, arbi-
trary continuity, nonconforming or discontinuous variants) as well as different types of applications.
See in particular, for Mimetic Finite Differences, [3], [13], [14], [17], [24], [26], [27], [25], and mostly
[16], [49] (and the references therein), and [1], [2], [19], [10], [11], [18], [28], [29], [45], [46], [50], [53],
[64] for Virtual Elements.

We point out, on the other hand, that the use of polygonal and polyhedral meshes for the ap-
proximate solution of Partial Differential Equations, but also for several other branches of Scientific
Computing, is surely not reduced to Mimetic Finite Differences or Virtual Element Methods. In-
deed, polygonal (and then polyhedral) decompositions have already a long story, and often are
based on approaches that are substantially different from MFDs or VEMs. We recall for instance
], 5], (6], [7], [8], [20], [21], [31], [34], [38], [41], [42], [43), [44] [47], (48], [51], [52], [58], [57], [60),
[61], [62], [63], [65], [66], [67], [70].

Most of these methods use trial and test functions of a rather complicate nature, that often could
be computed (and integrated) only in some approximate way. The same is (even more) true for
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Virtual Element Methods where trial and test functions are solutions of PDE problems inside each
element. However, these local problems are not solved, not even in an approximate way, and the
general idea is (roughly speaking) to try to compute ezactly the values of the local (stiffness) bilinear
form when one of the two entries is of polynomial type, and then stabilize the rest, in a rather brutal
way. Keeping this in mind, it is clear that for Virtual Element Methods the extension from the
constant coefficients to the variable ones is less trivial than for other methods, and in particular,
simple minded approaches to variable coefficients can lead to a loss of optimality, especially for
higher order methods, as we show with numerical evidence at the end of this paper.

In more recent times several other methods for polygonal decompositions have been introduced
in which the trial and test functions are pairs of polynomial (instead of a single non-polynomial
function). See [22], [30], [31], [32], , [33], [35], [36], [37], [39], [55], [54], [56], [68], [69]. Though
different, these methods surely have many points in common with each other, and with Virtual
Element Methods. The main difference is that in the Virtual Element Methods we have indeed, on
each element, both boundary and internal degrees of freedom, but they refer to the same function
(as it is normal for traditional Finite Element Methods), that however is not a polynomial, while
in these other methods we have two different functions that are both polynomials.

However we could consider that the internal degrees of freedom refer to a different (polynomial)
function, that has the same moments as the VEM one (as it is done for instance in Mimetic Finite
Differences, where the degrees of freedom are treated more as co-chains rather than values attached
to a specific function). In this respect, the relationships among all these methods definitely deserves
a deeper analysis.

The most recent Virtual Element approach (already hinted in [1] for dealing with Laplace op-
erator in three dimensions and later extended to mixed formulations in [11]) consists in a tricky
way to make the L2-projection operator computable in an exact way starting from the degrees of
freedom, with the idea to use, as often as possible, the L?-projection of test and trial functions in
place of the functions themselves.

A question that often arises when presenting Virtual Element approximations is: ”Since the
approximate solution is not explicitly known inside the elements, how can it be represented? And/or
how can we compute its value at points of interest that are internal to elements?” What we suggest
is simply to use the L?—projection of the VEM-solution onto piecewise polynomials of degree k. In
Section 6 we provide numerical results showing the general behavior of the error, and also the error
in some internal point following this path.

An outline of the paper is as follows. After stating the problem and its formal adjoint in Section
2, we recall in Section 3 the variational formulation. Then, in Section 4 we introduce the Virtual
Element approximation. Section 5 is devoted to prove optimal error estimates in H' and in L2,
given in Theorem 5.10 and Theorem 5.12, respectively. Finally, numerical results are presented in
Section 6.

Throughout the paper we will use the standard notation (-, -) or (-, -)o to indicate the L? scalar
product. Whenever confusion may arise, we will underline the domain explicitly; for instance
(-, *)o,r will denote the L?(E) scalar product on a generic polygon E. For every geometrical object
O and for every integer k > —1 we denote by Pr(O) the set of polynomials of degree < k on O,
with P_1(O) = {0}, as usual. Whenever no confusion may arise, we will simply use P, without
declaring explicitly the domain.
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2. THE PROBLEM AND THE ADJOINT PROBLEM

Let © € R? be a bounded convex polygonal domain with boundary T, let x and v be smooth
functions 2 — R with k(x) > ko > 0 for all x € €2, and let b be a smooth vector valued function
Q — R2. In the sequel Fmax; Ymax a0d bmax will denote the (L°°—like) norm of the coefficients
K,7, b, respectively.

Assume that the problem
51 Lp:=div(—k(x)Vp + b(x)p) +v(x)p = f(x) in
(2.1) p=0 onT

is solvable for any f € H~1(Q), and that the estimates

(2.2) Pl < Cllfll-1.0
and
(2.3) Ipll2.2 < Cll fllo.o

hold with a constant C' independent of f. We point out that these assumptions imply, among other
things, that existence and uniqueness hold, as well, for the (formal) adjoint operator £* given by

(2.4) L£p = div(—k(x)Vp) — b(x) - Vp + v(x) p.
Moreover, for every g € L%(Q) there exists a unique ¢ € H2(Q) N H}(Q) such that £*¢ = g, and
(2.5) lellz0 < Cligllo.e

for a constant C* independent of g. As we shall see, the 2-regularity (2.3) and (2.5) is not strictly
necessary in order to get the results of the present work, and an s-regularity with s > 1 would be
sufficient. Here however we are not interested in minimizing the regularity assumptions.

We also point out that the choice of having a scalar diffusion coefficient was done just for
simplicity. Having a full diffusion tensor would not change the analysis in a substantial way.
Actually, in the numerical results presented in Section 6 a full tensor is used.

3. VARIATIONAL FORMULATION

Set:
(3.1) a(p, q) ::/QWp-quw, b(p,q) ::*/Qp(b-Vq)dxv c(p,q) ::/ﬂqudx
and define
(3.2) B(p,q) == a(p,q) + b(p, q) + c(p, ).

The variational formulation of problem (2.1) is
Find p € Hj(Q) such that
B(p,q) = (f.a) Ya € Hg(%).

Remark 3.1. Tt is immediate to check that our assumptions on the coefficients imply that the
bilinear form B(,-) verifies

(34) B(p,q) < Mlpllillally, p.q€ H'(Q)

and hence

(3.3)

I2pl oy = sup ==220> g Blod)
gemy  lali gemy llalh

< M|plfs-



4 L. BEIRAO DA VEIGA, F. BREZZI, L.D. MARINI, AND A. RUSSO

Tt is also easy to check that this, together with (2.2), implies that
B(p,q)

qemy Nl

(3.5) > Cpllpli  Vp € Hy(9),

for some constant C'g > 0 independent of p. On the other hand it is also well known that (3.4) and
(3.5) imply existence and uniqueness of the solution of problem (3.3).

4. VEM APPROXIMATION

In the present section we introduce the virtual element discretization of (3.3).

4.1. The Virtual Element space. Let 7; be a decomposition of €2 into star-shaped polygons F,
and let &, be the set of edges e of Ty,.

Remark 4.1. To be precise, we assume that (i) every element E is star-shaped with respect to every
point of a disk D, of radius pPhp (where hg is the diameter of E), and (ii) that every edge e of E
has lenght |e| > pPhg. The first assumption could be relaxed in order to allow unions of star-shaped
elements and the second one could be essentially avoided; since such technical generalizations are
beyond the scope of the present work, we prefer to keep the simpler conditions stated above. When
considering a sequence of decompositions {7}, }, we will obviously assume p¥ > pg > 0 for some pg
independent of E and of the decomposition. As usual, h will denote the maximum diameter of the
elements of 7.

Following [9, 1], for every integer k > 1 and for every element E we start by defining a preliminary
local space:

(4.1) Qf(E):={qe H(E) : q. € Py(e) Ve € IE, Aq € Py(E)}.

On @Z(E) the following set of linear operators are well defined. For all ¢ € @Z(E)
(D1) the values ¢(V;) at the vertices V; of E,
and for £ > 2
(D) the edge moments fe qpr—2ds, pg—o € Pr_o(e), on each edge e of E,
(D3) the internal moments fE qpr—2dx, pr_o € Pr_o(E).
We point out that for each element E and for all k& the operators D;—Ds3 satisfy the following
property:
(4.2) {q € Pp(E)} and {D;(¢) = 0,i = 1,2,3} imply {q = 0}.

Property (4.2) implies that on each element E we can easily construct a projection operator from
OF to Py that depends only on D;—D3 and is explicitly computable starting from them. Let us see
how. Let ny be the number of vertices of F, and let

(4.3) np := nvk+k(k—1)/2

be the “cardinality” of D1—D3 (with obvious meaning). Consider the mapping from QZ(E) to R"P
defined by Dq := (D1—D3)(q), and choose a bilinear symmetric positive form G on R"? x R"P (for
instance, the Euclidean scalar product on R"?). For every ¢ € QF(FE) we define ng € Py as the
unique solution of

(4.4) G(Dg—DIl{q,D2) =0  Vz€ Py
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It is obvious that ngk = qj, for every q; € Py, and also that ng depends only on the values of
D1q, D2q, and D3q. It can be rather easily proved that every projection operator @ﬁ(E) — R0
depending only on the values of D1—-D3 can be obtained by (4.4) for a suitable choice of the bilinear
form G. Tt is also obvious that collecting all the local projection operators we can construct every
global projection operator from éﬁ to the space of piecewise Pj functions.

Here however (both for historical reasons and for convenience of computation) we will focus our
attention on a particular choice of projection operator. For this we recall from [9, 1] the definition
of the operator IIY: for any ¢ € H{(Q), the function II ¢ on each element E is a polynomial in
P (F), defined by

(4.5) (VLY q - @), Vpr)os = 0 and / (MYg—q)ds =0  Vpi € Py
oF

This operator is well defined on QQ(E) and, most important, for all g € @’,ﬁ(E) the polynomial ITY g
can be computed using only the values of the operators (D) calculated on g. This follows easily
with an integration by parts, see for instance [9].

We are now ready to introduce our local Virtual space

(46)  QL(E):={qe OL(E) - / apede = / (I q)prdz Vpi € (Pr/Pr—o(E))),
E E

where the space (Py/Pi_2(E)) denotes the polynomials in Pj(E) that are L?*(E) orthogonal to
P_2(E). The corresponding global space is:

(4.7) OF :={qe Hy(Q): qp € Q(E) VE € Tp}.
Let now IIY denote the L?— projection onto Py, defined locally, as usual, by

(4.8) (g —110g, pr)o,r =0 Vpi € Py.

For simplicity of notation, in the following we will denote by the same symbol also the L?— projec-
tion of vector valued functions onto the polynomial space [Py]?.

We note that it can be proved, see again [9, 1] that the set of linear operators (D) are a set of
degrees of freedom for the virtual space QF (E).

Clearly the degrees of freedom (D) define an interpolation operator that associates to each smooth
enough function ¢ its interpolant o € Qlfb(E) that shares with ¢ the values of the degrees of freedom.
Moreover, the virtual space QF (E) satisfies the following four properties:

e Pu(E) C QF(E) (trivial to check);

e forallq € QZ(E)7 the function Hkvq can be explicitly computed from the degrees of freedom
(D) of q (see [9, 1]);

e for all ¢ € OF(E), the function I1{g can be explicitly computed from the degrees of freedom
(D) of q (see [1]);

e for all ¢ € OF(E), the vector function II9_, Vg can be explicitly computed from the degrees
of freedom (D) of ¢ (see below).

While the second and third properties above can be found in the literature, and thus are not detailed
here, we need to spend some words on the last one. In order to compute IIY Vg, for all E € T,
we must be able to calculate

/ Vq " Pr—1 dx Vpk—l € []P)k—l(E)]Q
E
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An integration by parts, denoting by n the outward unit normal to the element boundary OF, gives

/Vq-pk—1d$=—/ qdiv(pk_1)dx+/ q(Pk-1-n)ds.
E E OF

The first term in the right hand side above clearly depends only on the moments of ¢ appearing
in (D3). The second term can also be computed since ¢ is a polynomial of degree k on each edge
and therefore gy is uniquely determined by the values of (D) and (Dz). Needless to say, all the
above properties extend in an obvious way to the global space (4.7). In particular, we point out
that, for a smooth function ¢ € H}(€), its global interpolant ¢ is in Q’fb
We end this section by showing some simple bounds on the operator IIY. Applying (4.5) for
pr = 11 ¢ we have
VIR 5.5 = (Va, VIIY ¢)o.e < | Vdllo.z IVIIY qllo,e
giving immediately
(4.9) IVILY qllo.z < [ Vallo.e-
Moreover, always from the definition (4.5),
(V(g—1Y), V(g — I 9)o.e = (Vg — 1Y q), Va)o.e < lg — Y qlre
that immediately gives
(4.10) lg =Y ql1,m < lah e
Finally, using again the definition (4.5) we have
V(g =Y )3 5 = (Vg = 1Y ¢), V(g = IRa))o,s < V(e — I} q)
giving
(4.11) IV(a — I @)llo.& < V(g —1q)lo, -
4.2. The discrete problem. We now introduce the discrete bilinear forms that will be used in the
method. Since we will mostly work on a generic element E, we will denote by a®(-,-),b¥(-,-),cF (-, ),
and BE(.,-) the restriction to E of the corresponding bilinear forms defined in (3.1)-(3.2). Let
SE(p,q) be a symmetric bilinear form on QF(F) x QF(E) that scales like a”(-,-) on the kernel of
Hkv. More precisely, we assume that 3., a” independent of h with 0 < a, < o* such that
(4.12) aa®(qn, qn) < S%(qn. qn) < a*a(qn,qn) Van € QF(E) with IT) g, = 0.
Examples on how to build the bilinear form above can be found in [9, 12]. Note that, due to the
symmetry of S¥| this implies, for all py,, g, € QF (E) with Il ps, = IIY g5, = 0,
(4.13) S (pn,an) < (ST (pn,pn) 2 (" (qn, an))"? < o (0 (pn, i) 2 (" (qn, an))' />

We can now define, on each element E € 75, and for every p, ¢ in QF (E), the local forms and loading
term:

Vq

0.E

lo.2]IV (¢ — 1))

|0,E7

af (p,q) = [E R[IIR_, Vp] - [}, Vgl dz + ST ((I = I )p, (I — 11 )q)

(4.14) b (P ) = —/E[Hiflp] b-1Y_,Vq]dz,

cP(p.q) ZZ/EV[HQAP] My_iqldz, (fn,9)e :=/EfH271qu,

By (p,q) = ay (p.q) + by, (p,q) + ¢ (p. q)-
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We just recall that, since Hkv is a projection, then
(4.15) SE(I -1 )pr, (I =11 )q) =0 Vpy € Py, Vg € QF(E),

and thus, since S¥ is symmetric, the S¥ term will vanish whenever one of the two entries of a’ (-, -)
is a polynomial in Py.
Then we set for all p,q € Qﬁ

ah(pa Q) =

and

(4.16) Bu(p,q) = an(p,q) + ba(p, ) + cn(p,q) = Y BE (p, ).
E

The approximate problem is:

Find € OF such that
(4.17) { b= =n

Bu(pn,q) = (fn,q) Vq € QF.

Remark 4.2. The bilinear forms b¥ and ¢ in (4.14) are well defined for all p,q € H'(E), as well
as the global forms b, and cj,, which are well defined on the whole Hg (). This does not hold for
aF, due to the presence of the stabilizing term S that is defined only on Qf(E)

Remark 4.3. We recall that the choice indicated in [9] would have suggested to define
(4.18) ay, (p,q) == /E%[VH;YP] (VIR g]da + SE((I = 1] )p, (I = 1Y )q).

Actually, it can be easily seen that for £ = 1 this coincides with our choice (4.14). This is not the
case for k > 2. In particular, a deeper analysis shows heavy losses in the order of convergence for
k > 3. In Section 6 we provide an example for £ = 4. On the other hand, it can be shown that if
kVp happens to be a gradient the choice (4.18) does work.

5. ERROR ESTIMATES

In the present section we derive error estimates for the proposed method.

5.1. Preliminary results. We now present some preliminary results useful in the sequel. We start
by the following approximation lemma, that mainly comes from the mesh regularity assumptions
in Remark 4.1 and standard approximation results on polygonal domains (see for instance [9, 53]).

Here and in the sequel C' will denote a generic positive constant independent of h, with different
meaning in different occurrencies, and generally depending on the coefficients of the operator £.
Whenever needed to better follow the steps of the proofs, for a smooth scalar or vector-valued
function x, we shall use Cy to denote a constant depending on » and possibly on its derivatives up
to the needed order.
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Lemma 5.1. There exists a positive constant C = C(po, k) such that, for all E in T, and all
smooth enough functions ¢ defined on E, it holds
o — T @llm,z < Ch ™|¢ls.m m,s e N, m<s<k+1,
lo =T ¢llm.p < Ch ™lelsp,  mys €N, m<s<k+1, s>1,
lo = @rllme < Chy ™eler, mseN, m<s<k+1, s>2.
We also have the following continuity lemma.
Lemma 5.2. The bilinear form By(-,-) is continuous in QF x QF that is,
(51) Bh(p: Q) S Cﬁ,b,"/”p”lHQHl p,q € QZ:
with Cyp4 a positive constant depending on k,b,~y but independent of h.

Proof. The continuity of b, and ¢y, is obvious, and actually holds on the whole Hg(£2) space. We
have

(5.2) br(p,q) < bmaxlpllolgl,  en(p:@) < ymaxlplollallo,  p.g € Hy().
The continuity of aj, is proved upon observing that, thanks to (4.13) and (4.10),
SE(UI = 1))p, (I —11Y)q)) < o fmmax|p — I pl1,elg — I ql1.6

(5.3) *
S « Kmax‘p|1,E|q|1,E-
Thus:
(54) ah(pa q) S (1 + a*)"imax‘p|1|q|1 p,q S Qﬁa
and the result follows. O

In many occasions we will need to estimate the difference between continuous and discrete bilinear
forms. This is done once and for all in the following preliminary Lemma.

Lemma 5.3. Let E € Ty, let p be a smooth function on E, and let p,q denote smooth scalar or
vector-valued functions on E. For a generic o € L*(E) (or in (L?(E))?) we define

(5.5) Ex(e) = llo — ello.z-
Then we have the estimate:
(5.6) (up, @)o.2 — (WP, 10q)0. 5 < Ex(up)EE(Q) + Ex(n)ER(P) + CuEE(P)EE(9),

where C), is a constant depending on [i.

Proof. For simplifying the notation we will set p := II)p, ¢ := [I{¢q. By adding and subtracting
terms, and by the definition of projection we have

(19, @)o,5— (1P, 9o,z = (4P, q — Do, + (P — P, 4q)o,E
= (wp — 0D, ¢ — Qo,e + (p — P, K7 — 190, E

(5.7) S S
= (up — 1P, q = Qo.5 + (p — P 4 — TG + g — 11q)o,
= (wp = 1P, q = Qo.z + (p — P, g — Q)05 — (p — P (¢ — @))o. 5
and the result follows by Cauchy-Schwarz inequality with C), = ||p]|cc- O

The following result follows immediately by a direct application of Lemma 5.3.
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Lemma 5.4. For all E € Ty, it holds
af} (p,q)—a®(p,q) < €5 (kVP)EL (V) + £ (kVQ)EL (VD)
(5.8) + CLEEHVP)EEH(Vg)
+SE((I - 1))p, (I =11 )q))  Vp,q € Qi(E),

b (p,q)—b"(p,q) < EF (b - V)5 (p) + £ (Va)Er (bp)

(5.9) - B
+ ol N(V)EE () Vp.q € HY(E),

(510) e (P a)—c"(p,q) < &5 ()€ (@) + €5 (V)€ ()
+ Cygéfl(p)fgfl(q) Vp,q € H(E).

In the next Lemma we evaluate the consistency error.
Lemma 5.5 (consistency). For all p sufficiently reqular and for all qn, € QF it holds
(5.11) B (I0p, qn) — By (Ip, an) < Crpyhplplksr,elanlle VE € T
Proof. From the definition of BF and BF we have
BF (I p, qn)—Biy (Ip. an) = a” (I, q) — af; (I, qn)

+ 0P (IRp, an) — by, (IRp, an) + P (Ip, an) — e (IRp, an)-

We first observe that when p € Py (E), then obviously we have I19 p = p, II{_,Vp = Vp, and then
by (4.15) the term containing S vanishes. Therefore, a direct application of (5.8) implies

(5.13) ay (p, an) — a” (p, qn) < €5 (RVILLp) €571 (Van),

for all g, € QF(F). The first factor in the right-hand side of (5.13) can be easily bounded by
£ (kVIp) = |wVIRp — IR, (sVIRp)|o.p < [|£VIRp — T, (5VD) 0.

(5.14) < |kVIRp — &Vpllo,s + [|£Vp — I _1 (kVD)|l0,5

< Chllij(“maxmk—&-l,E + |KVp|k-,E) < C}gh%”p”k-}-l,E,

(5.12)

and the second factor can by simply bounded by ||gp|/1,5. Thus,

(5.15) ay, (I, qn) — a®(IRp, an) < Cuhlgl|pllis,elan|

With similar arguments we have, for instance,

EETL(BIYp) < C(MEH  bpax|plisr.z + M bpler) < Cohlllplliiie,

1,B-

(5.16) 3

€5 (VIRp) < C(h max|plisr,e + REPlIE) < CyRE D ks1,e-
Consequently,
(5.17) by, (I, an) — 0% (IR, an) < Cohipllpllis,llanl e,

CE(HQP, an) — CE(Hgl% an) < C’yh%”p”k—o—l,EHq}L”l,E-
The proof follows by inserting (5.15) and (5.17) in (5.12).
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Remark 5.6. We point out that (5.11) holds for a generic g, € QF, for which only H' regularity
can be used. If for instance ¢, = gy, that is, g5, is the interpolate of a more regular function, (5.11)

can be improved. Indeed, looking e.g. at (5.13) we would have
(5.18) & ' (Var) = [Var =1 _Vaillo.e < [|Var = 11)_, Vdllo,
<|IV(ar = Do, + Vg = IL_1Vallo,s < Chlgll2,e,

and in (5.11) we would gain an extra power of h:
(5.19) B (Ip, ar) — B (M, ar) < Crp ks [pliss,slal

Before going to study the error estimates for our problem, we have to prove a final technical
Lemma.

2,E-

Lemma 5.7. For every ¢* € H(Q) there exists a g; € QF such that
(5.20) an(qr,qn) = a(q*,qn) Yan € OF.
Moreover, there exists a constant C, independent of h, such that
(5.21) hlg" = apllie + llg* — gilloe < Chllg™[l10-
Proof. We first remark that, by definition of projection, we have

(5.22) Vg —T1_1Vallo.e < IVg — VILY qllo.,

since VIIY ¢ is a (vector) polynomial of degree < k — 1. Hence, for ¢ € QF and for every integer
k>1:

(5.23) anla,0) 2 C > (I Valld o + I = 1) Valid £)) = Clal,
E
and this immediately implies that (5.20) has a unique solution, and that, using (5.4), we also have

llgilli < Cllg*|]1. In order to show the second part of (5.21) we shall use duality arguments. Let
¥ € H%(Q) N H(Q) be the solution of

(5.24) alg, ) = (¢" = g, @)oo Vg € Hy(),
and let ¢y € Qﬁ be its interpolant, for which it holds
(5.25) [ — Y1l < Chlyle < Chllg" —qrllo-

We have easily that, for every k > 0 (and obvious notation for £¥)
EN(VYr) < E(Ver) < EXV(¥r = 1)) + £°(VY) < Chlgll2 < Chllg” = gilo,

and similarly

EMrVYr) < E%(kVYr) < Crhllg” — gilo-
By recalling (4.13) and the definition of the projectors, then using standard approximation esti-
mates, we easily get

SE(I =10) gy, (I = T )4r)) < & Kmax || Vay, — VIV g5 llo, 2| Vr — VIR ¢1ll0,5
< @ Fomax| @i 1,5 VT = VIV Yl0,5
< 0 hmax @16V (1 =)o,z + IV (0 = T 9)]0,2)
< Chelq'h,eY2E.

(5.26)
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Summation on the elements and (5.25) give
(5.27) Y SPU ~1Y)g;, (I =1 )¢r)) < Chlg”lilla” = gilo.
EeTh

On the other hand, both £*(V¢;) and £*(kVq;) are just bounded by, say, Cx||g*||1. Then, using
(5.24), (5.20), and (5.8) (with (5.27) and (5.18)) we obtain

lg* — aillg = alq" — 4, ¥) = alq” — g, ¥ — ¥1) + ald” — g, 1)
(5.28) = a(q" — q, ¥ — ¥1) + an(ah. Y1) — alay, Y1)
< Celld” = aplli 1 = ¥rlli + Celld* i R llg™ = arllo,
and the result follows. O

5.2. H' Estimate. We have the following discrete stability lemma.

Lemma 5.8. The bilinear form By(-,-) satisfies the following condition (discrete counterpart of
(3.5) ): there exists an hg > 0 and a constant C'g such that, for all h < hy:

B (pn, -
(5.20) sup BB S v, € Q.

aear  llanlh
Proof. In order to prove (5.29) we follow Schatz [59]. For p, € QF, from (3.5) we have
B(pn:q*)

(5.30) 3¢* € Hy(9) such that Rram > Cgllpnll-
q 1
Thanks to Lemma 5.7, the problem
(5.31) Find ¢; € QF such that ay (g}, vs) = alq*,vy) Yo, € QF
has a unique solution, that satisfies
(5.32) lgill < Cllglls, and g - gillo < C hllg*l1.
Then,
B (ph ar,) = an(pn, qp,) + bn(pn, a4) + cn(ph, ar,)

= a(p}u q*) + bh(ph7 q;;) - b(plw q*) + Ch(pfm q;;) - C(pha q*)

+ b(ph, q") + c(pn, "
(5.33) ( )+ el )

= B(pn,q") + bu(pn: a5) = b(pn, a*) + cn(pn, @) — c(pnsa")
= B(pn,q") + b(pn, @ — 4°) + ba(pn. ai) — b(pn, a5)
+en(Pns ah — 47) + en(pny ) — c(pn, q*)-

From (5.32) and (5.2) we have

(5.34) ch(Phy @y — 47) < Ymaxhllprllolla (|1,

while an integration by parts and again (5.32) yield

b(pn,aqy, —q") = — /Qphb V(g —q")dr = /ﬂdiv(bph) (¢p —q")dx

< ||div(bpa)llo Allg* [l < CLllpnll Alla* |-

(5.35)
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Moreover from (5.9) with p = pp, ¢ = ¢},
b (Ph, 1) — b(pn, @) < E¥7 (b - Vi) EXHpn) + 1 (Vayy) €5 (bpy)

+CpE N (Vay) €5 (pn)
= |Ib- Vg — Hg—l(b “Vai)lollpn — Hi_lphllo

(5.36) + Vg, = I1_, Vg |lol[bpr — 11 (bpa) o
+Cb|Vaj, — 11 Vajllollpn — T1_1pllo
<|b-Vaullo Chlpnli + lgnly Chbpaly + Colapls C hlpaly
< Gy hllpallilla™]lr-

Similarly, from (5.10) we deduce

(5.37) n(pn, @) = c(pn, ¢°) < CF hllpallollg™lly < CF hllpallrlla™(|1-

Choosing then hg := 2ot C;iBC{, Ty e obviously have for h < hy,

(5.38) (Cf + C + Cf + Yimax) h < %

Hence, for h < hg,

(5.39) Bulon.ai) = a1

and the proof is concluded. O

Remark 5.9. Clearly, if b =0, and v = 0, (5.38) holds for any h (and, indeed, we are back at the
situation of Lemma 5.7).

We are now ready to prove the following Theorem.

Theorem 5.10. For h sufficiently small, problem (4.17) has a unique solution pp, € Q’fL, and the
following error estimate holds:

(5.40) Ip = pullt < CR* (|Ipllisr + |f]x),

with C a constant depending on k,3, and v but independent of h.

Proof. The existence and uniqueness of the solution of problem (4.17), for h small, is a consequence

of Lemma 5.8. To prove the estimate (5.40), using (5.29) we have that for h < hg there exists a

q; € OF verifying

B(pn —pr1,q3,)
quh

Recalling that By (pn.q;) = (fn,q;), and B(p,q;) = (f,q};), adding and subtracting II{p some
simple algebra yields:

(5.41) > Cgllpn — pill1-

Callpn — prlillgnlly < Bu(pn — p1,45;) = Br(pn, 4i) — Bu(pr, q5)
= (fn: ;) + Bu(Ip — p1,4;) — Br(Ip, g1) + B(IYp, g;,)
(5.42) + B(p—}p, ;) — B(p, q5,)
= (fa = f. @) + Bu(I}p — pr, q;;) + (B(Yp, 4;;) — Br(Ip, ;;))
+ B(p - 1)p, q3,).
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The first term in the right hand side of (5.42) is bounded by the Cauchy-Schwarz inequality and
standard approximation estimates on the load f. The second and fourth term are bounded similarly
using the continuity of By and B combined with approximation estimates for p. Finally, the third
term is bounded using Lemma 5.5 on each element E. We get

Callpn — pillilgilh < C1*(Cupoy lpllis + 171 ) il
and the proof is concluded. O

Remark 5.11. Tt is immediate to check that, by the same proof, also the following refined result
holds:

, 1/2
lp=pull < C( 2 BE (IpllEsne + 7R 6)

E€Th
5.3. L? estimate. We have the following result.
Theorem 5.12. For h sufficiently small, the following error estimate holds:
(5.43) Ip = prllo < CE* ((Ipllesa + [ £11),
where C' is a constant depending on k, 3, and ~ but independent of h.

Proof. Once more, we shall use duality arguments. Let 1 € H?(2) N H}(Q) be the solution of the
adjoint problem (see (2.4))

(5.44) £ =p—pn,

and let ¢; € Qﬁ be its interpolant, for which it holds

(5.45) [t = rllx < Chlyl2 < Chllp = pallo.
Then:

Ilp — pull§ = B(p Phy ) = B(p, — 1) + B(p,¢r) — B(pn, )
(p7¢ d}I) (f 1/)I)+Bh(ph7¢1)_(fhaw1)_ (phad])
B(p —pn, ¥ — 1) + (f = fu,%r1) + Br(pn, ¥r) — B(pn, Y1)

5.46
(5.46) =B(p—pn, ¥ — 1) + (f — frotbr — IL_1¢r)
+ Bi(pn — Ip, v1) — B(pn — )p, vr)
+ Bh(Hkpv QJZ)I) - B(ngv 1/)1)
Next:
(5.47) B(p — pn,tb — 1) < Ch* Y |pllisallp = prllo,

(f = fur o1 = IR_1901) < CH*H Flillp = pallo-
From (5.19) with ¢; = ¢y, and (5.45)

(5.48) Br(IYp, 1) — BIp, 1) < Cr oy h* ! pllesallp = pallo,

and from (5.8)-(5.10) with p = p;, — II?p, ¢ = 11, adding and subtracting p,
(5.49) Bu(pn — p,vo1) — B(pn — 10, 9b1) < Cre by |pllks a1 [lp = pallo-
Hence,

(5.50) lp = pallo < Crep s k™ (Ipllks1 + | £1k)-
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FIGURE 1. Lloyd-0 mesh FIGURE 2. Lloyd-100 mesh

Remark 5.13. As it can be easily seen from our proofs, the extension to the three-dimensional case
would not present major difficulties. We chose to skip it here in order to avoid the use of a heavier
notation and a certain amount of technicalities.

6. NUMERICAL EXPERIMENTS
We will consider problem (2.1) on the unit square with
2
_(y+1 -y _ _ 2.3
(61) Ii(ZE,’y)— < —zy CL‘2—|—1>7 b—(!E,’y), Y=ty
and with right hand side and Dirichlet boundary conditions defined in such a way that the exact
solution is

(6.2) Pex (1, y) = x?y + sin(27z) sin(27y) + 2.

We will show, in a loglog scale, the convergence curves of the error in L? and H' between pey
and the solution pj, given by the Virtual Element Method (4.17). As the VEM solution py, is not
explicitly known inside the elements, we compare peyx with the L?—projection of pj, onto P, that
is, with II9 pj,. We will also show the behaviour of |pex — I pj,| at the maximum point of pex which
is approximately at (Zmax, Ymax) = (0.781,0.766).

6.1. Meshes. For the convergence test we consider four sequences of meshes.

The first sequence of meshes (labelled L1oyd-0) is a random Voronoi polygonal tessellation of
the unit square in 25, 100, 400 and 1600 polygons. The second sequence (labelled L1oyd-100) is
obtained starting from the previous one and performing 100 Lloyd iterations leading to a Centroidal
Voronoi Tessellation (CVT) (see e.g. [40]). The 100-polygon mesh of each family is shown in Fig. 1
(Lloyd-0) and in Fig. 2 (L1oyd-100) respectively.

The third sequence of meshes (labelled square) is simply a decomposition of the domain in 25,
100, 400 and 1600 equal squares, while the fourth sequence (labelled concave) is obtained from
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the previous one by subdividing each small square into two non-convex (quite nasty) polygons. As
before, the second meshes of the two sequences are shown in Fig. 3 and in Fig. 4 respectively.

6.2. Case k = 1. We start to show the convergence results for £ = 1. In Figs. 5 and 6 we report
the relative error in L? and H'!, respectively, for the four mesh sequences. In Fig. 7 we report
the relative error at the maximum point (Zmax, Ymax). Finally, Fig. 8 shows the relative error in
L? obtained with the method (4.18) (that is, the simple-minded extension of [9]). As observed in
Remark 4.3, II'V = VIIY for k = 1, hence the graphs of Fig. 5 and of Fig. 8 are identical.
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6.3. Case k = 4. We show the convergence results for k& = 4; we proceed as done in the case
k = 1. In Figs. 9 and 10 we report the relative error in L? and in H', respectively, on the four
mesh sequences. In Fig. 11 we report the relative error at the maximum point (Tmax; Ymax). The
last figure (Fig. 12) shows the relative error in L? obtained with the method (4.18). As announced,
a heavy loss in the order of convergence is produced.

We conclude that the Virtual Element Method behaves as expected and shows a remarkable
stability with respect to the shape of the mesh polygons.
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