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Abstract. We prove propagation of regularity, uniformly in time, for the scaled solutions
of the inelastic Maxwell model for any value of the coefficient of restitution. The result
follows from the uniform in time control of the tails of the Fourier transform of the
solution, normalized in order to have constant energy. By standard arguments this
implies the convergence of the scaled solution towards the stationary state in Sobolev
and L' norms in the case of regular initial data as well as the convergence of the original
solution to the corresponding self-similar cooling state. In the case of weak inelasticity,
similar results have been established by Carlen, Carrillo and Carvalho in [CCC] via a

precise control of the growth of the Fisher information.
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1 Introduction

This paper concerns the regularity properties of solutions of the spatially homogeneous Boltz-
mann equation for Maxwellian molecules in R? with inelastic collisions, introduced in [BCG00].
This equation describes the relaxation towards equilibrium of the distribution function of par-
ticles that interact through inelastic binary collisions. Let f(v,7) be the probability density for
the velocity v of a particle chosen randomly from the collection at time 7. Let ¢(v) be any
bounded and continuous function on R3. For a dilute gas, with a mean free path of size ¢, the

equation under investigation is given, in weak form, by

(e = QU ) )

where

(o= [ oo

and

(QUf, [)yp) = %/}Ra /}R3 . flo,7)f(w,7) {gp(v/) — cp(v)}dadvdw.
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In (2) o is a unit vector in S2, do is the uniform measure on S? with total mass 47 and the post
collision velocities are given by the collision mechanism written as

, 1 1—e 1+e

o= S(vtw)+ ——q+ ——lqlo
2 4 4 3)
1 1— 1

wo= Sltw) - 4eq— Ielq\o

with ¢ = v — w. The positive parameter e, with 0 < e < 1 is the restitution coefficient. From
(3) it follows that the post—collision relative velocity is non increasing, with

2:|q/‘2:

o' —w'| Jal* -

1—¢2
—— (

5— (la* —lalg - o) < lg* = v —w].

Note that the dissipation increases with e decreasing. Thus the case e = 0 corresponds to
the strongest dissipation. Since e < 1, the collisions are inelastic, energy is dissipated in each
collision, and the collisions are not reversible. This makes a crucial difference with the elastic
theory in which there is a complete time reversal symmetry between the pre and post collision
velocities. As pointed out in [CCC], it is mainly for this reason that the Boltzmann equation is
usually written in the weak form (1), and not because of any difficulty in constructing strong
solutions. The post-collision velocities (3) represent one of the possible parameterizations of the
inelastic collision mechanism. However, as exhaustively discussed in [CCC] other possible pairs
of pre-collision velocities (vs,w,) that result in the pair of post collision velocities (v, w) can
be constructed [BCG00, GPV04]. It is remarkable that these parameterizations give equivalent
collision terms only when the restitution coefficient satisfies e > 0 [CCC]. Consequently, any
result which is valid for any value of e, including the case e = 0, can not be translated, in this
limit case, to other collision rules.

Since in each individual collision (v, w) — (v’,w"), the total momentum v + w is conserved,
the first moment of f(v,7) is conserved. In particular, choosing as initial datum a probability
density fy satisfying

fo(v)dv =1, / vifo(v)dv=0,1i=1,2,3, / |v|2f0(v) dv =Ty < o0, (4)
R3 R3 R3

it follows that while both mass and momentum are preserved in time, the second moment (i.e
the temperature or energy) decays according to the law

T(r) :/Rs |v|2f(v,7')dv:Toexp{—1 ;;27}. (5)

This implies that f(v,7)dv converges towards a point mass at v = 0 as 7 tends to infinity. The
precise way in which the density collapses into a mass concentrated in zero has been investigated
in various previous works [BC03, BCT03, BCT06, BCG08, BC07]. It has been shown that, after
a certain relaxation time, each solution converges towards a self-similar solution, known as the
homogeneous cooling state. The argument to show that this happens, and the respective rate of
convergence, is based on an argument which is commonly used in nonlinear diffusion equations
[CTO00]. If one defines a temperature invariant scaling h(v,7) of f(v,7) as

h(v,7) = (Tg))wf ((T?yﬂ v,T) : (6)

so that [ps [v]* (v, 7)dv = 3 for all 7 > 0, then the scaled density tends to a universal equili-
brium state hog, and [ps [v]? hoo (v) dv = 3.



The equation for h(v, ) now reads

d 1 1—¢€?

E(h’¢>:g<Q(h7h)7¢>+ Se

(h,v- V). (7)

The speed at which the second moment converges to zero depends both of the mean free path e
and the coefficient of restitution e. On the other hand, the dependence on the mean free path
can be absorbed once and for all by scaling the time. By setting

8
E= 1_e2’ (8)

and scaling the time as
11— e?

t
8¢

7, (9)

we obtain for .
13
g(v,t) = h (U, m t> (10)

the equivalent equation

d

99 = B(Qlg,9).0) + (g, v Vep). (11)
In the rest of the paper, we will study equation (11). We remark that any result on the
asymptotic convergence of g(v,t) towards go., = hoo can be easily translated into a result on the
asymptotic convergence of h(v, 7). It is worth remarking that thanks to (6) and (10), the initial
data go of a scaled solution g(t) is related to the initial data fy of the original solution f(7) by

7 3/2 T 1/2
go(v) = <3> Jo 3 v
and so [5s [v]* go(v) dv = 3 independently of the initial temperature Tp of fo.
Both the large-time behavior and the regularity of the solution of equation (11) have been
recently studied in [CCC]. In particular, propagation of regularity was found by controlling the

growth of the frequencies of the Fourier transform of the solution by means of a precise control
of the growth of the Fisher information

V\/f(v,t)‘2 dv.

Coupling the uniform bound on the regularity of the solution with the time decay of the Fourier
metric [BCT06, CTO7]

1w =1 [

R3

o (.)(t) = sup L&D ZIED], (12)
€0 €]
convergence in L' follows.

The results of [CCC] however, require the assumption of weak inelasticity, namely the coef-
ficient of restitution e sufficiently close to 1.

A different technique which allows to control the growth of the frequencies of the Fourier
transform of the solution has been recently applied in [FPTT] to a one-dimensional dissipa-
tive model introduced by Ben-Avraham and coworkers [BBLRO03]. The results in [FPTT] are
independent of the degree of dissipation. By adapting this technique to the three-dimensional
case, we will end up with a result which is independent of the coefficient of restitution e. The
starting point of this analysis are the results of the paper [CGT99], where the proof of uniform



propagation of regularity makes use of the following property for the solution f(t) of the elastic
Boltzmann equation
|§I>R

uniformly in time. This property is proved by exploiting the pointwise convergence of the Fourier
s

transform of the solution to the Maxwellian equilibrium M (§) = e~z and the decreasing of
the Maxwellian itself. In the dissipative case, condition (13) cannot be satisfied by f(t) but
continues to hold for the solution to the scaled Boltzmann equation g(t), provided the Fourier
transform of the initial data satisfies

(1+ KD 190(E) < K, €eR’ (14)

for some positive constants x, K and p. Indeed, we prove that the solution g(t) satisfies an
analogous estimate
A +rlED g€t < K, ¢eR? (15)

uniformly in time, for possibly different x, K and u. Condition (15) is difficult to prove directly
from the equation satisfied by the scaled density g(t), due to the presence of the drift term
in equation (11). The key point of our approach is to consider a semi-implicit discretization
of equation (11), where the drift term is absorbed in an integral term which is much easier to
handle. The same trick has been successfully exploited in the one-dimensional case in [FPTT)
where it has been also pointed out that an equivalent approach could have been to resort to the
Duhamel formula for the solution g(t) (see e.g. [CTO7]).
Our main results are summarized into the following statements.

Theorem 1
Assume e € [0,1). Let g(t) be the weak solution of the equation (11), corresponding to the initial
probability density go with zero mean velocity, ng [v]2 go(v) dv = 3 and satisfying fn@ [v]* go(v) dv <

4o00. If in addition .
190(8)] < W, €| > R, (16)

for some R >0, v >0 and 3 > 0, then there exist p > 0, k > 0, v/ > 0 such that g(t) satisfies

1
g El<e 120
X 1+ k[¢]?
9(& )] < . (17)
(E € >p, t=0.

Theorem 2

Assume e € [0,1). Let g(t) be the weak solution of the equation (11), corresponding to the initial
probability density go with zero mean velocity, [5s |v|* go(v) dv = 3 and satisfying [5s [v|* go(v) dv <
+00. Let us suppose moreover go € H"(R?) for some n > 0 large enough, V90 € H”(R3) for
some v > 0. Then g(t) converges strongly in L' with an exponential rate towards the stationary
solution goo, i-e., there exist positive constants C' and vy explicitly computable such that

lg(t) = goollL1(msy < Ce™ ™, t>0.

Thanks to the scaling invariance of the L' norm, Theorem 2 allows to deduce also the strong
convergence of the original non scaled solution f(7) to the self-similar state

1—e?
||f(7—) - fOO(T)”Ll(RS) < CeinTv T2 07



where

o= () o (a1

for T'(7) as in (5) and this independently of the initial temperature Ty of fo.

2 Preliminary results

Following Bobylev [Bob88] it is convenient to consider equation (1) for Maxwell molecules in
the dissipative case in the Fourier variables:

9, 1 . . S
g lEen =1 | (fenie.n-fenieo)d (18)
where g _ 14
&=+ ——lelo
1+e (19)
&=l =g-¢

The existence and uniqueness of a solution of (18) for any initial data fy satisfying (4) can
be established through the application of Wild sums [CTO07].

Theorem 3 (Theorem of existence and uniqueness [Bob88, CT07])
We consider fo > 0 satisfying the normalization conditions (4) and the following Cauchy pro-

blem: 5 )
o/ O = 5z )

F(£,0) = fo(€).

Then, there exists a unique nonnegative solution f € C* ([0, +00), L'(R?)) to equation (20).
This solution preserves mass and momentum, while the energy decays at the exponential rate
given by (5).

fet,nfe )~ fle,nf o, T
(fe i n-fenfeo)do r>0

Let g(v,t) be defined by (10). One can easily show that g(v,t) preserves the temperature,
and moreover

/3 v g(v,t)dv =3, t>0.
R

Moreover if the initial data gy has a diagonal pressure tensor which is unitary
/ V; V5 go(’l)) dv = 6i,j7 i,j = 1, 2, 3, (21)
R3

then all the second moments are also preserved. If on the contrary the pressure tensor is not
unitary, then its non isotropic part ( [ps v;v; g(v,t)dv for i # j) vanishes if initially does (cfr.
[BCTO06]), whereas the isotropic part ([5s v? g(v,t) dv) is in general not preserved. Nevertheless,
the condition [, [v]? go(v) dv = 3 implies that the matrix [ [5s viv; go(v) dv]m, is real and sym-
metric. Consequently there exists a suitable orthonormal system in R3 in which it is diagonal
and therefore it remains diagonal for all ¢ > 0. Owing to this property, throughout this paper we
will assume, without any additional assumption, that gy has diagonal pressure tensor, although
not unitary.

It is well-known that in Maxwell models the time evolution of moments can be evaluated

exactly. In particular, this can be done for the diagonal terms [p; v7 g(v,t) dv. We have

ot



Proposition 4

Assume e € [0,1). Let g(t) be the weak solution of the equation (11), corresponding to the
initial probability density gy with zero mean wvelocity, diagonal pressure temsor and satisfying
Jzs [v]? go(v) dv = 3. Then, we have

fRd U1 2g(v,t)dv 1 -1 . -1 .
fR3 1)2 glv,t)ydv| = |1| +C1 | 1 e T4 Oy | 0 |e T t>0 (22)
fR" U3 g(v,t) 1 0 1

where Cy =[5 v3 go(v) dv — 1 and Ca = [g4 v3 go(v) dv — 1.

Proof: Recalling equation (11), the expression (3) of the post collisional variables, the con-
servations of the mass and the vanishing both of the momentum and of the non isotropic terms
fR3 v;v5 g(v, t) dv along the solution, we obtain the following linear differential system:

Jgs U1 g(v,t)dv —51re % T 370 Jgs vi g(v,t) dv
a [ ol d = | gt 3 g | | (o0 dy
Jes v3 9(v, 1) dv 31 % e 2| [ 03 g(v,t)dv

— 1€ double with eigenspaces

Since the matrix of coefficients has eigenvalues 0 simple and

1 -1 -1
< 1 > and < 1(,]10 > respectively, the general solution of the system is

1 0 1
2 _ _
Jgs Ué g(v,t)dv 1 1 e 1 e,
Jesv3g(v,t)dv| = [1| +C1 | 1 [ e T=<"+Co | 0 [e =", t>0
Jgs v3 g(v,t) dv 1 0 1
for C7, C5 real constants to be determined by the initial conditions. O

In Fourier variables, the function g(t) satisfies the equation

0 . E . .
€0 =€ Vaaen = [ @0 0 -aenae e
9(£,0) = go(&)
We will denote )
Qe =3 [ aetie nan

Hence equation (23) can be written

9(6:0) ~ (€ V& 1) = B Q49,66 0) — 9(6.1).

For s > 0 let us define P,(R?) the set of probability densities satisfying
/ [v|® f(v) dv < 4o0.
R3

Consider on P (R?) the distance



It is not difficult to show through a Taylor expansion that ds(f,g) is finite for any pair of
probability densities f and g with equal moments fRS v? f(v) dv for any multi-index 3 € N3 of
length smaller than or equal to [s] (if s € N, it is enough to suppose equal moments up to s — 1
order). For o € (0,1] and initial data g1, g2 € Patq(R?) which share the same moments up to
the second order and have unitary pressure tensor as in (21), it is possible to estimate the day,
distance between the two solutions as follows.

Theorem 5 (Strict contraction of dy,, [BCT06])

Assume e € [0,1). For a € (0,1] there exists an explicit constant C(a,e) > 0, C(a,e) \, 0 as
a — 0, such that for any g1(t) and g2(t) solutions of (11) corresponding to initial values g%, g
in Payo(R3) with unit mass, zero mean velocity and unitary pressure tensor, then

data(g1(t),92(t)) < dotalgl, g9)e @Dt ¢t > 0.

In our framework, the constant C(«, e) has the following expression:

C(a,e) = E(1 — A(a,e)) — (2+ ) (24)
e N i s
Aloye) = 1 /S e (25)

A detailed analysis of C(a, e) can be found in [BCTO06].

It is worth noticing that we cannot deduce from the previous theorem the uniform bound-
edness in time neither of [o, [v[*"*gi(v,t)dv nor of [i, [v|*T*ga(v,t)dv. Nevertheless, if the
initial data g belongs to P4(IR?), it is possible to prove that the solution keeps on satisfying the
same property uniformly in time.

Theorem 6 (Uniform control of 4th moment [BCO07])

If go is a Borel probability measure on R such that

/ \0\490(11) dv < oo,
R3

then the solution g(t) to (11) with initial data go satisfies

sup/ lo|* g(v,t) dv < oco.
>0 Jrs

Thanks to the uniform boundedness of the fourth moment, it is possible to prove, via a fixed
point argument, the existence of a universal stationary state in a suitable subspace of Po(R?).
Moreover, the strict contraction of the dsy, metric allows also to prove the stability of this
stationary state in this subspace.

Theorem 7 (Stationary states [BC03, BCT06, CT07])
Let e € [0,1) be fized. Equation (11) has a unique stationary state goo which is a probability
density in

H:{g>07 / g(’())d’UZL / ’()Z-g(’l))dU:O, / vivj g(v)dv:(si,ja ivj:172737
R3 R3 R3

/ [u*** g(v) dv < +o0, for a € (0, 1]} .
R3



This stationary state is a radial function and belongs to P4(R3) with [ps [v]* goo(v) dv < My,
where My depends only on e € [0,1). Moreover, for a € (0,1], given any g(t) solution of (11)
issued from an initial datum go € Poio(R3) with unit mass, zero mean velocity and unitary
pressure tensor, then

d2+0t(g(t)7g<>0) S d2+0¢(goagoo)e_0(aye)t7 t 2 0

where C(a, e) is the constant (24).

The hypothesis of unitary pressure tensor can in fact be removed. Under the only assumption
that the initial datum belongs to Payq (R?) with [¢, [v[?go(v) dv = 3 (and same moments up to
the first order as the stationary state), the dy distance between the solution and the stationary
state is proved to be exponentially decreasing.

Theorem 8 (Stability in d; without unitary tensor pressure [BCT06, CT07])
Let e € [0,1) be fized. For any o € (0,1] and any initial datum go € Payo(R3) with unit mass,
zero mean velocity and [5, [v]2 go(v) dv = 3, there exist positive constants K1 and Ko depending
on e, , go such that given g(t) the solution of (23) issued from gy and goo the stationary state,
then

da(g(t), goo) < Kre K2t £ >0.

As a consequence, the uniqueness of the stationary state holds in a larger space where the

second moments are not prescribed.

Corollary 9 (Uniqueness of stationary states [BC03, CT07])
Uniqueness of the stationary state 9o, found in Theorem 7 holds true in

'Flz{gZO,/g(v)dsz/vig(v)dvzo,i:1,2,3,/ lv|? g(v) dv = 3,
R3 R3 R3

/ [u[*T* g(v) dv < +o0, for a € (0, 1]} .
R3

As far as the smoothness of the stationary state is concerned, it is known that g., € H*(R3),
for all s > 0. This is as a consequence of the following result.
€ vero per e = 07?7

Theorem 10 (Smoothness of the stationary state [BC03], Theorem 5.3)
For e €]0,1), the stationary state g, satisfies the bounds

e < 1a(©)] < (L4 |EDeE, e RY.

3 The iteration process

The goal of this section is to build up a sequence of functions { g (¢ ,t)} which approximates
uniformly the solution §(£,t). In order to do this, for any fixed T' > 0 we consider firstly a
semi-implicit discretization in time of equation (23) by partitioning the interval [0,7] into N
subintervals and we define thus the approximate solution at any time t = j % for j =0,...,N.
Secondly, we define g (&,) on the whole interval [0, T by interpolation and lastly we show the



convergence of the approximation to the solution. Other details and the missing proofs of this
section can be found in [FPTT].

We begin by introducing a semi-implicit discretization in time of equation (23) as follows.
Let T > 0 and At = % for Ne N, N >T. Let gbév(f), j=0,..., N be the sequence:

@0 (€) = 90(€)

iy TN (26)
‘PJ-&-l(f)At Y5 (&) — €V, @Jj\il +E (QJr(@;V’@;V)(O — ¢§V(§))7 7=0,...,N—1

Proposition 11

Assume e € [0,1). If go is a probability density with zero mean velocity and satisfying fR3 [v]? go(v) dv =
3, then there exists a unique sequence of bounded functions @év forj=1,... N satisfying (26).

This sequence is defined as follows

P (©) = nl@)
1 [+
S =57 [ (BAQuEY ) me) + (1 - BANG ()

j=0,...,N—1.

dn
1+1ﬂ

(27)
s

Proof: Let us begin by proving that ¢f is well defined. We proceed in the same way as in
Proposition 7 in [FPTT]. For ¢ # 0 we multiply equation (26) by (—2;) |¢]7 27! and obtain

(-3) el @+ 13 5 veoli(e) -

(~57) 1673 (BAQ4 a0, 60)©) + (1 - BAD(E)
which is
e (€7361) © = (=57 ) 16173 (BAMQ (o, ) ©) + (1~ EANGE).

Now, we can write £ = (|€] cos@sin, [€]sinfsinp, || cosvp), 6 € [0,27), ¢ € [0,n] and so we
integrate on [|£[,+00) and since §o(£) is bounded we get:

+oo
RN © =5, [ (BAQuldo,)(s.06) + (1 — EAt)ga(s,0.4)) s~ s,
3

S

Finally by the change of variables n = IH] and since

(n[¢] cos O sin g, n|¢| sin O sin ), nf¢| cos ) = 7€,

we are led to:

1 +oo
Q=57 [ (BAQu0a0) () + (1= A o(n6)) (28)

et

Since go has unit mass, zero mean velocity and bounded temperature, then go belongs to C!(R?)
and there exists C' > 0 such that

G0(0) =1 |0kgo(§)]| < C 0Okgo(0) =0, k=1,2,3. (29)



Therefore the function ¢ can be defined by continuity in £ = 0 as $¥(0) = 1 and it is the
unique, bounded and C!(R?) solution of (26).

By an iteration argument the same conclusion holds for any ¢ obtammg forj =0,. -1
AN 1t AN N AN dn
Pr(© =75 [ (BALQu(R, ¢)(n6) + (1 = EANST (1€)) g

Remark 12

Applying Fubini’s theorem we can remark that any @ﬁl(f) is the Fourier transform of @ﬁl(v)
where for j =0,...,N —1 and v € R3

%) (v) = go(v)
¢ (v) = A115/1“0 (EAt Q4+ (0N, o) (n) (l—EAt)% o (2)) ninﬂ. (30)

We gather in the following proposition the results on the moments of the approximation <p§-v
which will be useful for proving Theorem 1. We will prove the proposition in the Appendix.

Proposition 13
Assume e € [0,1) and let go be a probability density with zero mean velocity and satisfying

/ v v go(v)dv =0, @ # k, / |v] go(v) dv = 3, / |v|4g0(v) dv < 4o00. (31)
R3 R3 R3

Let goé»v be the approximation defined in (30). Then, there exists C' > 0 such that for N large
enough, for j =0,..., N we get

<p§V(v)20,/ ]()dv—l / vkgo;-v(v)dvzo,kzl,l& (32)
R3 R3
/ V; U gpév(v) dv=0, i £k, (33)
RB
fR3 ’U% SD;V(H) dv 1 -1 1 — At i):e J -1 1— At ff:e J
Jas v% eN@w)dv| = |1| +Cy | 1 ——C | +C3 |0 ——< 1, (34)
R’ N 1—2At 1—2A¢
Jgs 03 0} (v) dv 1 0 1
/ ol N (v) dv < C. (35)
R3

where C1 = [s v3 go(v) dv — 1 and Cy = [, v3 go(v) dv — 1.

We define the approximate solution g/ (¢,t) at any time t = j% as gV (E,j%) = cﬁ;-v(f) for

j=0,...,N. We extend afterwards the definition on the whole interval by interpolation. More
precisely, let us define:
Mg = {go@s) t=0
AP, (O + (1 —a®)pl, () 0<t<T

where for 0 < ¢t < T we have (Ky —1)% <t < Ky+ for Ky € {1,..., N} and more specifically
there is a function 0 < «(t) < 1 such that ¢ = a(t)(KN -1)E+ (1 —a(t))Ky%. Any gV (&,1)
is continuous on R? x [0, 7] and for any ¢ € [0, 7] it belongs to C?(R3).

The result of convergence is therefore as follows.

10



Proposition 14
There is a subsequence {gNl (§,t)}l of {gN(g,t)}N which converges uniformly on any compact
set of R3 x [0,T] to the solution §(&,t).

4 Control of tails of the Fourier transform of the solution

In this section we prove Theorem 1. Thanks to the uniform convergence of a subsequence
of the approximate solutions gV (£,¢) to the solution §(¢,t) and to the definition of g™¥ (&, 1),
it is enough to prove the bounds (17) for any gij (¢) uniformly for N € N large enough and
j =0,...,N. The control of low frequencies is a direct consequence of the properties (4) and
Jzs [v[* go(v) dv < +00 on the initial data.

Lemma 15

Assume e € [0,1). Let g(t) be the weak solution of the equation (11), corresponding to the initial
probability density go with zero mean velocity, [5s [v]* go(v) dv = 3 and satisfying [gs [v]* go(v) dv <
+o00. Let @é-v be the approzimation defined in (27). There exist k > 0 and p > 0 such that for
any fired T > 0 and any N € N large enough we get

1
mg¢”£{j@gga\ﬂ§m t >0, (36)
1
|¢§'V(5)‘SW7 €l <p, j=0,...,N. (37)

Proof: Both estimates will be performed through a Mac Laurin expansion in which we will be
able to bound uniformly the terms thanks to Proposition 4, Theorem 6 and Proposition 13. In
what follows, constants may vary for one line to another. Let us begin by proving (36). From
the hypotheses on gy and Proposition 4, we get the Mac Laurin expansion in Fourier variables
1< !
sen=1-33 ([ downw)gr [ paccoesown cer ez

2
k=1

Since for all 7,5,k =1,2,3 and all t > 0

/ [vivjve| g(v,t) dv < C < 400,
R3

due to the conservation of the mass and the uniform boundedness of the fourth moment (Theo-
rem 6) and since for all 4,5,k =1,2,3 and all t > 0

0hs(60)] <€ [ ool g(w.0)
R
we can deduce the uniform upper bound

1
/ D(sE.6)(€.€.€)ds| < CleP. €€ RS, t> 0.
0

On the other hand, the evolution of the second moments of g(¢) recalled in Proposition 4 allows
to give a strictly positive uniform lower bound on [5; v g(v,t)dv for k =1,2,3 and ¢ > 0. We
get therefore for £ € R® and t > 0

9(6, )] <1 CI¢)* + DIgf

11



with C' and D suitably chosen and so there exist p > 0 and k > 0 such that

19(&, )] < €] < p, t>0.

1
1+ k€2’
As for (37), we will proceed exactely in the same way, thanks to the uniform estimates collected
in Proposition 13.
|

We are now in position to prove Theorem 1.

Theorem 1

Assume e € [0,1). Let g(t) be the weak solution of the equation (11), corresponding to the initial
probability density go with zero mean velocity, fR3 [v]2 go(v) dv = 3 and satisfying fR3 [v]* go(v) dv <
4o00. If in addition

() < T 1> B (39)
for some R >0, v >0 and 8 > 0, then there exist p > 0, k > 0, v/ > 0 such that g(t) satisfies
. gl<p t20
o)< TR (39)
W, €] > p, t>0.

Proof: The bound on the low frequencies |€| < p has been established in Lemma 15. Moreover,
as a consequence of Proposition 3.3 in [DFT09], we can suppose that condition (38) holds for any
|€] > p with a possibly smaller exponent v’. We will prove that for any N €¢ Nand j =0,...,N

we get
1
AN
053 O < == [l >0,
O T
for positive ' small enough. By induction we have only to check the bound on
N 1 “+o00 o . d77
P10 =5; (EALQ+(90; §o)(n€) + (1 — EAt)Go(1€)) ——7-
n=1 nat

Let |¢] > p and n > 1. We would like to bound the term

1

Qin.30)(06) = 7= [ o€)in(E e

where we have denoted € = n¢. In particular |€] = n|¢| > [€] > p. We recall that for o € 52
3—e - 1l+e

&=+l
= l+e /-
&= (- 1o),
which imply [T 4+ €| = |€|. Therefore
€41+ 1671 = [€. (40)

@

and so either |£1] > % or [£7| > ‘2‘. Moreover, for any o € S? we get

. - 1—e 2 1—e 2
ez (50 zler () - (41)

12




We can split S? into six non overlapping pieces
52 =AgUA; UAy UA3 U A4 U A5

where } }
o eS8 IEH > p )] > p

ceSET<p, €] > p}

o8l <p il < L |£+|>'§'},

27
Bl e B s+|<p}
ni={oest <o 1>, e s B 5+|>p}

aes%|s—|§p75+§§}.

|
|
{
A3={0€52 €1 <p, 7] >
{
{

Let us estimate now
1< - -
Qe (0091 < 23 [ 13€)an(E oo

by estimating each integral separately. For o € Ay, thanks to (40) we have:

30(ENa0(EN € —— < ! .
(1+8Er) (14861 (1480 +1€D)
1
RN

Hence

TR 1
[ 18800 < (42)

where we have denoted~|A0| the Lebesgue measure of Ag. Now, let us suppose o € A;. Thanks
to (41) and to || > % (which holds true since || > |€1]), we get
~ ~ 1 1 1 1
| (£+) (5 )‘ é 1+k|£+|2 - v’/ S 1 k 1—e\2 9 8z v’
(1+81E1) TR (14 218)
1 1

1+k (152)7 ¢ (1 + §|g|)"/

By choosing v/ > 0 small enough we can show that
1—e)2 7 S 1 7
THR(E)IEP (14 gpg)”  (FARD

IN

Indeed, since < 2 for any x > 0 we obtain

1+1

—

<1+6|§|> 1 <o .
L+5lEl)  1+k(559%0E2 ~ 14k (559)% 02

13



Finally the last term is smaller than 1 for v/ < log,(1 + & (156)2 p?). So

/A 160(EN)30(E)]do < Ay, (43)

1
(14 BlEN”
Let us come to o € Ay. We get
1

~ ~+ ~ g o .
/,42 60(EN)g0(E)1d s(ngﬂ)u

/ @ )]de
Axn{[EF|>p}

1 / .
+— Go(€7)|do. (44
T REE Jasngerign & N0

Since |£1]2 > p? (155)2 as recalled in (41), we have for v/ small enough

1 1
< i
L+ K|EF2 (1 + 5|g+|)y

and so we can write

/A 60(E) o )ldo < —— 1 !

e 1
(1+6+1)” e (1+ 1) e

We parameterize, as it is usually done, the sphere S? centered at the collision center between
two particles with z-axis defined by £ (or £, which is just a multiple) and by denoting ¥ € [0, 7]
the longitude and ¢ € [0, 27) the latitude of the point on the sphere corresponding to the vector
o. We have

42 = 10+2166274@‘€~|2Jr (376)8(1+e)|£~|2(30819
2
P =2 (155 18P - coso)

We can therefore write

P’ 6 1
2(116)2@27 (3_6)(1—'_6)’8(11’8)2 :

;> for all e > 0 (since |£7| < % implies indeed |£1] > %), so in fact

A2{¢€[0,27r), Y€ [0,n] : (1cos19)§min<

B

6 1
ut (3—e)(1+e) = 8(118)

2
e

2 (459" I 8(1116)2> }

As = {<p €10,2m), v € (0,7 : (1—cos?d) < min(

Let us suppose first é such that
£ > 4p°.

In this case, we have

1 1
/ — do= / / — sin dvdy
Ay 1+ K|E—|? 0e[0,2m) (17cosﬁ)g%g|2 142k (1) [£2(1 — cos )

2(11 ) | 4
B 2 /p2 dx B 27 p? log (1 + ka) B log (1 + kp2) | Ao
2(1) o THEe (1) WP kot

14



If on the contrary
€* < 4p?

then, we have

1 1
/ ————do = / / 5 sin ¥dddyp
A L+ k[E |2 pel0.2m) J(1—cos )< —y 1+ 2k ()7 1€12(1 = cos V)

(11-9,)2 4
|2 1€]2
B 2m /£4| de 2m log (1+k 4 )
= 2 - = 2 -
2(He)7 g2 Jo LHRT 2 ()¢ K

1 1 klél2 1 1 k/,lél2
or  log(l+ k7 og |1+~
2

= e\ 2 |2 = ¢ ‘A2|
SOE) K =
In both cases we get
1 log(1
/ —  _ _do < sup MVM
Ay T+ K|E? 1> 22 kt
and so
A (EHFNA (E— 1 lOg(l + kt)
190(€7)g0(¢7)|do < o7 Sup ————|4s|.
= (1+3Kl) ==
By choosing v/ > 0 small enough we can show that
1 log(1 + kt) 1
7 sup < S
v kt 1 v
(1+g|§|) >0 (1+ BN
Indeed,
1+ 8¢ - log(1 + kt) <o o log(1 + kt) -1
148 P = P
+3 |£‘ t>L- t> 2
as soon as
kt
! inf ——— |.
v < log, <t12nff Tog(1 + kt))
Therefore )
30(EN)g0(€7)Ido < ———mr Ao 45
[ 1800 e < s 14 (45)
Let us suppose now o € Az. We have
- - 1 1 1
190(E7)g0(67)] < = — < = .
L KIEF? 1+ RIETP ™ 14k (12 + 16 P2)
1 1
= EE = Z
L+k5- 1+l
for v/ > 0 small enough. So
~ ~ 1
Go(EM)go(67)|do < ———— |As3]. 46
[ 180E0E e < s 14l (46)
For o0 € A4 we have
1 1 1 1

<

A c+\ A ~— 1
190(£7)g0(§7)] < R S U )

’

(1+5|§+|)”l 1+ kl[E— |2 = (1+§|£|>V
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for v/ > 0 small enough. So

S 1
50(EN)0(E7)|do < ———— | A4l 47
[ 180E0E e < s 14 )
Let us come to o € As. It is worth noticing that
A = @ | <
sCalE > Ll e <y
and so 1 1 ) 1
g £+ g éi S Ing ng S 2 S v’
PN = TSR TR S TR R T 1t )
for v/ > 0 small enough. So
- - 1
G0(EN)do(E)do < ———— | Ag). 48
1800 e < e 14l (49)

Grouping (42), (43), (45), (46), (47) and (48) we get for v’ small enough (depending on p and
k fixed once and for all in the first part of this proof): for |{] > p and n > 1

1 1
(L+8leh (1 +p8leh

Coming back to @I (¢) we obtain for N large enough and |£] > p:

Q4 (G0, 30) (1) < 1-187)

1 ) dnp 1
(L+BleN" ) paett — (14BN

|1 (&) < 1/+OO (EAt1 + (1 - EAt)
T At n=1 (1 +ﬂ|£|)1/

Remark 16
The bounds in (39) are also equivalent to

C

—_— R3 t> 0.
Armpgpe C€F- 12

19(5,1)] <

5 Propagation of regularity and strong convergence

In this section, we are going to prove Theorem 2 on the strong L' convergence of the scaled
solution g(t) to the stationary state goo.

Theorem 2

Assume e € [0,1). Let g(t) be the weak solution of the equation (11), corresponding to the initial
probability density go with zero mean velocity, [5s [v]? go(v) dv = 3 and satisfying [gs [v]* go(v) dv <
+00. Let us suppose moreover go € H"(R?) for some n > 0 large enough, V90 € H"(R3) for
some v > 0. Then g(t) converges strongly in L' with an exponential rate towards the stationary
solution goo, i.e., there exist positive constants C' and vy explicitly computable such that

g(t) = goollL1(msy < Ce™ ™, t>0.
Let us begin by the following lemma (cfr. [LT95]), which makes a link between the hypothesis

V90 € H”(R?) and the Fourier decreasing appearing in Theorem 1. For a proof see also [FPTT].
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Lemma 17
If go is a probability density such that \/go € H"(R®) for some v > 0, then go satisfies

N C 3
190(6)] < W7 §eR

for positive constants C and 3.

In order to prove Theorem 2, we have to convert the weak convergence in the Fourier distance
ds of the solution g(t) to the stationary state go, (Theorem 7) into a L! convergence exploiting
the propagation of regularity established in Theorem 1. The main ingredient at this point is
the uniform boundedness of the solution in Sobolev norms. We only reproduce the statement,
since its proof is exactely the same as in [CCC], Lemma 3.4 and Theorem 3.6. In that paper
though, the decreasing of the solution (39) was proved only for small inelasticity e ~ 1 exploiting
a control of the growth of the Fisher information (cfr. [CCC], Theorem 1.2).

Theorem 18

Assume e € [0,1). Let g(t) be the weak solution of the equation (11), corresponding to the initial
probability density go with zero mean velocity, fR3 [v]2 go(v) dv = 3 and satisfying fR3 [v]* go(v) dv <
+00. Let us suppose moreover go € H"(R3) for some n > 0, Vo € H”(R?’) for some v > 0.
Then g(t) is uniformly bounded in H"(R3).

Proof of Theorem 2. The proof of Theorem 2 is completed as soon as one recalls the following
interpolation bounds (see Theorems 4.1 and 4.2 in [CGT99]):

e there exists a positive constant C such that
9 12 4
[Pl < Clllvl Rl Z Il L 25

e for any s > 0 there exist positive constants M, N, 8 and  such that

1h(€)]
hlgs < C
Illz- < (2118 GE

E
) (Il e + 1 2ll )

So, letting h = ¢g(t) — goo, $ = 0 and keeping in mind the regularity of the stationary state as
recalled in Theorem 10, we get

l9(t) = goollzr < C (I10Pg(®)lls + [0 gooll 1) x
d2(9(t), 95¢)” (lg@® 1 zar + lg@ll ey + lgocllarnr + llgoo | v )”

for suitable exponents &, B, .

6 Appendix

Proof of Proposition 13: The estimates on the moments up to the first order (32) are easily
obtained by a recursive procedure through expression (30) as well as the vanishing of the non
isotropic second moments (33).
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Let us come to the diagonal second moments (34). After some calculations (as in Proposition
22) we get the following first order linear difference system

2, N 2, N
Jrs Ué <p§-v+1 dv . Jrs Ué <pgv dv
f]R3 v% <pj]\7r1 dv| = T 5A: (Id+ At A) fRa v% <pgv dv
Jos V3 741 dv Jgs 03 0} dv
where
_42—e 11+4e 11+4e
31—e 31—e 31—e
A= 11+4e _42—e 11+4e
- 31—e 31—e 31—e
11+4e 11+4e _42—e
31—e 31—e 31—e

1
Since the eigenvalues of the matrix A are —2 simple, with eigenspace < 1 > and —4=¢ double
1
-1 -1
with eigenspace < 1(,0 >, the matrix
0 1

ﬁ ( — At 3 ) double, with the same corresponding eigenspaces. Since for N large enough

—ix; (Id+ At A) has eigenvalues 1 simple and

depending on e € [0,1) we have 0 < 7=+ ( — At 3= ) < 1, we get

ng v? goév(v) dv 1 -1 1- At ;I,,e j -1 1 At ?76 j
2 N — . 1-e . 1-e
f]Rs U% (,O?V(U) dv| = (1| +C4 1 1= 2A; + Cy 0 T 9AL

Jgs v3 @7 (v) dv 1 0 1

for C1, Cs real constants to be determined by the initial conditions. As a consequence of (34)
we get for all N, for all j =0,..., N

[ e wyav =

Let us come to the fourth moment (35). Again through expression (30) we get

/ [o* ¢34 (v)

1 [T Kl v o[t & v dn
— Eat | Yo oV oM (2) du+ 17EAt/ d

At < /R 5 Q007 <n> i ) R 1° peadl n) <’ nartl

G (Bae [ bl @i e o= pan [ el @ a).

At L —4
My, =/ v[* o} (v) dv
R3

We denote
Exploiting Lemma 5 in [BCOT7], we get that there exist A, 11 and ps positive constants depending

only on e such that

/ of* Qe o) () do = — A + 9 + / (v w)?0Y (W) (w) dv duw
R3 R3 xR3
< —)\m4,j +C

for a suitable positive constant C' depending on gyo. Remembering that

/ ol* Q4 (Y, o) (0) o = / ol* QY o) () dv + / ol o (v) do,
R3 R3 R3

18



we end up with the following recursive relation

1
Majil S T AT (BAL((1 = N)my,; + C) + (1 — EAt)my,;)
1

By a Taylor expansion we get for At — 0:

my 1 < (1 = AEAL) (1 +4 At + o(At)) ma; + CEAL (144 At 4 o(At))
= (1 - (AE —4) At + o(At)) my,; + CEAL + o(At).

Since A > % for e € [0,1) ([BCO7]), we get for N large enough

AE —4
My j+1 < (1 — At) my,j + 2CEAt.
Thus '
AE—4 ' d AE -4 \*
My jt1 < (1 S At) mao +2CEALY (1 - At>
k=0

i 2CEA o ACE

= M40 )\E274At_m4,0 \E — 4
and so my ; is uniformly bounded (for all N large enough and for all j = 0,..., N) if initially
bounded.

d
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