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The aim of this paper is firstly to provide a presentation of the papers published in a
special issues devoted to modeling, qualitative analysis, control and simulations of large

systems of living entities, viewed as active particles, related to real life applications, and
subsequently to present some perspective ideas on possible future research programs for
the development of mathematical tools to model living systems.
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1. Introduction

This paper presents the contents and the aims of a special issue devoted to modeling,

qualitative analysis, control, and simulations of the collective dynamics of large

systems of interacting living entities. This topic has been the object of continuous

attention from the journal Mathematical Models and Methods in Applied Sciences,

where a sequence of special issues has been recently published on closely related

topics, as for instance self-propelled particles and social systems 8,9,10.

We present the contents of this note in the next three sections with focus on the

following topics:

(1) Reasonings on the complexity features of collective dynamics;

(2) Presentation of the articles, referring them to the specific topics and applications

treated in the issue;

(3) Research perspectives promoted by the articles in the issue.

In mode details:
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Section 2 presents some preliminary speculations on some complexity features of

collective dynamics of living systems that need to be captured in the modeling

approach.

Section 3 presents the contents of the issue, joining each paper to a well defined

topic and research objective.

Section 4 is devoted to research perspectives focused on a multiscale vision which

pervades all articles proposed here. Such a vision, in our opinion, is an unavoidable

passage towards the design of a mathematics for living systems.

2. Complexity features of collective dynamics

A common feature of the overall collective dynamics of large systems of interacting

social entities is that the collective dynamics is generated by nonlinearly additive

interactions, where social behaviors can have an important influence over the said

dynamics. These behaviors (as for instance emotional states, opinions, strategies,

or the search of individual well-being) are communicated across individuals by a

complex learning dynamics 19, where each living entity acquires the information by

individual-based interactions as well as by the overall system viewed as a whole 1.

The interest of mathematicians towards this specific research field is rapidly

growing due to the joint action of the stimuli exerted by highly challenging mathe-

matical problems and by the related interest in our society. This includes the search

of safety conditions as well as the search of mathematical tools to support decision

making in social sciences and economy, with the ultimate goal of improving the

overall well-being of the society.

Possible examples are the interest in technological innovation which might con-

tribute to the ability of nations to compete and share the international market 25,26,

modeling social systems and behavioral economy 1,24, safety problems related to

crowd dynamics 11,51, modeling of criminality 21,50 and its propagation in the ter-

ritory. Additional examples can be found in the modeling of biological systems, for

instance multicellular systems related to genetic diseases 22,27.

In all these examples, a sort of common research dream pervades the whole

activity focusing on the possible development of a mathematics for living systems.

We will return to this aspect in the last section.

3. Contents of the issue

The presentation of the contents of the special issue, rather than referring indi-

vidually to each article, will firstly focus on the overall subject of the issue, and

subsequently deal with the articles that treat some particular aspects of the whole

subject. This strategy allows to enlighten the emerging research topics and to point

out the new contributions with respect to the preceding literature. The specific

topics and related papers published in this issue, as well as a selection of related

literature, are presented here as sub-items of the following subjects:
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Swarming phenomena by multiagent and kinetic theory models: As it is

known, the mathematical modeling of swarming dynamics has been promoted by

the pioneering paper by Cucker and Smale 23, while methods of the kinetic theory

have been developed in parallel towards the modeling of large systems of interacting

living entities as witnessed in the several applications treated in the books 7,43. The

key modeling problem consists in deriving swarm and kinetic theory models from

the dynamics of interactions at the microscopic scale. The contents of all published

in this specific issue 2,16,18,29,35,40 include some aspects of this key problem focusing

on specific applications.

In details, a study of emergent dynamics of continuous and discrete Cucker-

Smale models equipped with temperature as an extra observable is developed in 35,

while social dynamics in swarms are treated in 2 and 40 in line with the research

activity witnessed in recent papers for instance 4,20.

A possible explanation of log-normal distribution forming in human activities is

proposed in 29, by resorting to classical methods of statistical mechanics of multi-

agent systems with a model derived the framework of a linear Fokker-Planck type

equation with lognormal equilibrium density. The study specifically refers to the

modeling of call-center service times introduced in 28.

The dynamics of consensus in various frameworks is treated in 16, having in mind

control problems and the continuous approximation of discrete problems which will

be further discussed in what follows.

The applications treated in 18 refer to multi-cellular systems, and specifically

to the derivation of nonlinear diffusion problems which are somehow related to the

Keller-Segel model 37 reviewed in 33 and 36. The main contribution of this paper

is the search for a unified approach to derive models at the macroscopic scale from

the underlying description at the microscopic scale.

Control problems: Once models have bee derived, applications generally require

the development of a control theory suitable to drive the collective dynamics to-

wards a properly selected behavior. The importance of this topic is witnessed by a

rapidly growing literature, where significant new applications of the mathematical

control theory have been developed for swarms of interacting living entities. Control

problems are treated in 2,40,16 as a conceptual development of previous papers of

the same authors, see 3,4,20,49.

The authors of 4 provide a mean-field description for a leader-follower dynamics

with mass transfer among the two populations. This model allows the transition

from followers to leaders and vice versa, with scalar-valued transition rates de-

pending nonlinearly on the global state of the system at each time. Existence and

uniqueness of solutions for the leader-follower dynamics is proved under appropriate

assumptions. Subsequently the authors establish the equivalence of the system with

a continuity equation over the state space and an ODE for the transition from leader

to follower or vice versa. Additional qualitative analysis and simulations follow. An

interesting contribution is the modeling of the endogenous switch between the two
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populations. A qualitative analysis of the solutions is developed and is followed by

simulations that complete the study of the overall properties of the model.

The dynamics of multi-agent collective behavior models and its control theoreti-

cal properties are studied in 16 which focuses on a key conceptual difficulty, namely

the attainment of explicit estimates on the behavior of the controls (the time of

control, the norm of the control, etc.) as the number of agents tends to infinity. The

authors first derive a large population limit to parabolic diffusive equations and

also show that the non-local transport equations which are commonly derived as

the mean-field limit, are subordinated to the first one. Namely, they show that the

solution of the non-local transport model can be obtained by a suitable averaging of

the solution of the diffusive one. A detailed estimate supports the aforementioned

concepts, while applications and simulations refer to opinion formation in networks.

Multiscale topics: In 18 the authors propose a review on the mathematical tools

for the derivation of macroscopic models in biology from the underlying description

at the cell scale as delivered by a kinetic model. The derivation is inspired by

the Hilbert’s method, well known in classic kinetic theory, which is here applied

to a broad class of kinetic equations modeling multicellular dynamics. The paper

provides a unified approach to the aforementioned micro-macro derivation. The

contents refers mainly to 14, where this research line was initiated, and to 17, which

is the second step of the same research line. The method is developed in the case

of the parabolic scaling, namely for diffusion phenomena, focusing on a variety of

nonlinear diffusion cases (see for instance 5). Arguably, this can be further developed

for hyperbolic scaling 42,45, or for diffusion in complex environments.

The approach of 18 is inspired by the sixth Hilbert problem 32 which is ad-

dressed to the search for a unified mathematical approach to physical theories. This

also means that one should look for the links between different scales when a given

system is described by mathematical equations. As an example the equations of hy-

drodynamics should be obtained from the underlying description at the microscopic

scale.

4. Looking ahead to research perspectives

A common feature of the papers published in this issue consists in the design of

mathematical tools to transfer the dynamics at the low scale of individuals to the

description of the collective dynamics of the system observed as a whole. It can

be rapidly observed that different techniques and selections of modeling scales are

known in the literature (as it is witnessed also in the present issue). In particular,

we observe that even the mathematical structure of swarms has not yet found

a commonly shared modeling strategy, as, for instance, possible alternatives are

the kinetic theory approach 12 (which allows to account for a broad variety of

interactions at the microscopic scale) or stochastic models 44, where a noise induces

randomness in the modeling of interactions.

Therefore, the following key question can be raised out of the contents of the
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issue as well as out of the related bibliography.

Which is the rationale and the related mathematical tools that

are needed to design models of large systems of living entities?

This question is definitely consistent with the contents of the present special

issue. In fact, it pervades all articles published therein. However, although we keep

this question well in mind, we do not naively attempt to provide an answer in this

short note, but we simply provide three specific reasonings on the modeling approach

which might hopefully contribute to future research activity. Their statement also

takes into account the opinion of the Nobel Laureate Hartwell 31 pointing out that

the mathematics of the inert matter cannot be straightforwardly applied to living

systems, and that we should look for alternative mathematical tools suitable to

capture the complexity of living systems.

Bearing all the above in mind, let us propose three specific arguments that might

contribute to the development of mathematical tools for the study of living systems.

• Living systems are always shaped by evolution and, due to the struggle with the

external environment, they can undergo a Darwinist type of selection. Accord-

ingly, the fundamental ideas by Mayr 38,39 are a precious gift to mathematics.

Darwinist dynamics has to be taken into account not only in biology, for in-

stance in cancer dynamics 30 and modeling the immune competition 15, but for

all living systems. Possible examples can be found in economy from 34 to 47,48,

or in the evolution of languages, from 41 to 46, and many others.

• A multiscale vision suggests to develop a unified modeling approach, where

interactions at each scale are modeled by the same principles. In more details,

each living entity interacts, at the micro-scale (typically in a non-local and non-

linearly additive way), with all entities in its sensitivity domain. Further, the

conjecture proposed in 6 suggests that interactions involve only a fixed number

of individuals rather than all individuals in their sensitivity domain.

• An important multiscale problem is the micro-macro derivation which can gen-

erate models that can be different from that of the direct phenomenological

approach consisting in the use of conservation equations closed by heuristic

models of material behaviors. In some cases, these new models show interest-

ing qualitative features consistent with physical reality, that are not shown by

purely phenomenological models. However, the classical approaches might not

be sufficient for a full understanding of the validity and of the inner mathemati-

cal structure of models. In fact, the bridge between the submicroscopic and the

microscopic scales is even much less understood. This is an important topic,

as living entities are not classical particles whose physical properties might be

constant for large time intervals, but they are active particles whose properties

depend also on the dynamics at the lower scale.

The presentation of these three issues identifies three challenging research top-
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ics. Needless to say, the presentation does not claim to be exhaustive of all different

features of the class of systems under consideration. At best we can reasonably hope

to have indicated a general path toward the development of an effective mathemat-

ical approach to modeling the collective behavior of living systems, with help, work

and ideas of many many other scientists.
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