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1 Introduction

In his famous papers on the mathematical theory of communication |77, considered
a foundation of modern information theory, Shannon introduced the entropy power
inequality. This inequality is very easy to describe. The main concept in it is the
notion of entropy.

Given a random vector X in RY, d > 1 with probability density f(x), let

H(X)=H(f) =~ [ f(x)lox f(z)da (L1)

denote its entropy functional (or Shannon’s entropy). The entropy power is then
defined by

N(X) = N(f) = exp <§H(X)) | (1.2)

The entropy power is built to be linear at Gaussian random vectors. Indeed, let
Z, = N(0,01;) denote the d-dimensional Gaussian random vector having mean
vector 0 and covariance matrix oly, where [, is the identity matrix. The probability
density of Z, equals

M, (z) = Wexp <—%> , (1.3)

and N(Z,) = 2weo.
Shannon’s entropy power inequality (EPI) gives a lower bound on the entropy
power of the sum of two independent random variables X, Y in R? with densities

N(X+Y) > N(X) + N(Y), (1.4)

with equality if and only X and Y are Gaussian random vectors with proportional
covariance matrices.

In [77], Shannon gave a semi-formal proof of (1.4), using a variational argument
(cf [77], Appendix 6). The first rigorous proof of (1.4) was obtained ten years later
by Stam [78| in one dimension. Then, Stam’s proof was simplified and extended to
dimension d > 1 by Blachman. It was 1965, and many other proofs and extensions
followed [40, 55, 56, 75, 84, 92].

In 1985 Costa |40] proposed a stronger version of EPI (1.4), valid for the case in
which Y = Z;, a Gaussian random vector independent of X. In this case

NX+2)>(1-t)NX)+tN(X+2), 0<t<l1 (1.5)

or, equivalently, N (X + Z,), is concave in t, i.e.

2

d
TSN(X +2) <. (1.6)



Note that equality to zero in (1.6) holds if and only if X is a Gaussian random
variable, X = N(0,01l,). In this case, considering that Z, and Z; are independent
each other, and Gaussian densities are stable under convolution, N(Z, + Z;) =
N(Z,44) = 0 + t, which implies

d2

—N(Zy,+ Z;) =0. 1.7

CN(Zo + 2) (1.7
The novelty in Stam’s proof [78] was to use the heat equation and its solution to
connect Shannon entropy (1.1) with Fisher information. For a given random vector
X in R? with a smooth density f(z), its Fisher information is defined as

== [ FHE

- o) dx. (1.8)

The main reason is that Fisher information, which is of quadratic nature, is more
treatable to give bounds on /(X +Y"), where X and Y are independent random vec-
tors. Indeed, a reasonably simple and direct proof allows to prove Blachman—Stam
inequality [20, 46, 78|. This inequality takes the name exactly from the original
papers in which Stam and Blachman gave a rigorous proof of entropy power in-
equality. It gives a lower bound on the reciprocal of Fisher information of the sum
of independent random vectors with (smooth) densities

S S
I(X+Y) " I(X) 1Y)

(1.9)

still with equality if and only X and Y are Gaussian random vectors with propor-
tional covariance matrices.

Hence, the heat equation started to be used as a powerful instrument to obtain
mathematical inequalities in sharp form in the years between the late fifties to mid
sixties. In addition to the pioneering paper by Stam [78|, an interesting application
of this idea can be found in a paper by Linnik [63]. Stam [78] was motivated by the
finding of a rigorous proof of Shannon’s entropy power inequality [77], while Linnik
[63] used the information measures of Shannon and Fisher in a proof of the central
limit theorem of probability theory. However, at the same time in which Blachman
[20] presented his proof, still by resorting massively to properties of the linear diffu-
sion equation, similar computations were presented by McKean [69], in connection
with the problem of convergence to equilibrium for Kac’s caricature of a Maxwell
gas. Motivated by proving that for some kinetic system the subsequent derivatives
of entropy alternate in sign, he evaluated these derivatives in correspondence to the
one-dimensional solution of the heat equation up to the third one, by obtaining sharp
inequalities between the second and the first derivative (the Fisher information). It
is now clear that these results were very close to obtain the logarithmic Sobolev



inequality, proven by Gross ten years later [53], and to show the concavity property
of entropy power, proven by Costa twenty years later [40]. Indeed, McKean ideas
have been used by Villani to give an alternative proof of the concavity property [91],
and by the present author to obtain an improved version of the logarithmic Sobolev
inequality [82].

The huge potentialities of the use of the heat equation to prove inequalities have
been rediscovered in more recent times by Carlen, Lieb and Loss [29], that first
introduced a Lyapunov functional of solutions to the heat equation which allows to
prove Young’s inequality and its converse for functions of one variable. Later on,
Bennett Carbery Christ and Tao [18] were able to extend the result in [29] to general
functions. Other very closely-related works can be found in papers of Bennett and
Bez [16], Borell [27]|, Barthe and Cordero-Erausquin [11] and Barthe-Huet [12]. In
particular, Young’s inequality and its converse have been proven by Bennett and
Bez [16] by showing that a suitable functional of the convolution of powers to the
solution to the heat the heat equation exhibits monotonicity properties.

As often happens, however, the seminal ideas of Stam [20, 78] remained confined
within the framework of information theory, where, however, functional inequalities
gained a lot of interest, in reason of their connections with properties of Shannon’s
and Reényi’s entropies [47]. A notable exception to this confinement is a recent
paper by Gardner [52], that clarifies the relationship between the Brunn-Minkowski
inequality and other inequalities in geometry and analysis. In [52], clear connections
between the entropy power inequality of information theory and Young’s inequality
and others are described in details, together with an exhaustive list of references.

As far as the classical Young’s inequality is concerned, the original proof of the
sharp form is due to Beckner [14] and Brascamp and Lieb [28]|. In [28] Brascamp
and Lieb also proved the sharp form of Young inequality also in the so-called reverse
case. A different proof of this sharp reverse Young inequality was subsequently done
by Barthe [10]. In their recent paper, Young’s inequality has been seen in a different
light by Bennett and Bez [16] (cf. also [15, 18, 29]). In this paper, Young’s inequality
is derived by looking at the monotonicity properties of a suitable functional of the
convolution of powers to the solution to the heat equation. In this respect, the
arguments of [16] are close to the ones presented in systematic form in [84].

The connections of the sharp form of Young’s inequality with the Prékopa—
Leindler inequality has been enlightened by Brascamp and Lieb [28|. Then, the
connection of Young’s inequality with Shannon’s entropy power inequality has been
noticed by Lieb [61].

Most proofs in these papers are based on properties of the solution to the heat
equation. Indeed, it is now clear that diffusion equations, linear and nonlinear,
constitute a useful tool to obtain inequalities in sharp form [84, 49|. In these notes,
we aim in giving a self-contained presentation of this topic.



2 Learning from kinetic theory

2.1 The radiative transfer and Jensen’s inequality

The Boltzmann equation is the most famous kinetic model, both due to its important
current applications, and for historical reasons. For this model, Boltzmann [26]
proved his celebrated H-theorem about the increase of entropy, which represented
the first analytical proof ever of the second principle of thermodynamics. In reason
of binary collisions between molecules, the gas density is shown to relax towards
the Maxwellian equilibrium, a Gaussian density of type (1.3). Equilibria are indeed
important in kinetic theory, as the following example shows.

Consider the radiative transfer equation [36, 34|. In the three-dimensional phys-
ical space it reads

(g{Jr Vf)(xvt —a(/fxwt)dw m(Q)f(a:,v,t)). (2.1)

The unknown is the non-negative specific radiation intensity f(z,v,t) which depends
on position z € R3, velocity v € Q and time ¢ € R,. In general, € is a convex
subset of R? of finite measure m(€2). The right-hand of equation (2.1) describes the
relaxation process, which in this case is a linear operator. Dropping the dependence
on the spatial variable z, we can investigate the relaxation process, here driven by
the equation

af((;’ D_, (/ Fw, t) dw — m(Q)f(v,t)) . (2.2)

Taking the integral over Q on both sides of (2.2) shows that the mass of the solution

is preserved in time,
/fwtdw—/fg (2.3)

so that the relaxation operator can be equivalently written as

0 o ([ ) dw - mi@)s(o,1)). (2.4

Thanks to (2.4), it is then immediate to obtain the stationary solution, which ap-
pears to be the unique constant function in €2 of mass equal to the mass of the initial

distribution
f 00 - / f 0

Equation (2.2) can be easily solved to give, for v € ,

fo,t) = folv)e ™ + (1 —e ) ﬁ/gfg(v) dv. (2.5)



where we set

o =m(Q)o.

Formula (2.5) shows convergence of the solution towards the steady state as time
tends to infinity.

It is remarkable that the relaxation process produces the monotonicity of convex
functionals of the solution. Given a convex (smooth) function ®, let Hg(f) denote
the Lyapunov functional

Ha(f) = / B(f(v)) dv. (2.6)

To evaluate the time evolution of Hg let us make use of the radiative transfer
equation (2.2). We obtain

dHy(f(1)) ) Of (v,t)
L) - A@(f(v,t))Tdv

= U/QQD’(f(v,t)) [/Qf(w,t)dw—m(Q)f(v,t) dv
. / duw / do ®(f(0,1)) [f (w,1) — F0.8)] = —Ta(£().
Q Q

Exchanging v and w (respectively w and v) in the double integral, we can write Ig
in the equivalent form

(f(t) = o / du / do ® (F(v,8)) [f(v.1) — f(w, )]
= o [ do [ dw () [flwt) = S0 0),

Using both expressions for I, we finally obtain

(@) = § [ du [ dv [@(70.0) = ¥ F0,8) = flwnt)] 20,

In fact, the integrand is non-negative as a consequence of the convexity of . More-
over, Io(f(t)) = 0 if and only if f(v,t) is constant on (2.
Since I > 0,

Ho(f(t)) = Ho(fo)-

In particular,

[otnac= [ oo [o( o [ i an)



Since fo(v) is constant on €2, while fy(v) is arbitrary, we proved that, given a convex

function P,
> (ﬁ | futw) dw) < i | 2oy av 2.7

The study of the time evolution of the Lyapunov functional (2.6) along the solution
to the radiative transfer equation gives a new physical interpretation of Jensen’s
inequality [50].

This property is crucial. While theoretical inequality have a universal validity,
some of them also present a physical nature, in that they are deeply linked to
some relaxation process. This is well understood in kinetic theory, where Shannon’s
entropy is linked to the Boltzmann and related kinetic equations 80, 81].

2.2 The BGK model and relative entropies

Our second example is concerned with the Bhatnagar-Gross-Krook (BGK) model
of gas dynamics, which is a simplified version of the Boltzmann equation [19]. The
initial value problem for the space homogeneous version describes relaxation of the
probability density f(z,t) with 2 € R?, towards the Gaussian density (1.3)

% — (M, (2) = f(x,1)), (2.8)

where p is a relaxation parameter. By fixing f(z,t = 0) = ¢(z), where ¢(x) is a
probability density with a certain number of moments bounded, it is immediate to
recover the solution to (2.8), which results to be a linear combination of the initial
and of the Gaussian densities

flz,t) = p(z)e ™™ + My(z) (1 —e ). (2.9)
Hence, in particular, f(x,t) is a probability density for all ¢ > 0. Rewriting (2.9) as
fla,t) = My(z) = (p(2) — Mo(x)) e (2.10)
then shows convergence of the solution to M, in all norms ||-|| such that the difference

|l — My|| is bounded.
Let ®(r), > 0 be a convex function such that ®'(1) = 0. Then, for any ¢ > 0

{0 (L) s [ (f0) 2t

w [ @ (ﬁ—j;) (My(2) — f(2,1)) di =

10




L o) -oo] ({28

Therefore the quantity [ ®(f(t)/M,)M, is decreasing towards zero, which implies

/Rd ® (]\(552)) M, (z)dz = 0 (2.11)

Equation (2.8) is a particular case of a relaxation process towards a general proba-
bility density g(z) > 0, given by

Of (z,t)
ot

= p(g(x) — f(z,1)), (2.12)
with solution

Flz,1) = ()™ + gla) (1 — )| (2.13)
Repeating step-by-step the previous reasoning, one concludes with the inequality

/Rd e (%) g(x)dz > 0, (2.14)

valid for any pair of probability densities, and convex function ¢ satisfying ®'(1) = 0.
The quantity in (2.14) is usually known with the name of relative ®-entropy [1|. The
choice ®(r) = rlogr — r 4+ 1 gives rise to the relative Shannon’s entropy

H(flo) = [ | iog T ds

Let g = M,. Then, if [|z]*f(z) < [|z]*M, one has

(2.15)

1
f(z)log M, dx = _d log2no [ f(x)dz — —/ 2|2 f(2) dz >
Rd 2 20 R4

Rd

d 1

——log2mo | M,(z)dx — — |z M, () dx.
2 Rd 20 Rd

Under this condition

0< H(f|IM,) = / F@log f(@)do = [ @) log My(a) d <

g f(z)log f(x) dx — M, (z)log M, () dz,

Rd
or, what is the same
H(f) < H(M,) (2.16)

/]a:|2f(:c)da:§/ |22 M, (x) dx.
R4 Rd

This result is known under the name of Gibbs lemma. We will be back on this result
later on Section 5.2.1.

whenever

11



2.3 Fokker-Planck equation and Gaussian densities

The Fokker-Planck equation is a partial differential equation describing the time
evolution of a density function f(v,t), where v € R, d > 1 and t > 0, departing
from a nonnegative initial density ¢(v). The standard assumptions on ¢(v) is that
it possesses finite mass p, mean velocity u and temperature 6, where for any given
density g(v)

p= /Rd g(v) dv (2.17)

is the mass density,

1
u = —/ vg(v)dv (2.18)
P JRrd
is the mean velocity, and 6 is the temperature defined by
o= [ Jo—uPy(w)d (219)
= — v —ul“g(v) dv. :
np Jrd g

The Fokker-Planck equation appears in many different contexts. It was originally
derived for the distribution function of a Brownian particle in a fluid [35], and is
applicable in a more general form to a plasma [37]. In normal form, the Fokker-
Planck equation reads

% = Jpp(f)(v,t) = cAf(v,t) + V- (vf(v,t)). (2.20)

The Fokker-Planck operator Jzp has the usual conservation property of mass, and
[ logfJrp(f)dv < 0, which guarantees the increasing in time of Shannon’s entropy
(1.1). If the initial condition ¢ (v) is a probability density, the equilibrium solution is
the Maxwellian density (1.3). Indeed, the stationary solution (of mass 1) of equation
(2.20) satisfies the equation in divergence form

Jep(f)(v) =V - (eV[(v) +vf(v)) = 0.

Since )
oV 1(0) + 0f(0) = £0)7 (o ) - 1)
on the set f(v) >0
loz £(v) — L — g

which implies f(v) = ¢M,(v), with ¢ constant. Then ¢ = 1 fixes the mass equal to
one.

Given a probability density h(z), z € R%, we define its Fourier transform f(f),
£ e R by

h(§) = /Rd e ST h(x) dx.

12



In terms of Fourier transform, the Fokker-Planck equation reads

% = Jep(f)(& 1) = —al¢f(&,1) = € V(& 1), (2.21)

Thus the Fourier transform of the stationary solution (of mass 1) of equation (2.21)
satisfies

Trp(f)(€) = —olef(&) —€- V(&) =0,
Since A X A A
ol¢PF(©) +€- V() = f(©) - (o€ + Viog f(©)])
on the set & f(€) #0

R 2
log @) - 758 =

which implies, by fixing the mass of f(v) equal to one

0,

&) = T =exp { - | 22)

Hence, by means of the study of the stationary solution of the Fokker—Planck equa-
tion, we can conclude that the Gaussian density (1.3) has an explicit Fourier trans-
form, given by (2.22).

3 Some facts about the linear diffusion equation

3.1 Scaling and convergence

We begin by recalling some properties of the solution to the heat equation in RY,
d>1
ou(x,t)
ot

where k£ > 0 is the (constant) diffusion coefficient. In the rest of the paper, for
the sake of simplicity we will assume that the initial datum is a probability density
function f(z), so that f(z) > 0, and

= rAu(x,t), (3.1)

» f(z)dx =1. (3.2)

This assumption will not affect the generality of the results that follow. The solution
to equation (3.1) is given by the function u(z,t) = f % My (z), convolution of the
initial datum with the fundamental solution Ms,,;, where M, (x), for o > 0, denotes
the Gaussian density in R? of mean 0 and variance do

13



The easiest way to recover the solution to the initial value problem for equation
(3.1) is to resort to Fourier transform. In fact, by passing to Fourier transform in
(3.1) we obtain

ou(§,t .
0~ wjePace.n, (3.3
that can be easily integrated by separation of variables to give, for every t > 0
a(é,t) = f() exp{—rl¢]’t}. (3.4)

Hence, owing to the result of Section 2.3, the Fourier transform of the solution is
found to coincide with the product of the Fourier transforms of the initial datum
f and the the Fourier transform Ms,, of the Gaussian density (1.3) of mean zero
and variance 2kdt, usually known as fundamental or source-type solution, namely
the convolution product specified above. Hence, in terms of random vectors, the
solution u(z,t) to the heat equation (3.1) coincides with the density function of the
sum of two independent random vectors X + Z.;, where X has density f(z) and
Zowt 18 the Gaussian random vector with density given by (1.3), with o = 2xt.

It is important to remark that formula (3.4) admits a simple generalization.
Even if somewhat unusual, we will briefly introduce it, since it is closely related to
the original proof of the entropy power inequality given by Stam |78]. Consider the
heat equation (3.1) with a time-dependent diffusion coefficient x(t) = 1/(t), where
p(t) is an increasing function such that p(0) = 0 (the classical case corresponds to
p(t) = kt). Then, equation (3.3) can be integrated as well by separation of variables,
and the corresponding solution is

a(€,t) = f(€) exp{—p(t)|¢*}. (3.5)

Hence, in terms of random vectors, the solution wu(z,t) to the heat equation (3.1)
with a time-dependent coefficient of diffusion x(t) = p/(t), where pu(t) is increasing
from p(0) = 0, coincides with the density function of the sum of two independent
random vectors X + Zs,), where X has density f(x) and Zs, is the Gaussian
random vector with density given by (1.3), with ¢ = 2u(t). We do not insist more
on this standard result.

Maybe not so well-known is that we can make use of formula (3.4) to control the
large—time behaviour of the solution to equation (3.1) in various norms. To this aim,
let us consider a family of metrics that has been introduced in the paper [51] to study
the trend to equilibrium of solutions to the space homogeneous Boltzmann equation
for Maxwell molecules, and subsequently applied to a variety of problems related
to kinetic models of Maxwell type. For a more detailed description, we address the
interested reader to the lecture notes [33].

Given s > 0 and two random vectors X7, X, in R? with probability distributions

14



f1 and fo, their Fourier based distance ds(X7, X2) is given by the quantity

f1(§) — f2(§)
ds(X1, X2) = d(f1, f2) := sup -

¢eRd 14§

The distance is finite, provided that X; and X5 have the same moments up to order
[s], where, if s ¢ N, [s] denotes the entire part of s, or up to order s — 1 if s € N.
Moreover dy is an ideal metric. Its main properties are the following

1. Let X7, X5, X3, with X3 independent of the pair X, X5 be random vectors
with probability distributions fi, fo, f3. Then

do( Xy + X3, Xo + X3) = ds(f1 * f3, fa x [3) < ds(f1, f2) = do( X1, Xo);

2. Define for a given nonnegative constant a the mass-preserving dilation in R?
1 v

Jr)=—=f(-). 3.6

fula) = £ (=) (3.6)

Then, given two random vectors X, Xo with probability distributions f; and
fa, for any nonnegative constant a

dS(CLXl,CLXg) - ds(fl,a»fQ,a) S a® ds(f17f2) =a’ ds<X17X2)-

Dilations of functions will be considered often in this work. In particular, the prop-
erty of invariance under dilation will be essential in the proof of many results. The
following definition clarifies this concept.

Definition 1. For a given probability density f(z), * € R? let G(f) denote a
functional acting on f. We will say that G is invariant under dilation if, for any
positive constant a

G(fa) = G()), (3.7)
where f, is defined as in (3.6).

Define, for ¢t > 0

Uz, t) = <\/1 ¥ me)d u(z VI T 28t 1). (3.8)

Then, U(z,t) is a mass-preserving time-dependent dilation of the solution wu(z,t),
so that

Uz, t)de = | u(z,t)de = 1. (3.9)
L L

15



Then formula (3.4) implies that, for all £ > 0

Geen—al—S ) f(——5 [P 2nt
U“’”‘“(m’t)_f(m)“p{ ) 1+2m} (3.10)

On the other hand, if M(z) = M;(x) denotes the Gaussian density defined in (1.3)
corresponding to o = 1, for each ¢ > 0 we have the identity

Troey _ € _ 7 § [
M({)—exp{—T}—M<\/m)exp{ 5 1+2mt} (3.11)

Therefore

~ B T & _ﬁ 2kt
U(e, 8) = M©)] = ‘f<\/1+2t) M(\/Hzm)‘@(p{ 2 1+2ms}'

Let us suppose now that the distance ds(f, M) between the initial datum and the

Gaussian M is bounded for some s > 0. We remark that the distance is certainly

bounded for s < 1 since both f and M are probability densities. In this case, for

any positive constant a and for any & # 0, property 2 of the Fourier based distance

implies

§) — M (ag)
€l°

If now a = 1/+/1 + 2kt we obtain the bound

e -6 < (7o) armnren{-5 1251 @)

The bound (3.13) can be directly applied to evaluate convergence of U(z,t) to M (z)
as t — oo in various norms. As main example, let us consider the L? norm. In
Fourier variables, for any given ¢t > 0

/ant <£>Pdégds<f,M>2/ (%) exp{—]§|21iﬁ2tm}d£:

(M) (1;275“) / [n** exp {=[nl*} dn.

Thus, since the integral

X _ f(a
f (a§) = 7 (ag)| = | . g <d(fMyalel. (312)

(3.14)

= [ I exp {1} dn (315)

16



is finite for eaxch s > 0, we have convergence of U(x,t) to M(x) in L?(R?) at the
rate 1/t*. Note that the same bound holds true (with a different constant) if we are
looking for a bound, by formula (3.13), of the quantity

[ et - Mo de

In conclusion we prove

Proposition 2. Let the initial datum f for the heat equation (3.1) be a probability
density such that, for some s > 1 the Fourier based distance ds(f, M) is finite. Then,
there is convergence of the scaled solution U(x,t) defined by (7.36) to the Gaussian
M(x) at the rate Cs,/t° in any Sobolev space HP, with p > 0. The constant Cs,,
depends on ds(f, M), k and F (s + p).

Remark 3. 1t is remarkable that the rate of convergence in any Sobolev space H?,
with p > 0 depends only on the values of the moments of the initial datum f.
More moments of the initial datum coincide with moments of the same order of
the Gaussian density M, more rapid is convergence to equilibrium. Hence, the rate
of convergence does not depend on the regularity of the initial datum. This fact
has been noticed in [54], in connection with the central limit theorem of probability
theory (cf. also [13] for recent results and references).

A second important remark is concerned with a particular property of the fun-
damental solutions to the heat equation (3.1). Since the fundamental solutions are
Gaussian probability densities, they are closed under the operation of convolution
[59], namely

MUl * MO’Q (iL’) = M01+02 (iL‘)

Hence, if we consider at time ¢ > 0 the convolution of n powers of the fundamental
solutions of heat equations with diffusion coefficients ;, 7 = 1,2,...,n, we obtain

aq a2 QAn
M2n1t * MQW % ek M%nt =

n d/2
o K
(471'/{]‘75) 14/2 (47Ta—] > M2tfi1/041 * MthQ/OLQ ¥k Mztﬁn/an =
- J

7=1

n ) d/2
(4mk;t) —ayd/2 (4%%1&) Moy,
_ J

7=1

where
n

5 — Z%
j=1

J
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In the expression above the time-dependent quantity in front of the exponential is
given by
o(t) = t~5 iz e ti(n-D),

Therefore, if the exponents «; are such that

d aj=n-1, (3.16)
j=1

independently of the values of the diffusion coefficients x;, ¢(t) = 1, and
M3} o+ M2, % -+ % My, = ¥y exp {—|x|2/42t} ,

where >J; denotes the constant

n/2 n
Kj - —Oéjd 2

j=1

Consequently, independently of the values of the diffusion coefficients r;, if the
exponents «; satisfy condition (3.16), for every z € R?

d
%M;’%t ) My, % -+ x Mg > 0. (3.17)

This property is obviously restricted to a set of positive constants o satisfying (6.1).
Note moreover that for a single fundamental solution condition (6.1) implies a; = 0,
so that property (3.17) becomes trivial.

Let us finally recall the evolution equation for a power of the solution to the heat
equation. If @ > 0 is a positive constant, and u(x,t) solves (3.1), then u®(z,t) solves

—8uaa(f D (A (e t) + all — )@, OV Iogu(e, HF] . (3.18)

Equation (3.18) is particularly adapted to work with convolutions of powers. Note
that equation (3.18) connects in a natural way dual exponents. In fact, if « = 1/p,
with p > 1, equation (3.18) takes the form

ouMP(z,t)

1
py =k |AutP(z,t) + ﬁul/”(ﬁ,tHVlog u(z,t)]?|

where 1/p+1/p' = 1.
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3.2 Convex and other functionals

Let f(z) be a probability density on R?, and let u(x,t) = f* My, be the solution to
the heat equation (3.1). Let ®(r) be a convex function, and let G denote the convex
functional

G = [ #r@)d. (3.19)

Then, since M,, o > 0, is a probability density function, Jensen’s inequality implies

o(f )0 = ([ S pitatdr) < [ @G- )0 d
so that

Gt + ) = [

Rd

O(f « M,)(x)de < / O(f)(z)dxr = G(f). (3.20)
R4
Owing to the same argument, we obtain that G(f x M,) < G(M,). Moreover, since
for 0 <o M, = Ms* M,_s5, G(u(z,t)) is a decreasing function of .
Shannon’s entropy is obtained by choosing ®(r) = —rlogr, which is concave.
Therefore, Shannon’s entropy is increasing along the solution to the heat equation.
In addition, since H(M,) = % log(270oe), at time ¢

H(u(t)) > H(May) = glog(47rl<ote).

This shows that H(u(t)) diverges with time.
The precise growth of Shannon’s entropy along the solution to the heat equation
is given by the so-called DeBruijn’s identity [69, 42]).

d _ B Vu(x,t)|?
GH®) = niue) = [ AL

dz > 0. (3.21)
wsoy  u(w,t)

In (3.21) I(u(t)) defines as usual the Fisher information of the probability density
u(z,t). The proof of equality (3.21) is left as exercise. It follows simply integrating
by parts, and using the smoothness of the solution of the heat equation. Details can
be found in [69, 80].

Also, Fisher information I(u(t)) is decreasing in time. Let us prove it for d = 1.
Indeed, for any given o > 0 Cauchy—Schwarz inequality implies

fore s UR J;((Z—:g%(y) dy] - [ [ =) dy v
Hence
u(;, ) <8u((9:§; t>>2 = /Rj;(é—:gg%m(y) dy,

19



and integration over R leads at once to I(u(t)) < I(f). Using once more that for
d < o My, = Ms* M,_s, we conclude that I(u(z,t)) is a decreasing function of ¢.
Exchanging the roles of f and M, we also have that I(u(t)) < I(M,). The same
properties hold in dimension d > 1. The precise decay of Fisher information can be
evaluated as well. We will postpone it to Section 5.2.

3.3 Two examples
3.3.1 Maximizing entropy under constraints

An example will clarify the importance of functionals which are invariant under
dilation invariance to get inequalities. Given a solution to the heat equation (3.1),
with initial datum the probability density f(x) with finite Shannon’s entropy, we
showed in Section 3.2 that the time derivative of its Shannon’s entropy H(u(t)) is
non-negative and it converges to infinity as time goes to infinity. This time behavior
is consequence of the fact that Shannon’s entropy is a functional that is not dilation
invariant

H(u,) = H(u) — dloga. (3.22)

It is easily checked that the second moment of a probability density function scales
according to

Blu,) = /R elPug () dr = %E(u). (3.23)

Hence, if the initial probability density in the heat equation has bounded second
moment, a dilation invariant functional of u(z,t) is obtained by coupling Shannon’s
entropy of u(z,t) with the logarithm of the second moment of u(z,t)

D(t) = D(u(t)) = H(u(t)) — glog E(u(t)). (3.24)

Following [84], let us compute the time derivative of I'(¢). We obtain

d d>
—I't)=rIT(ult) - =——— 3.25
G0 = (100) - 0. (3.25)
which is a direct consequence of DeBruijn’s identity (3.21), and of the time evolution
of the second moment of the solution to the heat equation,

d d

—FE(u(t)) = —/ |z|?u(x, t) de = 2md/ u(z,t) de = 2kd.

dt dt R4 Rd
The right-hand side of (3.25) is nonnegative. This can be easily shown by an argu-
ment which is often used in this type of proofs, and goes back probably to Mckean

[69]. It holds
<
Ra

2

t d
Vulz, 1) + u(z,t)dr =

u(z,t) E(u(z,t))
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I(u(t)) + m /Rd |z|*u(z, t) do + 2% /Rd z - Vu(z,t)de =

d? d? d?
I(u(t)) + —2 =1(u(t) — =——. (3.26)
Eu(t)  E(u(?)) E(u(t))
Note that, since u(x,t) is the (smooth) solution to the heat equation (3.1), equality
to zero in (3.26) holds if and only if

Vu(z) d
u@) | TE)

for all z € R?. This condition can be rewritten as

\% (log u(z) + %%) =0 (3.27)

which identifies the probability density u(z,t) as a Gaussian density in R?. By (8.17),
this also shows that, among all densities with finite variance, Fisher’s information
takes its minimum value in correspondence to the Gaussian density (1.3), where
o= FE(u)/d.

Thus, unless the initial value f is a Gaussian density, the functional I'(¢) is
monotone increasing, and it will reach its (eventual) maximum value as time t — co.
The computation of the limit value uses in a substantial way the dilation invariance
of I'. In fact, at each time ¢ > 0, the value of I'(¢) does not change if we substitute
u(z,t) with U(z,t) defined by (7.36).

Thanks to Proposition 2,

lim U(x,t) = M(x)

t—00
in any Sobolev space HP(R?). Therefore, passing to the limit one obtains

I0) = H(f) — glog E(f)<H(M) - glog E(M) = glog 2%6. (3.28)
This inequality holds for all probability density functions with bounded second mo-
ment, and does not require that the second moment of f equals the second moment
of the Gaussian density.
This relatively simple example contains the main ingredients we will use to obtain
inequalities in sharp form: monotonicity of a functional of solutions to the heat
equation coupled with the dilation invariance property.
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3.3.2 Holder’s inequality revisited

We show now that Holder’s inequality can be viewed as a consequence of the time
monotonicity of a suitable Lyapunov functional of the solution to the heat equation
[16, 29]. For the sake of simplicity, we will present the proof in dimension d = 1.
The corresponding higher-dimensional inequality can be deduced as well by making
use of standard properties of the Gaussian function.

Holder’s inequality for integrals states that, if p, ¢ > 1 are such that 1/p+1/¢g =1

[iswatanas < [ irapas) " ([ lataras) T )

Moreover, there is equality in (3.29) if and only f and g are such that there exist
positive real numbers a and b such that a f?(x) = bg?(z) almost everywhere. Holder’s
inequality can be proven in many ways, for example resorting to Young’s inequality
for constants, which states that, if 1/p+1/¢=1
<L (3.30)
p q

for all nonnegative ¢ and d, where equality is achieved if and only if ¢¥ = d9.

Without loss of generality, one can assume that the functions f, g in (3.29) are
nonnegative. A different way to achieve inequality (3.29) is contained into the
following

Theorem 4. Let ®(u(t),v(t)) be the functional
O(t) = D(u(t),v(t)) = /u(z,t)l/pv(a:,t)l/q dx, (3.31)
R
where 1/p+1/q =1, and u(x,t) and v(x,t), t > 0, are solutions to the heat equation

(3.1) corresponding to the initial values u(z) € L*(R) (respectively v(x) € L'(R)).
Then ®(u(t),v(t)) is increasing in time from

O(u(t=0),v(t=0)) = /Ru(x)l/pv(x)l/q dz,

lim S(u(t), v(t)) = ( /R u(z) dx))l/p < /R o(z) dx) "

Proof. Without loss of generality, let us fix k = 1 in equation (3.1). It is immediate
to verify that the functional ®(u(t),v(t)) is invariant with respect to dilation (3.6)
(applied to both u and v with the same constant a). Moreover, the condition

to

22



u(x),v(x) € LY(R) is enough to ensure that ®(u(t),v(t)) € L'(R) at any time ¢ > 0.
Indeed, inequality (3.30) implies

1 1
w(z, t)YPo(x, )V < Zu(z,t) + ~v(z,t),
p q

where, since u(z,t) and v(z,t) are solution to the heat equation,

Au@ﬁdrzéu@ﬂ@ A&@mezéf@mm

Let us first proceed in a formal way. However, by resorting to the smoothness
properties of the solution to the heat equation, all mathematical details can be
rigorously justified.

Let us evaluate the time derivative of ®(t). It holds

d

E@(t) = /R [(u(m,t)l/p)tv(x,t)l/q + u(x,t)l/p(v(x,t)l/q)t] dx =

/ [lul/p—lvl/qum + lul/pvl/q—lvm} dr —
R LP q

/ Ful/qvl/qum - 1ul/pvl/pvm} dz.
R LP q

Integrating by parts we end up with

4 _ X e [((Be\? U Ve (02N
ﬁMMmMQmeAu’U (u> 2uv+<v) dr =

i /Rul/p(x,t)vl/q(x,t) (u””(x’t) — Ux(x’t)>2 dxr > 0.

P u(e,t) o)
Hence the functional ®(u(t),v(t)) is increasing in time. Note that the time derivative
of the functional is equal to zero if and only if, for every ¢ > 0

ug(x,t) B vz (x,t) _
u(z,t)  v(z,t) 0

for all points x € R. This condition can be rewritten as

d u(z,t)
il | -
dz 8 v(x,t)

Consequently ®'(¢) = 0 if and only if

u(z,t) = cv(x,t) (3.32)
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for some positive constant ¢. Thus, unless condition (3.32) is verified almost every-
where at time ¢ = 0, the functional ®(¢) is monotone increasing, and it will reach its
eventual maximum value as time ¢t — oo. Once again, the computation of the limit
value uses in a substantial way the scaling invariance of ®. In fact, at each time
t > 0, the value of ®(u(t),v(t)) does not change if we substitute u(z,t) and v(z,t)
with U(z,t) and V(z,t) defined by

U(z,t) = V1 +2tu(z 1+ 2t,1)
V(z,t) =1+ 2tv(x 1+ 2tt).

By proposition 2

lim U(x,t) = M(x) /Ru(x) dr lim V(z,t) = M(x) /Rv(m) dx,

t—o00 t—o00

Therefore, passing to the limit one obtains

tlirilo O (u(t),v(t)) = lim OU(t),V(t) =

(/Ru(x)dzy/p(/s o(a )dx) /M1 () M ()4 die —
([ utarac) (// Har) /Ml
(/Ru(x)dx> p(/R ()dx)

lim ®(u(t),v(t)) = /Ru(x)l/pv(x)l/q dx,

t—0t+

Since

the monotonicity of the functional ®(¢) implies the inequality

oo < ( [ uta) d:c> " < [ o) dx) "

with equality if and only if (3.32) is verified at time ¢ = 0, that is

u(z) = cv(z), (3.33)
for some positive constant ¢. Setting f = u? and g = v'/? proves both Holder
inequality (3.29) and the equality cases. O

Despite its apparent complexity, this way of proof is based on a solid physical
argument, namely the monotonicity in time of a Lyapunov functional of the solution
to the heat equation. This gives a clear indication that many inequalities reflect the
physical principle of the tendency of a system to move towards the state of maximum
entropy.
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4 Blachman—Stam inequality

Blachman-Stam inequality is concerned with the behavior of the Fisher information
with respect to convolutions [78, 20]. Historically, it was the key argument to prove
Shannon’s entropy power inequality. It is very instructive to give a proof, since
it makes evident that the quadratic nature of Fisher’s information plays a funda-
mental role in proofs. In what follow, we present a natural extension of the original
Blachman-Stam inequality that applies to any power of convolution. We will present
a one-dimensional proof of this inequality, that the interested reader can without
essential difficulties extend to any dimension d > 1.

4.1 Fisher information bounds

To start with, we need the following definition. Given two (smooth) probability
densities f and g on R, let us define

1)@ - [ Usle 20 oy ay, (4.1)

g flr—y)

It is evident that the Fisher information of the density f coincides with the integral
of I(f|g)(z) for any choice of the probability density g

1(f) = / 1(f1g)(x) da. (42)

Then, the following Lemma holds.

Lemma 5. Let f(x) and g(x) be probability density functions such that both I1(f|g)
and 1(g|f) are well defined. Then, for all positive constants a,b and r > 0

(@07 2abr) [ (£ g2 (2 9)a)* dr <

R

o? / (f * gV T(flg) dx + 1 / (f * 9 I(g|f) de (4.3)

Moreover, there is equality in (1.8) if and only if, for any positive constant ¢ and
constants y1,72, f and g are Gaussian densities, f(x) = My (v — v1) and g(x) =

Mcb(x - '72) .

Proof. The proof follows along the same lines of the proof of inequality (1.9), given
by Blachman [20]. First of all, to easily justify computations, let us prove the lemma
by considering smooth functions f and ¢g. This can be easily done by considering,
for some t > 0, f % My, and g * My, solutions to the heat equation (3.1). Then the
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proof for general f and g will follow owing to the convexity properties of I(f|g) and

I(g|f) [64]. Let
k(z) = f*g(x).

Then, for any pair of positive constants a, b the derivative of the convolution can be
written in the following form

@ =55 [ Fe=na i+ 5 [ 1=

Ka) _ [ Fle—y) flz—y)(y) dy+b/ 9 fle —y)gy) ,
- ) R

/ (I, _ y _

k(z) R flx—y) k= gly)  k(z)
flle—y) . dW)

/R( flz—y) +bg(y)) ta (),

dyio(y) — S ;(gg(y) J

Note that, for every x € R, du, is a unit measure on R. Consequently, by Jensen’s

inequality
oo (5] = [ (FEm 8l )] <

fla—y)  dwY\
/R( flz—y) +bg(y)) ) (44)

Hence, for every constant r > 0

Therefore

(a+b)

where we denoted




so that

/erl(x) /R '@ =y)g'(y) dy de =
/R K ()K" (z) de = —(r — 1) / 572 () (K ()2 di.

R
This concludes the proof of the lemma. The cases of equality are easily found
resorting to the following argument. Equality follows if, after application of Jensen’s
inequality, there is equality in (4.4). On the other hand, for any convex function ¢
and unit measure du on the set €2, equality in Jensen’s inequality

w(/ﬁfdu)é/Qw(f)du

holds true if and only if f is constant, so that

fzéfw.

In our case, this means that there is equality if and only if the function
1o /
JE=y) g W)
fle—y)  gy)

does not depend on y. If this is the case, taking the derivative with respect to y,
and using the identity

we conclude that f and g have to satisfy

2 2

d
iy | ) =b—21 . 4,
a-slogflz—y)="b 0 og g(y) (4.5)

Note that (4.5) can be verified if and only if the functions on both sides are constant.
Thus, there is equality if and only if

log f(z) = bz + civ +dy, logg(z) = bya® + cow + do. (4.6)

By coupling (4.6) with (4.5), we obtain that there is equality in (1.8) if and only
if f and g are gaussian densities, of variances ca and cb, respectively, for any given
positive constant c.

]
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If r = 1 using (4.2) into inequality (4.3) gives the classical result by Blachman
and Stam about Fisher information of convolution. Let a,b be positive constants.
Then

(a® + V) (f xg) < a®I(f)+b*1(g). (4.7)

The classical Blachman—Stam inequality easily follows from (4.7). Indeed, inequality
(4.7) is equivalent to

I(f % g) <7*I(f) + (1 =7)*1(9),
where 0 < =a/(a+ b) < 1. Optimizing over 7 implies inequality (1.9).
Remark 6. Note that inequality (4.3) continues to hold even if the functions f and

g are not density functions. Indeed, inequality (4.3) is invariant respect to the sub-
stitution of f with Af, and g with Bg, for any pair of positive constants A, B.

5 Shannon’s entropy power inequality

5.1 The proof of Stam and Blachman

The original proof of the entropy power inequality (1.4), given by Stam [78] and
concluded by Blachman [20] makes an essential use both of the solution to the heat
equation, and of the inequality (4.7) proven in the previous section. We write this
proof by using the notations of Section 3. Let us fix the dimension d = 1. Let
X and Y be independent random variables with probability densities f and ¢, and
denote by f(t) and g(t) the densities of X + 7, (respectively X +Z,,;)), namely the
convolutions of f and g with Gaussian probability densities having variances v(t)
and p(t) respectively, where both v(t) and p(t) are increasing in time from v(0) = 0
(respectively 1(0) = 0). We suppose that the Gaussian variables Z, ) and Z,) are
independent from each other. Thanks to formula (3.5) f(¢) and g(¢) are recognized
as solutions to the heat equation with a time-dependent coefficient, and initial data
f and g.
Now, consider the functional

_ exp{2H(f(t))} + exp{2H (9(1))}

Vit , 5.1
" exp{2H(r (1)} oy
with 7(t) = f(t) x g(t). It is evident that this functional is invariant under dilation.
Moreover N(f) + N(g)
+ V(g
0) = —F.
YO =N
Let us differentiate with respect to time. We obtain
dVv(t)

o exP{2H(r(1)} = V/(O)I(f (1)) exp{ZH(f(8))} + 1/ (1)1 (9(1)) exp{2H (9(¢))} —
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1(r(1)) [V'(1) + 4/ (0)] [exp{2H (f (1))} + exp{2H (9(1))}] -
Let us choose the functions v(t) and pu(t) so that

V(t) = exp{2H(f ()}, p'(t) = exp{2H (g(1))}.

For this choice of v(t) and u(t), applying inequality (4.7) with

a =exp{2H(f(t))}, b=exp{2H(g(t))},

it follows 4
ave)
dt —

By Lemma 5 the derivative is equal to zero if and only if both f(¢) and g(t) are
Gaussian densities. But then f and g have to be Gaussian and the derivative
is identically zero for all ¢. In other words V(t) is either strictly increasing or a
constant. Since V(t) is continuous from the right in ¢ = 0, we have

N +NY) V(t).

V<O) - N(T‘) t—o0

To conclude the proof it remains to show that the limit is equal to 1. Here I report
exactly the concluding argument of Stam [78|, using the same words.
It is clear that
lim v(t) = lim p(t) = oo.
t—o0 t—o0
The fact that lim,_,., V(¢) exists and is equal to 1 can be proved easily, making use
of the fact that f(t), g(t) and r(t) become more and more Gaussians.

Remark 7. While we know that the result is correct, the argument become more and
more Gaussians is not rigorous and the proof of the validity of the entropy power
inequality can not be claimed on this basis. Some years later, Blachman completed
the proof by resorting to a variant of the property of invariance under dilation given
in Definition 1.

In order to prove that lim; ,,, V() = 1, Blachman used the scaling property of
Shannon’s entropy we gave in (3.22). Let us define

F(a,t) = Vo fav/vD,0; - Gla,t) = Vi) fay/u(D), )

and

R(x,t) = /v(t) + u(t)r(zy/v(t) + u(t),b).
Then, by (3.22)
H(f(t)) = H(F(t)) +log /v(t),
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which gives
N(f(t)) = v()N(F()),
Same expression for g(t) and r(¢). On the other hand, even if proved it when

v(t) = kt, it is clear that Proposition 2 applies any time the function v(¢) tends to
infinity as time goes to infinity, like in the present case. Hence

tli)rgo N(F(t)) = 2me,
and the same limit value is found for N(G(t)) and N(R(t)). This implies

L VONEW) 1 N (ED)
BV = B0 00+ w0 N(R(D)

=1.

This concludes the proof.

Remark 8. A careful reading of the arguments used in the proof indicates that we can
use the same arguments in dimension d > 1. This has been done by Blachman in [20].
We will postpone to Section 6.4 a different proof of the entropy power inequality, fully
based on a functional which is invariant under dilation, that simplifies noticeably
the original proof.

5.2 The concavity of entropy power

The entropy power inequality proven in the previous section has a lot of interesting
consequences. Among others, one of these consequences has been noticed by Costa
[40], who named it emphconcavity property of entropy power.

Let X be a random vector with a (smooth) density function f(z), x € R, and
let us denote by f(z,t) the solution to the Cauchy problem for the heat equation
(3.1) with diffusion constant x = 1, posed in the whole space and such that f(x,t =
0) = f(z). As discussed in Section 3, f(x,t) is the density of the random variable
X + Zy. Given the entropy power N (X + Zy), where N is defined as in (1.2), we
shall now prove that N(X + Zy) is concave with respect to time

2
%N(X + Zy) < 0. (5.2)
The proof of concavity then requires to evaluate, for any time ¢ > 0, two time
derivatives of the entropy power of f(x,t). The first derivative of the entropy power
is easily evaluated resorting to DeBruijn’s identity (3.21) which connects Shannon’s
entropy functional with the Fisher information of a random variable with density
Using identity (3.21) we get

N 0) = S {ZH(0)} SH(10) -
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2o {2y} 170
Hence
Vo) =54 [ew { S0 | 1)
Let us set

v(5) e {300} 100 (53)

Then, the concavity of entropy power can be rephrased as the decreasing in time
property of the functional Y(f(t)) along the solution to the heat equation. If

sy = IO

denotes the derivative of Fisher information along the solution to the heat equation,
we obtain

(5.4)

v e {Sacen | (T4 r)?) -

e { G700 | (-~ + 1(s002).
Hence, T(f(t)) is non increasing if and only if

TF0) > ST (5.

It is interesting to remark that, aiming in proving the old conjecture that subsequent
derivatives of Boltzmann’s H-functional, evaluated on the solution to heat equation,
alternate in sign, the functional J(f(¢)) was first considered by McKean [69]. Indeed,
in one space dimension, inequality (5.5) is essentially due to him. Let us repeat his
highlighting idea. In the one dimensional case one has

1(f) = /R ffg)) dr,

J(f) =2 (/R ffg;Q iz — %4%@) | (5.6)

McKean observed that J(f) is positive. In fact, resorting to integration by parts,
J(f) can be rewritten as

(@ P@RY
=2 [ ( - fw) Fa)da > 0. (5.7
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Having this formula in mind, consider that, for any constant A > 0

oea [ (£0 SO LN e

flz)  flz)?
J(f) + 22 +4/\/R (f”(x) - %) do = J(f) +2X* — 4N (f).

Choosing A = I(f) shows (5.5) for d = 1.
Note that equality in (5.5) holds if and only if f is a Gaussian density. In fact,

the condition
@) fx)?
flz)  f(x)?

FA=0,

can be rewritten as )

d
@ log f(f) ==,

which corresponds to
log f(x) = —A\a* + br + c. (5.8)

Joining condition (5.8) with the fact that f(z) has to be a probability density, we
conclude.

The argument of McKean was used by Villani [91] to obtain (5.5) for d > 1. In
the general d-dimensional situation, Villani proved the formula

d 1 92 1 0f of1*
2; /Rd [?8%8% e a—%} f dz. (5.9)

By means of (5.9), the nonnegative quantity

d 1 02 1 of of 2
A = ; /Rd [ fovdu, 2 ov v, “5”] f .
with the choice A = I(f)/d, allows to recover inequality (5.5) for d > 1. This proves
the concavity property of entropy power.
To enlighten the consequences of the concavity of entropy power, consider that
the functional Y(f) is invariant under dilation (cf. Definition 1). In fact, Shannon’s
entropy is such that,

H(fs) = H(f) — dloga,
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while Fisher’s information satisfies

R S I )

fa(x) f(z)
Therefore, for any constant a > 0
T(f(2) =T (falt)) .- (5.10)

Thanks to Proposition 2 we can identify the long-time behavior of the functional
T(f(t)). Unless the initial value f(x) in the heat equation is a Gaussian function, the
functional Y(f(¢)) is monotone decreasing, and it will reach its eventual minimum
value as time t — oo. Grace to the invariance under dilation property, at each
time ¢t > 0, the value of Y(f(¢)) does not change if we scale the argument f(z,t)
according to (7.36), namely

fla,t) — Fla,t) = (\/1 T 2t>d flavVIT2Lt),

which is such that the initial value f(x) is left unchanged. On the other hand,
Proposition 2 implies
lim F(z,t) = M(x)

t—o00

Moreover, the limit value of T(f(¢)) does not change if we consider a dilation of the
limit Gaussian function in order to have a variance different from one. Therefore,
passing to the limit one obtains, for any ¢ > 0, the inequality

T(f) = T(M,),

or, what is the same
exp {gH(f)} I(f) > exp {%H(MU)} I(M,). (5.11)

5.2.1 The logarithmic Sobolev inequality

Inequality (5.11) has various important consequences. First, let us rewrite it in the
form

16\2) = exp {—2 (H(f) - H(Ma))} : (5.12)
Since
104,) =4,
while

d d
H(M,) = 510g27m + 3
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using that e=* > 1 — z, we obtain from (5.12)

d o [ |Vf(@)P
1 dr +d+ =log2mo < — — = dx. 5.13
Rdf(x) og f(x)dx + —I—2og Wa_z/Rd o) x (5.13)
Inequality (5.13) is nothing but the logarithmic Sobolev inequality by Gross [53],
written in an equivalent form.
Consider now the case in which the probability density f(z) of the random vector
X is such that the second moment of X is bounded. Then, for any ¢ such that

1
oz [ el fd,
n Jrd

it holds
—H(f)+ H(M;) = [ f(z)log f(z)dx— | My(x)log M,(x)dw =

R4 R4

1
[ s@og i Do o [ el Oo) = i) o>
f(@)

» f(z)log M, (1) dx.

By the Csiszar-Kullback inequality [58|
2 5 f(x)log J\Z:(?:) de > ||f — M, |17 (5.14)

By expanding the right-hand side of inequality (5.12) up to the second order, we
end up with the inequality

2 2
%/R % do— | f(e)log f(x)da +d+ g log 20 > %Hf — M,|%,. (5.15)
The right-hand side of (5.15) improves the logarithmic Sobolev inequality when the
density function involved into inequality (5.12) has bounded second moment, and
it is different from a Gaussian density. In this case, it is possible to quantify the
positivity of the difference between the right and left sides of (5.12) in terms of the
distance of the density f(x) from the manifold of the Gaussian densities, with a
precise estimate of this distance in terms of the L!'-norm.
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5.2.2 Nash’s inequality revisited

A second interesting consequence of the concavity of entropy power is a new proof
of Nash’s inequality [70]. To this aim, note that the right-hand side of inequality
(5.11), thanks to the invariance under dilation property of Y(f), does not depend
of o. The choice

oc=0=(2me) ", (5.16)
gives
[(M,) = 2red,
and
Thus, substituting the value o = & in (8.24) we obtain the inequality
2
exp {C_ZH<f)} I(f) > 2med. (5.17)

Inequality (5.17) is know in information theory with the name of Isoperimetric
Inequality for Entropies (cf. [47] for a different proof).

The case in which f(z) > 0 is a nonnegative function of mass different from 1,
leads to a modified inequality. Let us set

n= [ 1@ 21

Then, the function ¢(z) = f(x)/p is a probability density, which satisfies (5.17).
Therefore

I(ug) = p1(¢) > plI(M,)exp {?ZH(M">} exp{—%H((b)} —

pI(Mo)exp {E(H(Ma) - 10gu)} exp {—%(H(sb) - 1ogu)} =

21 21
M(Ma)exp{ﬁH(uMa)} exp{—E;H(u@}- (5.18)
In (5.18) we used the identity
H(pug) = pH(¢) — plog p.

Setting now o = &, as given by (5.16), we conclude with the inequality

I(f) = 2med || f]] 2 exp{ [H(f) = [ f]lz log HfHLl]} : (5.19)

2
df| fllz»
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which clearly holds for any integrable function f(x) > 0.
Given a probability density function g(x), let us set f(z) = ¢g*(z). In this case

1) = 1) = = [ a)ogg?(e)de = =2 [ (oo lozgla)) gla) d

Rd
Since the function h(r) = rlogr is convex, and ||g||z: = 1, Jensen’s inequality
implies
—H(g%) > 2/ g*(x) dxlog/ g () du. (5.20)
R Rd

Using (5.20) into (5.19) gives

I(g?) > 2red / o (x) dx> T s

Rd

g*(x) dx eil8fra (@ e — 97eq (/
R

d
Using the identity
I(g*) =4 | |Vg(z)]dx
Ra

we obtain from (5.21) the classical Nash’s inequality in sharp form

</Rd 9*(x) dx) o < % /]Rd |Vg(2)|? dz (5.22)

Inequality (5.22) clearly holds for all probability density functions g(z). Note that,
if ||gllzr # 1, (5.22) implies

< /R g() dx) R % < [ ot dm)4/d /R [ Vgla)P da. (5.23)

The constant 2/(med) in (5.23) is sharp.

5.3 Dembo’s proof of the concavity property

In a short note [46], Dembo showed that the concavity of entropy power is a direct
consequence of Blachman—Stam inequality (1.9). The idea is very simple. If we
write the Blachman—Stam inequality for the random vector X + Zs;, we obtain

1 1 1 1 2t

I1(X + Za) = X)) 1z IX) @

Indeed, for a Gaussian vector Z,, I(Z,) = d/o. Hence, for each 7 > 0 we obtain
the inequality

1 1 _ 1 >
T ](X + ZQt+27—) ](X + th)
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Passing to the limit as 7 — 0, we finally obtain

d 1 1 dI(X + Zapior) 1

FIX 4 Za) | IX+ZP & Igap VW=

2
d’
which, grace to definition (5.4) coincides with (5.5).

The same idea can be applied starting from the entropy power inequality applied
to the random vector X + Zy;. In this case, since by definition N(Z,) = 2rweo,

N(X + Zy) > N(X) + N(Zy) = N(X) + 2me2t.
Hence for each 7 > 0 we have

1
— [N(X + ZQt+27—) - N(X + th)] Z 4re.

T

Passing to the limit as 7 — 0, we finally obtain

d 2
EN(X + Z2t+2.,-) = N(X + th)I(X + th)g Z 4re.

Thus, we obtain the isoperimetric inequality for entropies we obtained in (5.17).

Remark 9. It is important to outline that this idea allows to prove the isoperimetric
inequality without resorting to second-order derivatives in time of Shannon’s entropy
evaluated on the solution to the heat equation. In other words, inequality (5.17)
and its consequences (including the logarithmic Sobolev inequality) follows from the
entropy power inequality. On the other hand, the entropy power inequality is a
consequence of Blachman—Stam inequality, which is self-contained. Hence, the log-
arithmic Sobolev inequality can be proven without resorting to the entropy-entropy
method used in [1].

6 Inequalities for convolutions

The purpose of this section is to present various results concerned with the mono-
tonicity in time of the convolution of powers of solutions to the heat equation. The
main reason behind this investigation is that many functional inequalities can be
viewed as the consequence of the tendency of various Lyapunov functionals defined
in terms of powers of the solution to the heat equation to reach their extremal values
as time tends to infinity. The discovery of a Lyapunov functional which allows to
prove Young inequality and its converse [16], is only one of the possible application
of this idea (cf. also [82, 83, 84| for a connection of these results with information
theory). While the inequalities are not new, and some of the results we present have
been obtained before, what is new is the approach to the problem, which takes into
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account the information-theoretical meaning of inequalities for convolutions, and
consequently allows to obtain clean and relatively simple new proofs.

The prototype of these monotonous in time convolutions is as follows. Let n be
an integer, and let «;, j = 1,...,n, be positive real numbers such that

Zaj:n—l. (6.1)
j=1

Let f;(z), 7 = 1,...,n, be non-negative functions on R%, d > 1, such that f; €
L'(RY). For any given j, j = 1,...,n, we denote by u;(z,t) the solution to the heat
equation (3.1) with the diffusion coefficients x;

Ou;(z,t)

e kA (x,t),

such that
lim u;(z,t) = f;(x).

t—0t

We consider the n-th convolution
w(z, t) = uf* xug? x - xulm(x,t). (6.2)

where, as usual the n-th convolution of the functions g;(z) € L'(RY), j =1,2,...,n
reads

GLxgax -k gn(r) =
/ 91($ - 5131) e 'gn—l(xn—2 - $n—1)gn($n—1) dridxy - - - dr,_.
(Rd)n—l

Then, a natural question arises. Can we fix the diffusion coefficients in the heat
equation in such a way that w(zx,t) behaves monotonically in time? Note that the
choice of condition (6.1) is forced by the fact that we want that the monotonicity
of w(x,t), t > 0 has to hold at least if u;(x,t) is the fundamental solution to the
heat equation, j = 1,2,...,n. In this case, in fact, computations are explicit, and,
provided condition (6.1) is satisfied, w(x,t) is increasing in time independently of
the choice of the diffusion coefficients (cf. Section 3, where this property has been
explicitly obtained). In the general case, however, the monotonicity in time of the
n-th convolution can be proven under more restrictive assumptions both on the
numbers «;, and only for a unique choice of the diffusion coefficients x; (cf. Lemma
10).

The interest in the monotonicity of the convolution of powers of solutions to the
heat equation is linked to its consequences. Indeed, the discovery of the monotonicity
of w(x,t) for a special choice of the diffusion coefficients translates immediately to
the proof of an inequality for convolutions in sharp form. Let n be an integer, and let
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pj, J = 1,...,n, be real numbers such that 1 < p; < 400 and 2?21 pj’1 =n—1. Let
fi(x), 7 =1,...,n, be functions on R% d > 1, such that f; € LP(R?). In Theorem
13 we will show that the monotonicity of w(x,t) implies the following inequality for
convolutions:

sup | fux foxox ful <TT OO il (6.3)
In (6.3), the constant C, which defines the sharp constant is given by
1/p
2 P
C, = 7 (6.4)

where primes always denote dual exponents, 1/p 4+ 1/p’ = 1. Also, the expression
of the best constant in (6.3), in the case in which the functions f; are probability
density functions, is obtained by assuming that the functions f; are suitable Gaus-
sian densities [62]. This expression naturally appears in this monotonicity approach
by considering that for large times the solution to the heat equation behaves as the
self-similar Gaussian profile.

Note that inequality (6.3) implies

’/fl(xl)f2($l - iUQ) T fn(l'nfl) dridzy - dr,_y

<TIClfill, (6.5)
j=1

which is a particular case of the general inequalities obtained by Brascamp and Lieb
[28], which are nowadays known as the Brascamp-Lieb inequalities.

Inequality (6.3) is closely related to the monotonicity property of the functional
given by L*-norm of the n-th convolution w(x,t). Naturally one could ask if a
similar property holds for the L"-norm of w(x,t), where r > 0. Also in this case, the
monotonicity in time can be proven under suitable assumptions both on the numbers
a;, and only for a unique choice of the diffusion coefficients ;. The study of the
monotonicity in time of ||w(t)]|, is connected with the classical Young’s inequality
in sharp form (r > 1), or with its reverse form (r < 1).

Last, the limiting cases r — 1 and r — 0 lead to the monotonicity in time of
Shannon’s entropy and of the Renyi entropy of order 0 [42]. The monotonicity here
leads to the entropy power inequality of Shannon [77], and to the Prékopa—Leindler
inequality [60, 72, 73|, respectively.

Therefore, all these well-known functional inequalities can be seen into a unified
framework, as consequences of the monotonicity in time of the n-convolution of
powers of solutions to the heat equation.
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6.1 The monotonicity of convolutions

Let n be an integer, and let p;, 7 = 1,...,n, be real numbers such that
~ 1
1<p <4005 » —=n—1 (6.6)
j=1 Pi

Let f;(z), 7 = 1,...,n, be non-negative functions on R%, d > 1, such that f; €
LY(RY). For any given j, j = 1,...,n, we denote by u;(z,t) the solution to the heat
equation (3.1) with the diffusion coefficients ;

L) _ (1), (67)
such that
lim u;(x,t) = f;(z). (6.8)
t—0t

The following Lemma shows that there is a (unique) choice of the diffusion coeffi-
cients in the heat equation such that w(x,t) behaves monotonically in time.

Lemma 10. Let w(z,t) be the n-th convolution
w(z,t) :ui/m *u;/m sk ut/Pr(2,t) (6.9)

where the functions uj(x,t), j =1,2,...,n, are solutions to the heat equation corre-
sponding to the initial values 0 < f;(x) € L'(R?). Then, if for each j the exponents
p; satisfy conditions (6.6) and the diffusion coefficients are given by k; = (pjp;-)*l,
w(z,t) is monotonically increasing in time from

we,t=0) = i« 7w i (@),

Moreover, w(x,t) remains constant in time if and only if f;j(x), j=1,2,....n, is a
multiple of a Gaussian density of variance dk;.

Proof. For the sake of simplicity, we will prove the Lemma for d = 1. As the proof
shows, however, analogous computations can be done in higher dimension.
Since Z?Zl pj_l = n — 1, Holder inequality implies that

< H (/ |fj<x>|dx)1/pj.

Hence, also

1/p;
11/p1 « f21/p2 %o e ek frlL/Pn(x) < H (/R |£;(x)] dm) , (6.10)

J=1
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and, since the right-hand side of (6.10) depends only on the L'-norms of the func-
tions, which are preserved by the heat equation, the function w(z,t) is bounded for
all subsequent times ¢t > 0. Also, using basic considerations on the heat equation, it
is sufficient to prove the increasing property of w(t) for very smooth initial data f;,
= 1,2,...,n, with fast decay at infinity. This will enable us to have the central
limit property. In order not to worry about derivatives of logarithms, which will
often appear in the proof, we may also impose that |- log f;(z)| < C(1 + |z|?) for
some positive constant C'. The general case will follow by density [64].

For a given x € R, let us evaluate the time derivative of the n-th convolution

w(z,t). We obtain

8w (z,t) & O*w(x t) & Bi oo
(Z%) g T2 @), (6.11)

j=1 797

where, for j =1,2,...,n

R;(z) = /ul(x — )Py (2 )P | o

Indeed,

1/
ow  ouy™ e/

/P2
*ul/p” +u1/P1 auQ

ot~ ot 2 ot

*---*u}@/p"—k...

au%/pn
ot '

and the time derivative of each term on the right-hand side can be evaluated by
considering that the functions u;(z,t), j = 1,2,...,n satisfy the heat equation (6.7)

1 1
+u1/p1 " uz/pz ek

(with diffusion coefficients «;, j = 1,2,...,n). Hence
1/p1 2, 1/p1
ou 1 0°u 1
1 *uQ/m*"'*ul/p”:m 1 *u2/pz*.“*u;/pn+

ot " Ox?

u}/m) L IRY (6.13)

An analogous formula holds for the other indexes j > 2. Note that in (6.13) we used
the convolution property

—f*g /f” y)dyz/f’(x— dy—/f dy.

(6 14)
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By property (6.14), it holds that, for each pair of indexes (7, j) withi,7 =1,2,...,n,
with xg = x and x,, =0

(fix fox-xf) =
/fl(x — .Tl) R fn(a:n,l)(log fi(:cl-,l — Il>>/(10g fj(ﬂjﬁ;l — .Tj))l dl’l Ce dxn,l.

Hence, if we take a set of positive constants a;;’s, 7,7 = 1,2,...,n, such that
> 4j @ij =1, we can express the second derivative of a convolutlon as

oforsex ) =S oy [ il =) folma)
i#]
(lOg fi(l'i,1 — xl))’(log fj(l'j,1 — l'j))/ dilfl e d.fEnfl.

This shows that, for any set of positive values a;; such that >, 2 @ij = 1, with
xo = x and z,, = 0, one has

Qi /u}/pl(x —x1) .U ()

8:52 ~ Pipj
(10g ui(l‘i—l — xz))'(log uj(xj—l - ZEj))l dl’l PN dmn—l- (615)
Finally, by setting, for j =1,2,...,n
Lj = (log uj(z;j-1 — z;))’, (6.16)

we can rewrite (6.11) in the following way:

8'[1);?,1:) — /u}/pl(x—I1>...U;/pn(xn—l)'

(i - +Z > ”LL>da:1 Y (6.17)

p]p] =1 i#j
The sign of the time derivative of w(x,t) depends on the quantity

L(uy, - - )—i“ﬂ +Zmlz ”LL (6.18)

pjp] =1 z;éj

Let us set the coefficient of diffusion x; = (pjp;)_l, and define Q; = L,;/p;, for
j=1,2,...n. Then

=2 () %2
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Now, recall that

implies that, for all 7 =1,2,...n

i#j
Consequently
i 1 1
— ;S ppy
Therefore "N ,
£ = (17) QT+ o > ai;QiQ;. (6.20)
j=1 N i#j LT i
If we now choose, for i # j
(pipy) ™!

(6.21)

Q; ; = -
" Zi;éj (p;p;‘)_l

which is such that 3, a;; = 1, we end up with

N L C o " Q) ?
2—;(});) Qj“'zp{p/‘QzQ]_(; p;) > 0. (6.22)

i#g

The previous argument shows that the time derivative of w(x,t) can be made non-
negative by suitably choosing the diffusion coefficients x;, j = 1,2,...n.

Recalling the definition of @); (respectively L;), equality to zero in (6.22) holds
if and only if

n—1

1 1
log ui(x — 1)) + logu;(xioq — ;) + ——(log un(2,—1)) = 0.
p1p'1( gui( 1)) ;pjp;( guj(zj—1 — ;) pnpil( g Un(Tn-1))

(6.23)
As each variable z; appears as argument of a pair of functions only, it holds that,
forevery j=1,2,...,n—1
1 0 1 0

—(logu;(xj_y — 1)) + ——————(logu;s1(x; —xj41)) = 0. 6.24
pjp} axj( ]( =1 ])) ijp;H a:l:j( ]+1( J ]+1)) ( )

In (6.24) we set xy = x and x,, = 0. On the other hand, since

e lOg uj(xj_l — ZL’j) = ——= 10g uj(xj—l — l’j),

(loguj(zj1 — ;) = s o,
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equation (6.24) coincides with

oy (a1~ ) = o L o (0 ). (625)
———logu;(xj-1 —x;) = ——F—== logu11(z; — xj11). .
i1 8$§—1 7 ’ Pj+1Dj41 5%2‘ T s

Note that (6.25) can be verified if and only if the functions on both sides are constant.
Thus, there is equality in (6.25) if and only if

log uj(x) = Clijl’2 + i +dy, logujiq(zr) = cijQ + cox + do.

The integrability of the function u; then implies that the constant ¢ has to be neg-
ative, c = —C, where C' > 0. Hence, there is equality in (6.25) if and only if u; and
u;11 are multiple of Gaussian densities, of variances C(p;p;)~" and C(pj11p},,) "
respectively, for any given positive constant C'. Therefore, equality in (6.22) holds
if and only if each function w;(x), j = 1,2,...,n is a multiple of a Gaussian density
of variance C'(p;p};)~".

Finally, with this choice of the diffusion coefficients, for every = € R and t; < ts,

u}/m « u;/m Ko ui/pn (z,t1) < u}/pl « u;/pz ok Uqll/p" (z,ts), (6.26)

unless all initial data are multiple of Gaussian densities with the right variances.
Clearly, (6.26) is equivalent to say that the n-th convolution w(x,t) is monotone
increasing. An identical proof holds in higher dimension. This concludes the proof
of the Lemma. O

Remark 11. The result of Lemma 10 remains true if each diffusion coefficient k; is
multiplied by a positive constant D. In this case, equality holds if the functions f;
are Gaussian functions with variances Ddk;.

Remark 12. As already specified in the introduction, our quantity w(z, t) is related to
a particular geometric Brascamp-Lieb inequality. Results concerning more general
Brascamp-Lieb inequalities that are related to Lemma 10 have been obtained by
Bennett, Carbery, Christ and Tao in [18]. This clearly indicates that the proof of
Lemma 10 presented here could be extended to cover more general situations.

Lemma 10 has important consequences. Indeed, let us introduce the functional

U(t) = supw(a, t) = supu)/P s« ud/P 5 - s ul/P (2, 1), (6.27)

T

It is a simple exercise to verify that, in view of conditions (6.6) on the constants p;,
the functional W(t) is dilation invariant. In reason of this property we prove:

Theorem 13. Let U(t) be the functional (6.27), where the functions u;(x,t), j =
1,2,...,n, are solutions to the heat equation corresponding to the initial values 0 <
fi(x) € LY(R?Y), d > 1. Then, if for each j the exponents p; satisfy conditions (6.6)
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1

and the diffusion coefficients are given by k; = (p;p})~", or by a multiple of them,

U(t) is increasing in time from

\IJ(O) = sup fll/pl * le/pQ ¥ -0 % f’i/pn(x)

to the limit value

lim W(1) = ﬁ[lcgj ( /R @) dx) " (6.28)

The constants Cp, in (6.28) are defined as in (6.4).
Moreover, ¥(0) = lim; o Y(t) if and only if f;(x), j =1,2,...,n, is a multiple
of a Gaussian density of variance cdkj, with ¢ > 0.

Proof. Thanks to Lemma 10 we know that the functional W(¢) is monotonically
increasing from W (¢ = 0), unless the initial densities are Gaussian functions with
the right variances. To conclude the proof, it remains to show that the functional
U(t) converges towards the limit value (6.28) as time converges to infinity. The
computation of the limit value uses in a substantial way the scaling invariance of .
In fact, thanks to the dilation invariance, at each time ¢ > 0, the value of W(¢) does
not change if we scale each function u;(x), j =1,2,...,n, according to (7.36)

uj(x,t) = Uj(z,t) = (\/1 + 2t>d u(xv1+2t,t).

Let us choose, as in Lemma 10 smooth initial values rapidly decreasing at infinity.
Then, Proposition 2 implies that, for j =1,2,...,n

lim Uj(x,t) = M, () /Rd fi(x)dz (6.29)

t—o00

at least in L!'(R?). Therefore, passing to the limit one obtains

n 1/p;
lim W(t) = H (/ |fi(x)] dm) sup Mil/pl * M;/m ook Miﬁp"(m). (6.30)
j=1 \IRS v

t—o00

Owing to the identity

M;J/pj (z) = cgj(zﬂ)@p;/d)*l My, (6.31)
and recalling that 37 | (p})~" = 1, we obtain

Mil/pl * M;/m * ook Mér/lp"(x) =
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(2m) 2 T] i M) = [T O3 expi—laf?/2).
j=1 j=1
This implies (6.28), and concludes the proof of the inequality for well chosen initial
data. Then, the general case of the theorem follows by standard density arguments.

m

Remark 14. Theorem 13 is related to the monotonicity in time of a dilation invariant
functional whose components are solutions to the heat equation. Therefore, the main
importance of the theorem is to highlight the existence of a new Lyapunov functional
related to the heat equation. This result, however, can be rephrased to give a new
proof of known inequalities in sharp form. Let us set, in Theorem 13

gi(@) = fi(a)"/,
for j =1,2,...,n. Then, it holds

T

sup gy * g2 % -+ gn(z) < [T Co T 195110, (6.32)
j=1  j=1

Moreover, since

SUP gy * go * -+ * gu(T) > /gl(—xl)gg(xl —23) .. gn(Tp_1) dxy ... dxy, 1,

T

inequality (6.32) implies, under the same conditions on the constants p;,

/gl(xl)gg(xl —29) .. gn(Tp1) dy ..o dyy < H C’;lj H 19;lp,- (6.33)
=1 j=1

Inequality (6.33) is a particular case of the inequalities obtained by Brascamp and
Lieb [28] by a different method.

Remark 15. Clearly, the proof of Theorem 13 still holds when n = 2. In this case,
however, the diffusion coefficients x;, j = 1,2 coincide. In fact, when n = 2, the
condition (6.6) reduces to

1 1

P P2
so that p; and po are dual exponents. Consequently pj = p, and p, = p;, which
imply k1 = kg = kK = (p1p2) L. But in this case the definition (6.4) of the constant

C, implies C),, = 1/C,,, and the limit (6.28) takes the value

i = ([ nwia) ([inea) T e

Note that in this case inequality (6.33) reduces simply to the classical Holder in-
equality.
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Remark 16. As noticed by Brascamp and Lieb [28], Theorem 13 contains as special
case the best possible improvement to Young’s inequality. If n = 3 (6.33) reads

f@)g(a —y)h(y)dz dy < (C,C,Co) | follgllrallbl

R2d

Le, (6.35)

where 1 < p,q,s < o0, 1/p+1/q¢+ 1/s = 2, and equality holds when f,g,h are
suitable Gaussian functions. Choosing

h(y) = (f * g(y)""

leads to an equivalent form of (6.35)

1f * gllzr < (GCoCr) I f v llgl e, (6.36)

namely the standard form of Young’s inequality [14, 28|.
Also, repeated applications of (6.36) give

lgr # g2 % -+ # galle < CE T CE Nlgiln, (6.37)
j=1
where 1 <p; <ocand 37 | 1/p;=n—1+1/r.

6.2 Young inequality and its reverse

Theorem 13 shows the monotonicity in time of the L*>*-norm of the n-th convolution
of type (6.27), as well as its convergence towards an explicitly computable limit
value (in terms of the initial data). The key point in getting this result was the
dilation property of the functional W(¢).

To get a similar result for the L"-norm of the n-th convolution w(zx,t), r > 0,
and to obtain the (eventual) limit value, we need that the dilation property still
holds for ||w(t)||.. By applying the same scaling u;(z) — V;(z) = aV (az) to each
function u;(z) in (6.2) we get

VO s V92w x VO (2) = aPut * ul? x - % ul (ax) = aPw(ax),
where

yzz%—n—i—l
j=1

Hence
/ (Vs V2 s oo x VO (1) do = / a™w" (ax) dr,
R4

Rd
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and dilation invariance occurs if and only if ry = 1, that is

1
artag+-ta,=n—1+-. (6.38)
r
By analogy with condition (6.6), we will satisfy condition (6.38) in two separate
cases. The first refers to fix, for j = 1,...,n, positive real numbers p; and r such
that
~ 1 1
p; < 1r<1; Zf:n—1+;. (6.39)
The second refers to fix, for j = 1,...,n, positive real numbers p; and r such that
~ 1 1
l<pj<ool<r<oo; » — =n—1+-. (6.40)
=1 Pi

In the following, we will analyze the time behaviour of ||w(¢)||, in the case (6.39).
Then, the result for the case (6.40) will follow by the same line of proof.
Condition (6.39) implies that p;- <0Oforall j=1,2,...,n, and

_Z_ -
Pi g P

Making use of the proof of Lemma 10, let us set, for j = 1,2,...,n, the (positive)

coeflicients of diffusion 1

pilvl

Then, by means of elementary computations we obtain

Z z—z Z L +rﬁn,’. (6.42)

oy pi‘pj’
Since the real numbers p; now satisfy condition (6.39), the quantity (6.18) considered
in Lemma 10, with the same choice (6.21) of the coefficients a; ; takes the form

Q; 1
(Z v, ) | ; a;,jQiQ;. (6.43)

j=1

(6.41)

R; =

b ’pl

It is evident that in this case we cannot expect that £ has a definite sign. However,
using expression (6.43) into (6.17) we obtain

0/(1]2-?725) — /u}/pl (j,‘ — .'])1) . u’}l/pn(xn—l)’g(U’l? .. un) dl’l .. dxn_l —
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1 0%w
_/ui/m(;p—{ﬂl)...u:/l’n Tp—1 <Z Q—/> dIl dSBn 1+7"7’/| 92 (644)
=1 J

J
In fact, by formula (6.15)

/u}/m (x —a1).. .uqll/p” (71) Z a; ;jQiQjdxy - -dr,_1 =
i#j

1/p1 1/pn Q5 8271)
u"r—xq) ..y (a:n,l)zpp LiL;dxy - dx, 1 = R
iz

Consequently, thanks to (6.44)

d ) B o ow(x, W' 10
%/w (q:,t)da:—'r’/w (.T,t) at |T/|/ 82
_7”/ . 1/ 1/7’1 . Ui/pn@nq) <Z Q_’]> dzy -+ dryy de =
- D

j=1"J
" 2
—r/w’”‘l d:v/ui/pl(x —x1) .. .ui/p"(xn_l) <Z Q—f) dxy - dr,_1+
- yon
j=1"J

(1;_7")2/11;—2 (%)2 dx (6.45)

Surprisingly, the expression on (6.45) has a sign. This is consequence of the following
Lemma, which generalizes a similar result that dates back to Blachman [20]. In case
of convolution of two functions, analogous result has been obtained recently in [82].
For the sake of simplicity, we will present the proof in dimension d = 1.

Lemma 17. Let w(z) be the (smooth) n-th convolution defined by (6.27). Then,

for any set of positive constants p; and r, and positive constants \;, j =1,2,...,n
such that 77 \j = 1 it holds

/ w2 (%)2 < / W (z) / AP (@ ) () (i ;—ij>2. (6.46)

Jj=1

Moreover, equality in (6.46) holds if and only if any function u;, j = 1,2,...,n is
multiple of a Gaussian function of variance \;/p;.
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Proof. By property (6.14), if we take a set of positive constants \;, 7 = 1,2,...,n
such that » 7, A; = 1 we can express the first derivative of w(z) as

n

Yy
w'(r) = /ui/m(x—xl)...u}/p"(xn )Z D Liday .. de,_,

1 Pi

where L; is defined as in (6.16). Therefore, by denoting

u}/m(m—xl).. U /p"(a:n 1)

dxy - day, (6.47)

dﬂx(«xl’”'axn—l) - U}(ZL‘)

we obtain

:/Zp_j,Ljdum(xl,...,xn_l),
j=1 P

Note that, for any x € R the measure du defined in (6.47) is a unit measure on
Rn—l,

/ dﬂx<x1ax27"'xn—1) =1.
Rn—1

Jensen’s inequality then gives

(o < (5 20) i

Jj=1

Multiplying both sides of (6.48) by w"(x), and integrating over x proves the Lemma.
Note that, since equality in Jensen’s inequality holds if and only if the argument
is constant, equality in (6.48) holds if and only if

n

A;
Z J ~LL; = const.
1 Pi

Hence, the reasoning of the last part of Lemma 10 can be repeated to show that
there is equality in (6.46) if and only if any function u;, j = 1,2,...,n is multiple
of a Gaussian function of variance \;/p;. O

Let us return to formula (6.45). Conditions (6.39) imply that

Hence




Choosing then
ro 1

N 1—7"|p_;~\’

J

we obtain that (6.46) reads

2
"1
./u}/Pl (x — Il) .. .u}l/pn (xn_l) (Z ]7@]> dl’1 e dIn (649)
=147

This shows that the quantity in (6.45) is negative. Hence, we proved that, if the
positive constants p; and 7 satisfy conditions (6.39), the functional

1/r
A(t) = [w(t)]], = ( / (/" 5wy /P (2, 8) dw) (6.50)
is monotone decreasing. Since we know that, in view of conditions (6.39) on the

constants p;, the functional A(¢) is dilation invariant, we proved:

Theorem 18. Let A(t) be the functional (6.50), where the functions uj(x,t), j =
1,2,...,n, are solutions to the heat equation corresponding to the initial values 0 <
fi(x) € LY(R?Y), d > 1. Then, if for each j the exponents p; satisfy conditions (6.39)
and the diffusion coefficients are given by k; = (p; ]p;-\)_l, A(t) is decreasing in time

from )
r 1/r
A0 = ([ (g e i) )

to the limit value

t—o00

n 1/p;
lim A(t) = C? H cy (/Rd |fi ()] da;) . (6.51)

The constants Cp, in (6.28) are defined by

1/p
p
02

P TRk

(6.52)

Moreover, A(0) = limy_,oo A(t) if and only if fj(x), j = 1,2,...,n, is a multiple of
a Gaussian density of variance dk;.
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Proof. We know that the functional A(¢) is monotonically decreasing from A(t =
0), unless the initial densities are Gaussian functions with the right variances. In
addition, A(t) is dilation invariant. As in Theorem 13, let us scale each function
uj(x), j =1,2,...,n, according to (7.36). Therefore, by the central limit property,
passing to the limit one obtains

. (6.53)
t—o0 T

n 1/pj
lim A(t) = H (/ ()] d:(:) ||Mél/p1 % Miz/pz K.k M;T{pn
j=1 \/R
The value of the integral can be evaluated by using formula (6.31) of Theorem 13,
with the additional difficulty to evaluate the norm of a Gaussian in L". Thanks to
condition (6.39) we obtain

n

HMél/pl « MMP2 5 MET/L””HT =Y, HCd :

pj
j=1

This concludes the proof of the theorem. O

The computations leading to Theorem 18 can be repeated step-by-step in the
case in which the p;’s and r satisfy condition (6.40). In this case, however, the sign
of £ changes, and we obtain

Theorem 19. Let A(t) be the functional (6.50), where the functions uj(x,t), j =
1,2,...,n, are solutions to the heat equation corresponding to the initial values 0 <
fi(x) € LY(RY), d > 1. Then, if for each j the exponents p; satisfy conditions (6.40)
and the diffusion coefficients are given by k; = (pjp;-)_l, A(t) is increasing in time

from )
r 1/r
A(0) = ( / (£ a7 f31 () dx)

to the limit value

n 1/pj

. _ d .

lim A(t) = G H1 cy < /R i) d;z:> . (6.54)
j:

The constants Cy, in (6.28) are defined by (6.4). Moreover, A(0) = limy_,c A(t) if

and only if f;(x), 7 = 1,2,...,n, is a multiple of a Gaussian density of variance

d/ﬂlj.

Remark 20. The monotonicity property of the functional A(¢) defined by (6.50) have
been noticed first by Bennett and Bez [16] by means of a different approach. Con-
sequently, the results of both Theorems 18 and 19 also follow from their arguments.
We note, however, that the dilation invariance property of A(t), which is at the basis
of the direct proof of the Theorems, has not explicitly taken into account before.

52



Remark 21. Theorems 18 and 19 show the monotonicity properties of the L"-norm
of the n-th convolution of powers of solutions to the heat equation. As discussed at
the end of Theorem 13, apart from its intrinsic physical interest, this monotonicity
can be rephrased in the form of inequalities for convolutions in sharp form. In
particular, when n = 2, Theorem 18 contains the sharp form of Young inequality in
the so-called reverse case

1 * gl = (CoCoCor) Il f Ll (6.55)

where 0 < p,q,7 < 1 while 1/p+1/¢g=1+1/r, and C, is defined by (6.52).
Remark 22. A particular case of Theorem 19 implies Babenko’s inequality [3] (cf.
also Beckner [14]):

151l < Collf (6.56)

where C), is defined as in (6.4), p’ is an even integer p’ = 2,4,6, ..., and §f denotes
the Fourier transform of f. Here the Fourier transform is defined for integrable
functions by

5(6) = [ exp{=2ric- €} fa)da

Inequality (6.56) follows by choosing in Theorem 19 r» = 2 and 1/p; = 1/p =
(2n—1)/2n, 5 =1,2,...,n, which are such that condition (6.40) is satisfied. In this
case, in fact, by setting f; = f2/*=V for j = 1,2,...,n, we obtain that f satisfies

the inequality
1/2

/(f*f*---*f)2dw < c £
—

Since

S| fxfxxf ) =@N"
—_—

by Plancherel’s identity we conclude that

1/(2n)
( JEE d&) < Al (6.57)

We remark that, as explicitly mentioned in [16], the monotonicity of the quantity
in (6.57) also follows from the results in [18] (cf. also [16]). A further inside into
Haussdorff-Young inequality, with an interesting discussion about the behavior in
time of ||Fu'/?(t)||,s can be found in [17].
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6.3 Monotonicity and Prékopa—Leindler inequality

The analysis of the preceding section shows the monotonicity properties of the L”
norm of the n-th convolution of powers of the solutions to the heat equation. In
particular Theorem 13 covers the L* case, while Theorem 18 (respectively Theorem
19) cover the case r < 1 (respectively r > 1). Two limit cases remain to be examined,
namely the cases r — 0 and r — 1. Here we will briefly discuss the first case, leaving
the second to the next section.

Given a set of positive constants ¢;, j = 1,2,...,n, such that Z?Zl 1/q; =1,
and a constant N > 1, we choose in Theorem 18

a4 B 1

p; = N’ r= m (658)

Then, if N > max;g; + n, conditions (6.39) are satisfied and the monotonicity of
A(t)" is guaranteed. On the other hand, if (6.58) holds, one can write

1/(N=n+1)
w(x) = (uiv/‘“ * uév/‘m DR unN/q" (, t)) =

N 1/(N—n+1)
(/ (ul(x _ x1)1/q1 .. .un(xn_l)l/%) dxy - "d$n—1) . (6.59)

We can render the dependence of A()” on N explicit by setting

[ wtay de=tu(e)

where

1/(N—n+1)
> (6.60)

T (t) = ( / (wr(@ — 20w (wa) ) day - dey

By Theorem 18, T (t) is monotonically decreasing in time for all values of N >
max; ¢; + n, provided the coefficients of diffusion are the correct ones. Moreover,
note that, for any given NN, the coefficients of diffusions x; depend on it, and
v _ NN —g)
Ry =— =2 -
4;
On the other hand, Theorem 18 remains true if we multiply all coefficients of diffusion
by the same constant. Therefore, without affecting the monotonicity of Y (t) we
can fix the coefficients of diffusion equal to
NN—¢g)1 1 1

~N __ “'\°' 4] —

- 6.61
N2 ¢ ¢ Ng (6.61)
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By letting N — oo, the coefficients of diffusion R;V tend to the values #3° = 1/ qj?.
Consequently, recalling expression (6.59), for each ¢ > 0, as N — oo we have
pointwise convergence of w(z,t)"™), and

lim w(z,t)" ™) = ess SUP,, uy (@ — 2, )Y oy (2, )Y dr, (6.62)

N—o0 »Pn—1

where now u;(z,t), for j = 1,2...,n is solution to the heat equation (3.1) with
diffusion coefficient 1/¢;.

Suppose now that the initial data f;(z) in the heat equation are bounded and
have bounded support. Then, they are bounded from above by multiples of some
Gaussian functions, that is, for j =1,2,...,n

fi(@) < AjMao, (),

where A; and o, are suitable positive constants. In this case, the solution to the
heat equation with diffusion coefficient /%jv satisfies the bound

uj(w,t) = fj * MQ/%;-Vt(x) < AJM2(0j+R;-\]t)' (6.63)
Consequently,
w(z,t)" < (H A?Mfélt * Myeyp % - x Mg&t) ’
j=1

where the constants p; and r are given as in (6.58), and

1 1
I{jt:O'j—f— ?—W t.
7 J

Then, we easily obtain that, for sufficiently large NV,
w?”(x’ t) S C11 (t)M202(t) (.Z'),

where the positive functions C(t) and Cy(t) do not depend on N. By the dominated
convergence theorem it follows that

lim Tw(t) = Y(t),

N—oo

where
T(t) = / €8s SUp,, o ui(T — xl)l/‘“ e un(xn_l)l/q" dx. (6.64)

Moreover, Y(t) is monotonically decreasing in time if the coefficients of diffusion in
the heat equations are given by x; = 1/ q]z. Since the functional Y(t) is invariant

95



under dilation, we can pass to the limit to find the lower bound. By the same
argument of the proof of Theorem 13, we conclude that the limit value is obtained
by setting

) :/fj(x) dz M, g2

Explicit computations then show that

d 1/‘1]
Jim (1) §/ ( / filx dx) (6.65)

The choice fj(x) = g;(¢;jz) then implies

1/q;
o ds =g ([ gapimar)
R4 R4

The case of general data follows by a density argument. We conclude with the
following

Theorem 23. Let Y(t) denote the functional (6.64) where the functions u;(z,t),
j=1,2,...,n, are solutions to the heat equation corresponding to the initial values
0 < fi(z) € LY(R?), d > 1. Then, if exponents q; satisfy 2?21 qj’1 =1, and the
diffusion coefficients are given by rk; = qj’2, Y(t) is decreasing in time from

77777

to the limit value y
n qj
Jim T (¢ H1 < / | (x |da:) : (6.66)
=
Moreover, Y(0) = lim;_,o Y(t) if and only if fj(z), j =1,2,...,n, is a multiple of
a Gaussian density of variance dk;.

Remark 24. If n = 2 the monotonicity of the functional T proven in Theorem 23
implies the classical Prékopa—Leindler inequality. In this case, in fact one obtains
the Prékopa—Leindler theorem [60, 72, 73] that reads

Rl = A2 gl

z -\ y O\
h(z|f,g) = ess sup, f <T> g <m) )

The derivation of Prékopa—Leindler inequality from the Young’s inequality has been
obtained by Brascamp and Lieb [28]. Our result, however, enlightens a new meaning
of this inequality, that is viewed as a consequence of the monotonicity of a Lyapunov
functional of the convolution of two powers of the solution to the heat equation.

where
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Remark 25. Theorem 23 is a corollary of the general result of Theorem 18. However,
a direct proof of monotonicity could be possible by looking at the functional (6.64)
directly.

6.4 Another proof of entropy power inequality

As noticed by Lieb [61], the entropy power inequality (1.4) can also be proven as a
limit case of the Young inequality in the sharp form (6.36), by letting the parameters
p,q and r tend to one. This result can be obtained as follows. Let 0 < a < 1 denote
a fixed constant. For a given (small) positive x, let us consider Young’s inequality
(6.36) with

14+ x 1+ x
" X b 1+ ax’ 1 1+ (1—a)x’ (6.67)

which are such that
1 1 1
—+l==+-.
r p q
Note that, as x — 0, p,q,r — 1. Let f, g, h be smooth probability densities, and let

us define z(x) = ||h]j14y. Then 2(0) = 1, and thanks to the identity

1
2(x) = exp{1 +X10g/Rd h1+xdx},

one evaluates straightforwardly

1 [ h'xlog h}

Z(x) = 2(x) {—ﬁbg/hlﬂ TRy Thit (6.68)

Hence,
Z'(0) = / hloghdx = —H(h).
R4

Owing to the smoothness of f * g, we can expand || f * g||14+, in Taylor’s series of x
up to order one, to obtain

1f* gl =1 = H(f *g)x + o1(x), (6.69)

where 0;(x) is such that o,(x)/x — 0 as x — 0. Analogous computations for the
function

1 1
w(x) = exp {dlog(C’pC’qCT/) +—log [ fPdx+ - log/ g? da:}
p Rd q Rd
where p and ¢ are defined in (6.67), allow to conclude that
d
W'(0) = 5 (aloga+ (1 —a)log(l —a))— (1 —a)H(f) —aH(g). (6.70)
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Therefore, expanding again in Taylor’s series of y, we obtain

w0 =1+ (§ (aloga-+ (1= @) ogl1 - @) = (1 H() ~ o) ) x + 0x(x)

(6.71)
where again 0y(x)/x — 0 as x — 0. It is interesting to remark that the sharp
constant (C,C,C,/)¢ furnishes an important contribution to formula (6.69). This
contribution can be derived straightforwardly using the identity

dX p dX p/ )

—logC? = — <— logp — —logp’) = (—Q—I—log _) el (_) _
dX P dX D p P dX p

(=2 +log(p — 1)) = <1> - oo (2 ~ log u) |

dx \p (14 x)? 1+ ay
and
d 1 1—a a
1 )2 = 1—a)l log———— .
dx °8(CGCaCr) (1+x)? (( 2 ®lrax U®TE —a)x>

In conclusion we have the following [61]:

Lemma 26. Let the probability densities f(x) and g(z) x € R? possess bounded
Shannon’s entropy functional. Then, for any positive constant 0 < a < 1 the follow-
g tnequality holds

H(f*g)> (1 —a)H(f)+aH(g) —g(aloga—i— (1 —a)log(l—a)). (6.72)

Proof. The proof is a direct consequence of the sharp Young inequality (6.36). With
our notations, Young inequality can be rephrased as z(x) — w(x) < 0. Using ex-
pansions (6.69) and (6.71), and letting y — 0, inequality (6.72) follows for smooth
densities. A standard density argument then concludes the proof. O

Shannon’s entropy power inequality then follows by maximizing the right-hand
side of inequality (6.72). A simple computation shows that the right-hand side, say
A(a, H(f), H(g)) attains the maximum when

exp{2(H(g) — H(f)) /d}

T exp (2 (H(g) — B /d} (6.73)

a=a=
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and, for a = a

A H(f), H{g)) = Slog {exp (H())/d) + exp 2H(g)/d)} . (6.74)

With analogous computations, Shannon’s entropy-power inequality can be easily
extended to a convolution of n probability densities by means of Theorem 19.

While the result of Lieb [61] outlines an interesting connection between Young’s
inequality and the entropy power inequality, the proof of EPI via Young’s inequality
does not contain any connection with our idea about monotonicity properties of
Lyapunov functionals for the solution to the heat equation. Indeed, a much simpler
direct proof is available by making use of this idea. For the moment, let us fix the
dimension equal to 1.

Let as usual w(z,t) denote the n-th convolution

w(x,t) = ug *ug * -+ - % uy(x,t), (6.75)

where the functions u;(xz,t), j = 1,2,...,n, are solutions to the heat equations, with
coeflicients of diffusion x;, corresponding to the initial probability densities 0 < f;(z)
with bounded Shannon’s entropy. It is important to note that, in view of the closure
property of the Gaussian density (1.3) with respect to convolutions, w(z,t) itself
satisfies the heat equation (3.1) with coefficient of diffusion £ = > 7 ;. For any
set of positive values v;, 7 = 1,2,...,n, such that 2?11 v; = 1, we introduce the
functional

B(t) = H(w(t)) = > 7 H(uy(1)). (6.76)
j=1
Let f, be the scaled function defined as in (8.3). Since, for o > 0

H(fo) = H(f) —loga,

the functional ®(¢) is dilation invariant. Given ¢ > 0, let us evaluate the time
derivative of ®(¢). We obtain

SH(0) = K1) = 3 5,1 (15(0), (6.77)

where as usual I(f) is the Fisher information of the density f, defined in (1.8). By
setting in Lemma 17 » = 1 and p; = 1, j = 1,2,...,n, which satisfy conditions
(6.40), inequality (6.46) assumes the form

I(w) < /dx/ul(x — 1) . Up(Tp1) (Z /\ij> = Z/\?I(uj). (6.78)
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Formula (6.78) follows simply owing to the definition of L;, and applying Fubini’s
theorem. The proof of (6.78) in the case of the convolution of two functions goes back
to Blachman [20], and it is contained into Lemma 5, with = 1. Thanks to (6.78),
by setting the constants v; = k;/k, we have at once that these constants satisfy the
condition 2?21 v; = 1, and that the sign of the derivative (6.77), consequent to this
choice, is negative, unless the functions u; are Gaussian. Since the functional ®(¢)

is dilation invariant, we can pass to the limit ¢ — oo obtaining

n

i _ B NV
lim (1) = H(M,) 2 2 H(M,,). (6.79)
J:
Since )
H(M,) = B log 270,
we obtain from (6.79)
. . 1 - lij Iij
Jim @(t) = —2 ; ~log . (6.80)

Clearly, the same result holds in dimension d > 1. Hence we proved the following:

Theorem 27. Let v; >0, j = 1,2,...,n be such that 7, v; = 1, and let ®(t) be
the functional (6.76), where the functions uj(x,t), j = 1,2,...,n, are solutions to
the heat equation corresponding to the initial probability densities f;(z) € L'(R?),
d > 1. Then, if the diffusion coefficients k; = Cvyj, 7 =1,2,...,n and C > 0, O(¢)
18 decreasing in time from

D(0) = H(fix fax---xfp) —Z%‘H(fj)

to the limit value

. d

Jim (1) = -2 le log ;- (6.81)
‘]:

Moreover, ®(0) = lim; o, ®(t) if and only if fi(x), j = 1,2,...,n, is a Gaussian

density of variance dk;.

Theorem 27 shows the monotonicity of a dilation invariant functional linked to
the Shannon’s entropy of a n-th convolution of probability density functions. A
direct consequence of this monotonicity is the entropy power inequality. Indeed,
the monotonicity of ®(¢) implies that, for any choice of the constants ~;, with

Z?:l v =1
n d n
H(fi* fox---xfn) > Zij(uj(t)) ~3 Zyj log ;. (6.82)
j=1 j=1
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Inequality (6.82) generalizes to n functions the result of Lemma 26. Shannon’s
entropy power inequality then follows by maximizing the right-hand side of (6.82)
over the sequence ;.

7 Further information inequalities

In this section we prove some recent generalizations of information inequalities,
which follows by considering into the classical entropy power inequality density
functions of particular type. The interest in this type of results is due to the fact
that, while there are many proof of the entropy power inequality, to quantify the
gap in this inequality is very difficult. In the rest of this section, we refer to the
recent papers [85, 87|. The main interest here is to investigate about bounds for
convolutions for the functional

d

ij=1"{>0} (7 1)
d ) |
> 9f M] g
ij=1 /{f>0} { f 72 fdx.

We remark that, given a random vector X in R? d > 1, the functional J(X) is
well-defined for a smooth, rapidly decaying probability density f(z) such that log f
has growth at most polynomial at infinity. As proven in Section 5.2 (cf. also Villani
in [91]), J(X) is related to Fisher information by the relationship

d

7.1 Log-concave functions and scores

We recall that a function f on R? is log-concave if it is of the form

f(z) = exp{—=®(x)}, (7.3)

for some convex function ® : R? — R U {+o00}. A prime example is the Gaussian
density, where ®(x) is quadratic in z. Further, log-concave distributions include
Gamma distributions with shape parameter at least one, Beta(q, ) distributions
with «, 8 > 1, Weibull distributions with shape parameter at least one, Gumbel, lo-
gistic and Laplace densities (see, for example, Marshall and Olkin [68]). Log-concave
functions have a number of properties that are desirable for modelling. Marginal
distributions, convolutions and product measures of log-concave distributions and
densities are again log-concave (cf. for example, Dharmadhikari and Joag-Dev [48]).
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A main consequence of log-concavity, which is at the basis of most computations
in this paper, is the following. Consider the heat equation (3.1) in R¢, d > 1. If
M, (z) denotes the Gaussian density defined as in (1.3), the solution at time ¢ to the
heat equation (3.1) coincides with u = f % Moy.

Assume that the initial datum f(z) is a non-negative, log-concave integrable
function. Then, at each subsequent time ¢ > 0, the solution u(-,t) to the heat
equation, convolution of the log-concave functions f and the Gaussian density Mo,
defined in (1.3), is a non-negative integrable log-concave function. In other words,
the heat equation propagates log-concavity. This simple remark, allows to proof
things by using smooth functions with fast decay at infinity:.

It is interesting to notice that the expressions of Shannon’s entropy H, Fisher
information / and the functional J defined in (7.1) take a very simple form if evalu-
ated in correspondence to log-concave densities f, when written as in (7.3). In this
case, if X is a random vector in R? with density f, these functionals can be easily
recognized as moments of (X)) or of its derivatives. It is immediate to reckon that
Shannon’s entropy H coincides with

H(f) = / @) f(r) dr. (7.4)

The Fisher information I reads

1) = [ Vel =Y [ ook d, (75)

and, last, J takes the form

I => /R 10;;@ ()2 f () dz. (7.6)

1,j=1

Thus, the functionals are well-defined in terms of the convex function ® character-
izing the log-concave function f.
For the log-concave Gaussian density (1.3)

2 d
@(x):%—i-élog%m,
which implies, for i, =1,2,...,d
00(x) = 1 90(x) = L6
iP\T) = —, i P\L) = —0ij,
o ! oV

where, as usual, d;; is the Kronecker delta.
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According to the standard definition, given a random vector X in R? distributed
with with absolutely continuous probability density function f(x)

_ ViX)
f(X)

denotes the (almost everywhere defined) score function of the random variable [44]
(cf. also [67] for further details). The score has zero mean, and its variance is just
the Fisher information. For log-concave densities, which are expressed in the form
(7.3)

p(X) (7.7)

p(X) = ~V(X) (7.8)

In view of definition (7.1) and (7.7) one can think to introduce the concept of second-
order score of a random vector X in R?, defined by the symmetric Hessian matrix
H(X) of —log f(X), with elements

_0ifo; f(X)  05f(X)
V(X)) = 2(X) N f(X) -

Then, as the Fisher information coincides the second moment of the score function,
the functional J(X) in (7.1) is expressed by the moment of the trace of the product
matrix H(X) - H(X). For a log-concave function, the element W, ; of the Hessian
matrix H(X) defining the second-order score function takes the simple expression

(7.9)

W,i(X) = 9P(X). (7.10)

Note that a Gaussian vector M, is uniquely defined by a linear score function
p(M,) = M,/o and by a constant second-order score matrix H(M,) = I;/o.

7.1.1 The one-dimensional case

For the moment, let us fix d = 1. In the rest of this section, we will only consider
smooth log-concave probability densities f(x) (cf. definition (7.3)) such that &(x) =
—log f(x) has growth at most polynomial at infinity. In order not to worry about
derivatives of logarithms, which will often appear in the proof, we may also impose
that

100 (2)/®(x)| < C(A+ |z]?), i=1,2 (7.11)

for some positive constant C'. The general case will easily follow by a density ar-
gument [64]. If the convex function ® satisfies (7.11), one can easily justify that,
if

k(z) = f*g(x).
denoted the convolution product of the probability densities f and g, k¥ (x) =
(f % 9)P(z) = (fD*g)(x), i =1,2.
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Let + = 1. For any given € > 0 we have

k(z +€) — k() :/f(fc+6—y)—f(:r—y)

9(y) dy.

Note that, by the dominated convergence theorem, the right-hand side converges to
(f'*g)(x) as e — 0if f is a Lipschitz function, for which it suffices to show that | f’|
is bounded. Since f(z) = =@ |f'(x)| = |®'(x)|e"®*®. Then, if x is sufficiently
large, ®(z) > 0 and ®(z) — oo as x — 400 by the convexity of ® and the fact that
f is a probability density. Thus we have ®(z) > Dx for some positive number D
and all sufficiently large x. Therefore we have

[f'(@)] < 1@'(2)]e™" < O+ |=*)|@(x)|e™"",

where the last inequality follows by the assumption on ®. By the fact that ¢ has
growth at most polynomial at infinity, we have |f'(xz)| — 0 as * — +oo. By the
same method we can prove that |f'(z)| — 0 as * — —oo as well, which means that
|f'| is bounded. A similar argument then applies to the second-order derivative of

The main argument here is due to Blachman [20], who proved in this way in-
equality (4.7). Since the result that follows constitute a generalization of this result,
we give the complete proof. Since for any pair of positive constants a, b we have the
identity

(a+b)K(z)=a /R 'z —y)g(y) dy + b/Rf(x —y)g'(y) dy,

dividing by k(z) > 0 we obtain

K(x) Sy g
(@+9) k(z) /R ( fa—y) bg(y) ) At )

We denoted A o)
T —Y)9ly
duz(y) = ———————=d
) i)
Note that, for every z € R, du, is a probability measure on R. Consequently, by
Jensen’s inequality

o (55) < L(Fa=h o) v o

On the other hand, by analogous argument, for any pair of positive constants a, b
we have the identity

Y.

(a+ )K" (x) = a® / £ — y)g(y) dy+
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bQ/f J"( dy—|—2ab/f x—1y)J (y) dy.

Thus, dividing again by k(z) > 0 we obtain

K@) [ (S )
@+ ‘/< fe—y "
29" () [z —y)d(y)

") TRy <>) s v).
12

If we subtract identity (7.13) from inequality (7

K@\ K@ 2o k)
<k(:r)> k(z) | (a+0)"(log k(x))" <

(7.13)

) we conclude with the inequality

(a+b)?

(7.14)
~ [ {a(log £l — )"+ Plogg())"} dualy)
R
It is important to note that, since the functions f, ¢ (and consequently k) are log-
concave, both sides of inequality (7.14) are non-negative. Therefore, taking the
square in (7.14), and using once more Jensen’s inequality we end up with the in-

equality
(a +b)* [(log k())"]” <

/ {a*(log f(z — y))" + b*(log g())"}” dpta(y)

R

Multiplying both sides of (6.48) by k(z), and integrating over R yields the inequality
(a+b)*J(k) < a*J(f) +b"JI(g) + 2a*b*I(f)I(9g).

(7.15)

Indeed, in one dimension, definition (7.1) of the functional J(-) reduces to

J(f) = /{M} log f(2))'] f(z) d. (7.16)

Moreover

/ dz / dylog f(z — )" (log 9(4))" f (z — 1)9(y) =

(f'(z—y) g’(y))2 B B
/dx/dy( flz —y) > <g(y) fle=vl) =
I(f)1(g),
where I(f) (respectively I(g)) denotes the Fisher information of f (respectively g)

_ (f'(x))? N
I<f)_/{f>0} f(z) -
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The cases of equality in (7.12) and (7.15) are easily found resorting to the same
argument used in the proof of Lemma 5. As in Lemma 5, the conclusion is that
there is equality in (7.52) if and only if f and ¢ are Gaussian densities, of variances
ca and cb, respectively, for any given positive constant c. Note moreover that when
f and g are Gaussian densities the coefficient of the probability measure dpu,(y) in
the integral appearing in (7.14) is constant, which guarantees equality in (6.48). We
proved

Theorem 28. Let f(x) and g(x) be log-concave probability density functions with
values in R, such that both J(f) and J(g), as given by (7.16) are bounded. Then,
also J(f * g) is bounded, and for any pair of positive constants a,b
a* b a’b?
< — —_— 2————I(f)1(9g). 1
I +9) < gl + g @)+ 2 D) (71D
Moreover, there is equality in (7.17) if and only if, up to translation and dilation f
and g are Gaussian densities, f(x) = M,(x) and g(z) = My(x).

Remark 29. The condition of log-concavity enters into the proof of Theorem 28
when we pass from inequality (7.14) to inequality (6.48). Without the condition of
log-concavity, in fact, the left-hand side of (7.14) has no sign, and (6.48) does not
hold true. Of course, this fact does not exclude the possibility that inequality (7.17)
could hold also for other classes of probability densities, but if any, another method
of proof has to be found, or a counterexample is needed.

Theorem 28 allows to prove a new inequality for the functional J, in the form of
the Blachman—Stam inequality (1.9). To this aim, note that, for any pair of positive
constants a, b

a b
2V () (g) < 3 I(f) + ~ I (9).
Moreover, as proven first by Dembo [46], and later on by Villani [91] with a proof
based on McKean ideas [69]
J(f) = I(f)* (7.18)
The proof of (7.18) is immediate and enlightening. Given the random variable X

distributed with a sufficiently smooth density f(z), consider the (almost everywhere
defined) second-order score variable (cf. definition (7.9))

FEON: )
Mm:(ﬂﬂ)_fo (7.19)

Then, denoting with (Y') the mathematical expectation of the random variable Y,
under condition (7.11) on @ it holds

I(f) =1(X) =(¥(X)),  J(f) = J(X) = (¥(X)*).




Then, (7.18) coincides with the standard inequality (¥(X)?) > (¥(X))2. Note
moreover that equality in (7.18) holds if and only if ¥(X) is constant, or, what is

the same, if
2

d
ﬁlog flx)=c.

As observed in the proof of Theorem 28 this implies that X is a Gaussian variable.
Grace to inequality (7.18)

b
21(N)1(9) < 2/ T(N)I(9) < TI(D) + =T (). (7.20)
Using (7.20) to bound from above the last term in inequality (7.17) we obtain
3 b3
J(f*g) < (a+b)3J(f)+mJ(9)- (7.21)

Optimizing over z = a/(a + b), with z € [0, 1], one finds that the minimum of the
right-hand side is obtained when

z2=ZzZ= (7.22)

Thus we proved

Corollary 30. Let X and Y be independent random variables with log-concave
probability density functions with values in R, such that both J(X) and J(Y), as
giwven by (7.16) are bounded. Then
1 1 1
> + .
VIX 1Y)~ I I
Moreover, there is equality if and only if, up to translation and dilation X and Y
are Gaussian variables.

(7.23)

Remark 31. Inequality (7.17) implies in general a stronger inequality in Corollary
30. In fact, to obtain inequality (7.21) we discarded the (non-positive) term

a?b . (gl(f)l(g) — %J(f) — gj(g)> : (7.24)

—Rap(f,9) = CEL

By evaluating the value of R(f,g,a,b) in z = Z, one shows that inequality (7.23) is
improved by the following

1 1 1
Neveauks <w<x> ’ wm) RXX), (7.2
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where

L<R(XY) = (12V‘](X)VJ(Y)](X)](Y)>1/2.
S (VI (X) + (V)

As before, R(X,Y) =1 if and only if X and Y are Gaussian random variables.

Note that the non-negative remainder R(f,g,a,b) can be bounded from below
in terms of other expressions. In particular, one of these bounds is particularly
significative. Adding and subtracting to the right-hand side of (7.24) the positive
quantity al?(f)/b+ bI*(g)/a one obtains the bound

at* [a 9 b 9
Ruslf9) = 0[S0 - P + L@ - P (ras)

This implies that (7.21) can be improved by the following

g b
o e - ey + 2w - Pa)]

7.1.2 The general case

With few variants, the proof in the multi-dimensional case follows along the same
lines of the one-dimensional one. Let f(z) and g(z), with € R? be multidimen-
sional log-concave functions, and let k(z) = f*g(x) be their log-concave convolution.
In addition, let us suppose that both f(x) and g(z) are sufficiently smooth and de-
cay at infinity in such a way to justify computations. To simplify notations, given a
function f(x), with x = (21, 79,...,24) € R% n > 1, we denote its partial derivatives
as

fi(z) = 0if(z), fij(x) = 0; f(x).
For any given vector a = (aq, s, ...,q,), and positive constants a,b we have the
identity

d
filz —y) g@-(y))
7 b d T )
/Rd;a (af(x—y) Tty ) )
where now, for every z € R?

dpiz(y) = ——————dy,



is a probability measure on R?. Therefore, by Jensen’s inequality

d 2
(a+0b)° <Z ai%) = (a+b)? Z ociozj%% <

i=1

d
2l =y file—y) | 9iy) 9i(Y)
/Zaz J( flz—y) flx—y) o o) o)
filr —y) g;(y)
flx—y) 9(y)

~—

ij=1

+2ab

Likewise, thanks to the identity

(a_{_b)Zkij(x) :/(azfij(x—y) +bzgij(y)+

k(x) flz—y) 9(y)
filr —y) g;(y)
b Sl —y) gly) ) dp=(y);
we have )
(a +b)? Z aiaj% —
d =
- a2fij(‘” —Y) | 529i()
/ZO‘ J ( CEN TN
filr —y) g;(y)
" 2abf(w —y) 9(y) ) dp ()

Finally, subtracting (7.29) from (7.28), for any given vector a = (a, o, . ..

and positive constants a, b we obtain the inequality

oo R s (3577~ hr ) *
- (2 —y) filr — (@ —
S [ (=0 7= - o)+
K

2 (gi v) gi(y) gij<y>>] dita(y).

9) 9y)  gy)

Inequality (7.30) says that, for any d-dimensional row vector a one has

aMa' <aNa',
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where M and N are the matrices with elements

. — ki(z) kj(x) _ kij(z)
YT k@) ko) k()

_ 2 ﬁ&_&) _
Nij /Rd[a (ff 7 (r—y) +

w07 (2L 993 () ().

g9 g
Consequently, both the matrix A and the matrix N'— M are symmetric positive
semi-definite matrices. Finally, the product matrix (N — M)(N + M) is positive
semi-definite, which implies that its trace is non-negative. Now, in view of classical
properties of the trace of a matrix we obtain

and, respectively

tr(N — M)(N + M) = trNN + ttANM — trtMN — tr MM =

d d
trNN — trt MM = Z n?j — Z m?j > 0.
ij=1 ij=1

Finally, applying property (7.28) to (7.30) implies

,j=1

b’ (&& - g”) (y)} dum(y)}Z < (7.:31)

£ LR -4)eo
2 (&& _ %) (y):|2dﬂz<y)a

99 9

where the last inequality in (7.31) follows by Jensen’s inequality. Expanding the
squares, and then proceeding as in the proof of Theorem 28 we easily arrive to
inequality (7.52). Then, the cases of equality are found by the same argument of
the one-dimensional proof. Indeed, inequality (7.30) reduces to an equality if and
only if the two (i,7)-vectors [ % and [ % are linearly dependent, which is
equivalent to the fact that f and g have proportional covariance matrices. Thus,
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there is equality in (7.28) if and only if f and g are Gaussian densities, of covariance
matrices aC', and bC respectively. Note that this choice guarantees the equality
sign also in (7.31). Further, when f and g are Gaussian densities the coefficient
of the probability measure du,(y) in the integral appearing in (7.31) is constant,
which guarantees equality in the consequent Jensen'’s inequality leading to (7.52).
We conclude with the following

Theorem 32. Let f(x) and g(x) be log-concave probability density functions with
values in R, with d > 1, such that both J(f) and J(g), as given by (7.1) are bounded.
Then, J(f * g) is bounded, and for any pair of positive constants a,b

4 b4 a2 b2

where
< 00, f 0:99;9
H(f,g) = jz_l /{ 7 dz oy g dz. (7.33)

Moreover, there is equality in (7.32) if and only if f and g are Gaussian densities
with proportional covariance matrices aC' and bC' respectively.

As for the one-dimensional case, given the random vector X distributed with
density f(x), z € RY, consider the generic element of the second-order score function
H(X), given by (7.9)

JX) FX) Fx)°
Then, for each pair of 7, 7 we have the identities

0,10,
(Wy(X)) = /{fxn%d%

and

oyf  8:f0,f1°
(W, (X)) = /{M}[ of _ OIO } fdr.

Then, the standard inequality (¥;;(X)?) > (¥;;(X))? gives

(7.34)



Using the Cauchy-Schwarz inequality, (7.34) gives

s I BOT 4o [ D0%3,,

=17 {r>0} {g>0p 9

d 0,10 f 97 1/2
= d . |
[2 (/{f>0} f 9’) ] (7.35)

[E1 200)] <

9

Hence, we can proceed as in the proof of Corollary 30 to obtain

Corollary 33. Let X and Y be independent multi-dimensional random wvariables
with log-concave probability density functions with values in R, such that both J(X)
and J(Y'), as given by (7.1) are bounded. Then

1 1 1
VIX 1Y) W VZ

Moreover, there is equality if and only if X and Y are Gaussian densities with
proportional covariance matrices.

7.1.3 A strengthened entropy power inequality

In this section, we will study the evolution in time of the functional A(t) defined in
(6.76), that is

A(t) = A(f(1),9(t)) = H(f(t) * g(t)) — kH(f(t)) — (1 = r)H(g(t))-

Here, k is a positive constant, with 0 < x < 1, while f(x,t) (respectively g(z,t))
are the solutions to the heat equation (3.1) with diffusion constant x (respectively
1 — k), corresponding to the initial data f and g, log-concave probability densities
in R?. Tt is a simple exercise to verify that A(t) is dilation invariant. As in the other
cases, this property allows to identify the limit, as t — oo of the functional A(t). If

Uz, t) = (\/1 ¥ 2t>d w(e VIT2L,1). (7.36)

U(x,t) tends in any Sobolev space towards the limit Gaussian function

t—o00

lim U(z,t) = M,(x) » f(z)de = M (z). (7.37)
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and lim A(t) = H(M;) — kH(M,) — (1 — k)H(M;_,) =

t—o00

) (7.38)
_5 [ﬁlogﬁ; —+ (1 — /<L) log(l - ’i)] :

If we differentiate A(f) with respect to time, by the Bruijn’s identity we obtain
N(t) = I(f(t) * g(1) = K I(f(1)) — (1 = K)*I(g(t))- (7.39)
In view of Blachman-Stam inequality (1.9) [20, 78]

a? b?
oV e

I(fxg) < I(g), a,b>0

with equality if and only if f and g are Gaussian densities, A’(t) < 0. Hence A(?) is

monotonically decreasing in time from A(0) to A(co), given by (7.38).
Differentiating again with respect to time, from (7.39) we obtain

1

N'(t) = =5 (J(f(0) x (1)) = £7T(f() = (1 = £)° T (g(1))) - (7.40)

Therefore, by inequality (7.21), if f and g are log-concave, A”(t) > 0, and the
convexity property of A(t) follows.

On the other hand, proceeding as in the proof of Corollary 30, we obtain from
inequality (7.32) the bound

J(f(t)*g(t) < &*T(f(t) + (1= k)*T(g(t) — 26%(1 — k)*P(f (1), 9(t)), (741)

where

in view of inequality (7.35). In addition, equality to zero holds if and only if both f
and g are Gaussian densities.

Integrating (7.41) from ¢ to oo, we obtain for the Fisher information of two
log-concave densities the strengthened inequality

I(f(t)xg(t)) < *I(f(t)) — (1= r)*I(g(t) —£*(1 = k) /OO P(f(s),9(s)) ds. (7.43)

t

In fact, by the central limit property,

lim [I(f(t) = g(t)) — K*I(f(t)) — (1 — K)*I(g(2)] =

t—o0

I(My) — k*I(M,) — (1 — r)*I(M;_,) =0
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Last, integrating (7.43) from 0 to oo we obtain for Shannon’s entropy of the two
log-concave densities the strengthened inequality

H(f»g) = KH(f)~ (1~ )H(g)~ & [5log s + (1 — ) log(1 — )] > Pu(f,9), (744)

where

Pu(f,9) = k(1 = k) / dT/ (s))ds > 0. (7.45)

Choosing now k = k as given by (6.73) we end up with inequality
NX+Y)>[NX)+ NY)|R(X,Y), (7.46)

where the quantity R(X,Y) > 1 can be interpreted as a measure of the non-
Gaussianity of the two random vectors X,Y. Indeed, R(X,Y) = 1 if and only
if both X and Y are Gaussian random vectors. Clearly

RXY) = e { 3Pa(f0)} > 1 (7.47)

Consequently, R(X,Y) = 1 if and only if both X and Y are Gaussian random
vectors.

Remark 34. In general, the expression of the term R(X,Y) is very complicated, due
to the fact that it is given in terms of integrals of nonlinear functionals evaluated
along solutions to the heat equations which depart from the densities of X and Y. It
would be certainly interesting to be able to express the term R(X,Y’) (or to bound
it from below) in terms of some distance of X and Y from the space of Gaussian
vectors. This problem is clearly easier in one dimension, where one can use the
remainder as given by inequality (7.27), namely as the sum of the two contributions
of the type J(f) — I*(f). In this case, one would know if, for some distance d(f, g)
between two probability densities f and g and some positive constant C

J(f)=I3(f) = C inf d(f. M),

where M denotes the space of Gaussian densities.

7.2 More about Fisher information

In this section, we refer to the heat equation with coefficien diffusion x = 1/2. In
this case, if X is a random vector in R%, d > 1 with probability density f, the
solution to equation (3.1) coincides with the density function of X + Z;, where Z;
is a Gaussian random vector independent of X. This choice simplifies the compu-
tations that follow. In the previous sections we showed Shannon’s entropy power
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inequality (EPI), that gives a lower bound on Shannon’s entropy power of the sum
of independent random vector X,Y in R? with densities

N(X+Y)>NX)+ N(Y),

with equality if and only X and Y are Gaussian random vectors with proportional
covariance matrices.

Likewise, we showed Blachman-Stam inequality, that gives a lower bound on
the reciprocal of Fisher information of the sum of independent random vectors with

(smooth) densities

1 1 1
+

>
I(X+Y) ™ I[(X) IY)
still with equality if and only X and Y are Gaussian random vectors with propor-
tional covariance matrices.
In analogy with the definition of entropy power, let us introduce the (normalized)
reciprocal of Fisher information

[(X) = (7.48)

By construction, since I(Z,) = d/o, I(-) is linear at Gaussian random vectors, with
I(Z,) = 0. Moreover, in terms of I, Blachman—Stam inequality reads

[(X+Y)>I(X)+1(Y). (7.49)

Therefore, both the entropy power and the reciprocal of Fisher information I, as
given by (7.48), share common properties when evaluated on Gaussian random vec-
tors and on sums of independent random vectors.

By pushing further this analogy, in agreement with Costa’s result on entropy

power, in [87] it has been proven that the quantity /(X + Z;) has the concavity
property

d? -

ﬁ](X + Z;) <0. (7.50)
Unlike the concavity property of the entropy power, the proof of (7.50) is restricted
to log-concave random vectors. Similarly to (1.6), equality to zero in (7.50) holds if
and only if X is a Gaussian random vector, X = Z;.

The estimates obtained in the proof of (7.50) can be fruitfully employed to study
the third derivative of N(X + Z;). The surprising result is that, at least for log-
concave probability densities, the third derivative has a sign, and

d3
ﬁN(X + Zy) > 0. (7.51)
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Once again, equality to zero in (7.51) holds if and only if X is a Gaussian random
variable, X = N(0,01,). Considering that

d
dtN(X +Zi) > 0,
the new inequality (7.51) seems to indicate that the subsequent derivatives of N (X +
Z,;) alternate in sign, even if a proof of this seems prohibitive.

The concavity property of the reciprocal of Fisher information is a consequence
of the results proven in Section 7.1.2 related to the functional J(X) defined in (7.1).
We rewrite here in a sdifferent form the new inequality (7.32) proven in Theorem
32. Let X and Y are independent random vectors in R?, such that their probability
densities f and g are log-concave, and J(X), J(Y') are well defined. For any constant
a, with 0 < a < 1, it holds

JX+Y) < J(X)+ (1 —a)*J(Y) +22%(1 —a)*H(X,Y), (7.52)

where H(X,Y) is defined in (7.42). Note that, in one-dimension H(f,g) = I(f)I(g)-
Inequality (7.52) is sharp. Indeed, there is equality if and only if X and Y are
d-dimensional Gaussian vectors with covariance matrices proportional to al; and
(1 — )1, respectively.

Even if inequality (7.52) is restricted to the set of log-concave densities, this set
includes many of the most commonly-encountered parametric families of probability
density functions [68].

Inequality (7.52) implies a Blachman-Stam type inequality for \/J(-) [85]

1 S 1 n 1
VIX+Y) T VIX) I

where, also in this case, equality holds if and only if both X and Y are Gaussian
random vectors.

Inequality (7.53) shows that, at least if applied to log-concave probability den-
sities, the functional 1/4/J(-) behaves with respect to convolutions like Shannon’s
entropy power and the reciprocal of Fisher information. The fact that these inequal-
ities share a common nature is further clarified by noticing that, when evaluated in
correspondence to the Gaussian vector Z,,

N(Z,) =1(Z,) = \/n/J(Z,) = o.

In addition to the present results, other inequalities related to Fisher information
in one-dimension have been recently obtained in [38]. In particular, the sign of the
subsequent derivatives of Shannon’s entropy H (X + Z;) up to order four have been
computed explicitly. Since these derivatives alternate in sign, it is conjectured in

(7.53)
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[38] that this property has to hold for all subsequent derivatives. This is an old
conjecture that goes back at least to McKean [69], who investigated derivatives of
Shannon’s entropy up to the order three. Despite the title, however, in [38] the sign
of the subsequent derivatives of the entropy power N (X + Z;) is not investigated.

7.2.1 A concavity property of Fisher information

Let us assume that the random vector X has a log-concave density f(z), z € R%
Then, for any ¢ > 0, the random vector X + Z; has a log-concave smooth density
function. Let us evaluate the derivatives of I (X + Z;), with respect to ¢, t > 0.
Thanks to (7.2) we obtain

d - J(X + Z)
—I( X+ 7Z)=d 77—~ 7.54
gl X2 =d =7 (7.54)
e d’ PX+2Z) KX+2Z)
T + 2 + 2y
—I(X+Z)=d[2 — ) 7.
!X+ 2) ( B(X17Z) P(X+ Zt)> (7.55)
In (7.55) we defined
d
Hence, to prove concavity we need to show that, for log-concave densities
JH(X + Zy)
KX+ 7)) >2——--. 7.57
( 02 (X + Z) (7.57)
Note that
d d d
I(ZU) = J(ZU) = K(Za) = 2—3 (758)
o o o

Consequently, inequality (7.57) is verified with the equality sign in correspondence
to a Gaussian random vector.

Using the second identity in (7.58) into (7.53) it is immediate to recover a lower
bound for K(-). This idea goes back to Dembo [46], and has been presented in
Section 5.3. Let o,t > 0. By choosing X = W 4+ Z, and Y = Z,, inequality (7.53)

becomes
! S
VIW+Z,+2) ~ JIW+2Z,) Vd

Then, for all ¢ > 0

1 1 1 1
Z _ g
t <\/J(W+Za+zt) J(W+Zg)> T Vd

7



and this implies, passing to the limit ¢ — 0%

L EW+Z,) 1

2J32(W + Z,) — /d
for any o > 0. Hence, a direct application of inequality (7.53) shows that K(X + Z;)
is bounded from below, and
JUX + Z,)

7 .

Unfortunately, inequality (7.59) is weaker than (7.57), since it is known that, for all
random vectors X and Z; independent from each other [46, 91|

KX +2;)>2 (7.59)

(X + 7Z,)

J(X +7Z;) > 1 ;

(7.60)

and (7.60) implies

JA(X + Zy) - JUX + 7))
I(X+7Z) — Vd ‘

To achieve the right result, we will work directly on inequality (7.52). Let us fix
Y = Z,. Then, since for if i # j

0; My ()0; My(x) - Lilj _
/Rd M,(x) d"""’_/w g M) dr =0

one obtains

d 2 22 1 1
H(X,Z)=) /{M} + dx /Rd o Mide = 1(X)51(Z) = S1(X). (7.61)

=1

Hence, using (7.58) and (7.61), inequality (7.52) takes the form
J(X +Z) <a'J(X)+ (1 - oz)4t% +20*(1 — a)Q%I(X). (7.62)
We observe that the function
Ala) = J(X) + (1 — a)4t% + 20%(1 — a)Q%I(X)

is convex in a, 0 < o < 1. This fact follows by evaluating the sign of A”(«), where

SN(0) = a2J(X) + (o - 1)2;12 #3001 — 0 + dafa— 1) + o T1(X).
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Clearly both A”(0) and A”(1) are strictly bigger than zero. Hence, A(«a) is convex
if, for r = a/(1 — )

d 1 1
r?J(X)+ =+ =(r* —dr + 1)¥I(X) > 0.

t2 3
Now,
1 41 d 1
X)+=I(X))r*—--I(X =+ =I(X)]) >
(700 + 10 )2 = S+ (5 + 5,100 2
I(X d
J(X)rQ—Q%rth—on.

The last inequality follows from (7.60).

The previous computations show that, for any given value of ¢t > 0, there exists
a unique point & = &(t) in which the function A(«) attains the minimum value. In
correspondence to this optimal value, inequality (7.62) takes the equivalent optimal
form

AV iy @ ~ (2 2l
JX+27Z) <at)J(X)+ (1—at) 2 +2a(t)°(1 — a(t)) ZI(X)' (7.63)
The evaluation of a(t) requires to solve a third order equation. However, since we
are interested in the value of the right-hand side of (7.63) for small values of the
variable ¢, it is enough to evaluate in an exact way the value of a(t) up to the order
one in t. By substituting
(t) = co+ cit +o(t)

@
in the third order equation A’(a) = 0, and equating the coefficients of ¢ at the orders
0 and 1 we obtain

J(z
Co = ]_, C1 = _]((AX)) . (764)
Consequently, for t < 1
J*(X)
Ala(t) =J(X) -2 t t). .
(@lt) = J(X) =27 55 ol (7.65)
Finally, by using expression (7.65) into inequality (7.63) we obtain
1 N 1 B
IX+2Z,+2,) _ 9 A(X+Z,) B
VAIX 2o+ 2) —\JJ(X + 2,) - 25555 t+ o) 766
1 J(X + Z,)

J(X+ZJ)+ I(X + Z,) t+olt),
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which implies, for all o > 0, the inequality

lim ( ! ! ) > VIX+Z) ey

0t t \JIX + Zy + Z1) (X + Zy) (X + Z,)

At this point, inequality (7.57) follows from (7.67) simply by evaluating the deriva-

tive of B
1
JX+Z) = ——mm— | .
J( X+ Zy)
This gives
d d 1 -

KX+2Z)=—JX+Z)=— | —m——— —
R < J(X+Zt)> (7.68)

d 1 JH(X + Zy)

2J(X + Z,)32—

It Z) - IX+7)

Hence we proved

Theorem 35. Let X be a random vector in RY, d > 1, such that its probability
density f(x) is log-concave. Then the reciprocal of the Fisher information of X + Z;,
where X and Z; are independent each other, is concave in t, i.e.

d? 1

. —— )
A2 I1(X + Z) ~

7.2.2 An improvement of Costa’s entropy power inequality

The computations of Section 7.2.1 can be fruitfully used to improve the concavity
property of the entropy power N (X +7;). To this aim, let us compute the derivatives
in ¢t of N(X + Z;), up to the third order. The first derivative can be easily evaluated
by resorting to de Bruijn identity

d 1
ZH(X + 2) = SI(X + Z).

Then, identities (7.2) and (7.56) can be applied to compute the subsequent ones.
By setting X + Z;, = W, one obtains

d 1
%N(Wt) = EN(Wt)[(Wt)a (7'69>
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and, respectively

%N(Wt) = éN(Wt) (I(Z/t) - J(Wt)> : (7.70)
and
%N(Wt) = C—liN(Wt) (K(Wt) + I(Zt) 3t (Wt)fwt)) . (7.71)

Note that, by virtue of identities (7.60) and (7.58), the right-hand sides of both
(7.70) and (7.71) vanish if W; is a Gaussian random vector. Using inequality (7.57)
we get

W) AW J(We) (W) T(WV)*  L(We)J (We)

Pz d =TI Pz d

K(Wt) +

Thus, by setting p = dJ(W;)/I?(W;), the sign of the expression on the right-hand
side of (7.71) will coincide with the sign of the expression

2p° — 3p+ 1. (7.72)

Since p > 1 in view of the inequality (7.60) [46, 91], 2p* —3p+1 > 0, and the result
follows. Last, the cases of equality coincide with the cases in which there is equality
both in (7.57) and (7.60), namely if and only if W} is a Gaussian random vector.
We proved

Theorem 36. Let X be a random vector in RY, d > 1, such that its probability
density f(x) is log-concave. Then the entropy power of X + Z;, where X and Z; are
mdependent each other, has the derivatives which alternate in sign up to the order
three. In particular N(X + Z;) is concave in t, and

3

d
ﬁN(X + Z;) > 0.

8 Nonlinear diffusion equations

8.1 Rényi entropies

Given a probability density f(z), € RY, and a positive constant p the Rényi
entropy of order p of f is defined by [47]:

Ryl f) = 1iplog( [ P dx). (8.1)
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This concept of entropy has been introduced by Rényi in [74] for a discrete proba-
bility measure to generalize the classical logarithmic entropy, by maintaining at the
same time most of its properties. Indeed, the Rényi entropy of order 1, defined as
the limit as p — 1 of R,(f) is

ImR,(f) = R(u) = — /md f(z)log f(x) dzx. (8.2)

p—1

Therefore, the standard (Shannon) entropy of a probability density [77] is included
in the set of Rényi entropies, and it is identified with the Rényi entropy of index
p=1.

Among other properties, the Rényi entropy (8.1) behaves as the Shannon entropy
(8.2) with respect to the scaling for dilation of the probability density. As usual, for
any given density f(z) and positive constant a, we define the dilation of f by a, as
the mass-preserving scaling

flz) = fu(z) = af (ax) . (8.3)

Then, for any p > 0 it holds

Ry(fa) = Ry(f) — dloga. (8.4)

This characteristic differentiates the Rényi entropy from other generalizations of
the Shannon entropy, which have been introduced later on on the literature. For
example, the Tsallis entropy of order p [88]:

T =1 [ (7a) = 1) do. (55
— P Jrd
which is extensively used by physicists in statistical mechanics [89], does not satisfy
property (8.4). Property (8.4) is one of the main ingredients to work with the
Rényi entropy functional and to derive from it inequalities in sharp form. Thus,
in our opinion, the definition (8.1) introduced by Rényi represents a very coherent
generalization of the Shannon entropy.

The Shannon entropy is naturally coupled to the heat equation (3.1), as soon as
the initial datum given is assumed to be a probability density. As recently noticed
in [84], the deep link between the Shannon entropy and the heat equation started
to be used as a powerful instrument to obtain mathematical inequalities in sharp
form in the years between the late fifties to mid sixties. To our knowledge, the
first application of this idea can be found in two papers by Linnik [63] and Stam
[78] (cf. also Blachman [20]), published in the same year and concerned with two
apparently disconnected arguments. Stam [78] was motivated by the finding of a
rigorous proof of Shannon’s entropy power inequality [77|, while Linnik [63] used the
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information measures of Shannon and Fisher in a proof of the central limit theorem
of probability theory. Also, in the same years, the heat equation has been used in the
context of kinetic theory of rarefied gases by McKean [69] to investigate that large-
time behaviour of Kac caricature of a Maxwell gas. There, various monotonicity
properties of the derivatives of the Shannon entropy along the solution to the heat
equation have been derived.

Likewise, the Rényi entropy od order p is strongly coupled to the nonlinear
diffusion equation of order p posed in the whole R¢

Ov(x,t)
ot

still with the initial datum which is assumed to be a probability density. This
maybe not so well-known link has been outlined in some recent papers |31, 76|,
where various results valid for the Shannon entropy have been shown to hold also
for the Rényi entropies, and applied to the study of the large-time behavior of the
solution to equation (8.6). We aim in this note to highlight this connection.

= kAvP(z, 1), (8.6)

8.2 Self-similar solutions and Rényi entropies

To start with, let us recall briefly some essential features of the nonlinear diffu-
sion equation (8.6). Existence an uniqueness of the solution of (8.6) to the initial
value problem posed in the whole space is well-known [21, 90|, and we address the
interested reader to these references for details. The forthcoming analysis will be
restricted to initial data which are probability densities with finite variance, and it
will include both the case p > 1, usually known as porous medium equation, and the
case p < 1, the fast diffusion equation. In dimension d > 1, the range of exponents
which ensure the boundedness of the second moment of the solution is p > p with
p = d/(d + 2), which contains a part of the so-called fast diffusion range p < 1.
The particular subinterval of p is motivated by the existence of a precise solution,
found by Zel’dovich, Kompaneets and Barenblatt in the fifties (briefly called here
Barenblatt solution) [7, 8, 93|, which serves as a model for the asymptotic behavior
of a wide class of solutions with finite second moment. In the case p > 1 (see [21]
for p < 1) the Barenblatt (also called self-similar or generalized Gaussian solution)
departing from = = 0 takes the self-similar form

1 - x
My(z,t) == o My (m) : (8.7)

where
p=2+dp-1)

and M,(z) is the time-independent function
M,(z) = (C—=A |a:|2)F (8.8)
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In (8.8) (s)4 = max{s,0}, A = ﬁ ’%, and the constant C' can be chosen to fix the
mass of the source-type Barenblatt solution equal to one.
The solution to equation (8.6) satisfies mass and momentum conservations, so

that

/ v(x,t)de =1; / zu(z,t)de =0; t>0. (8.9)
R4 R4

Hence, without loss of generality, one can always assume that vg(x) is a probability
density of first moment equal to zero. Let us define by E(v(t)) the second moment
of the solution:

E(u(t)) = /R o, ) (8.10)

Then, E(v(t)) increases in time from Ey = E(v), and its evolution is given by the
nonlinear law
dE(v(t))
dt

which is not explicitly integrable unless p = 1. The second moment of the solution
to equation (8.6) has an important role in connection with the knowledge of the
large time behavior of the solution. Also, in presence of a finite second moment we
can immediately establish a deep connection between equation (8.6) and the Rényi
entropy of the same order p.

Indeed, let us consider the evolution in time of the Rényi entropy of order p
along the solution of the nonlinear diffusion equation (8.6). Integration by parts
immediately yields

- 2d/ oz, 8) dz > 0, (8.11)
]:Rd

%Rp(v<.,t)) =T, (v(-,1)), t>0, (8.12)
where, for a given probability density f(z)
1 IV f7(x)?
7 = —— dx. 8.13
P(f) f]Rd fp dr /{f>0} f(l’) T ( )

When p — 1, identity (8.12) reduces to DeBruijn’s identity, which connects Shan-
non’s entropy functional with the Fisher information

[ NP
I(f) = /{M} G (8.14)

via the heat equation [20, 31, 78]. Since Z,(f) > 0, identity (8.12) shows that the
Rényi entropy of the solution to equation (8.6) is increasing in time.
Since the energy scales under the dilation (8.4) of f according to

B(1) = [ ol fue) dz = (),
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if the probability density has bounded second moment, a dilation invariant functional
is obtained by coupling Rényi entropy of f with the logarithm of the second moment

of f
M) = Ry(f) — S og B, (8.15)

Let v(z,t) be a solution to equation (8.6). If we now compute the time derivative
of A,(v(t)), we obtain

d ) Jua V(1) it
(D) = To(0) — et (8.16)

which is a direct consequence of both identities (8.11) and (8.12).
The right-hand side of (8.16) is nonnegative. This can be easily shown by an
argument which is often used in this type of proofs, and goes back at least to McKean

[69]. One obtains
VP () [oP(@)\” v(z) B
o< [, (o7 Heeiny) T

Z,(z) + & E[(z; /Rd |z|?v(z) do + ng(i)) /{ . z-Vo(z)dr =

I (2) + & é &p) o é (Zj) — () - b{ (1;:) | (8.17)

Note that equality to zero in (8.17) holds if and only if, when v(x) > 0

VP (x) I [ vP _

0.
o) B
This condition can be rewritten as
1, P—1 devp _ 1
\Y <v + 5 || E() 0 (8.18)

which identifies the probability density v(x) as a Barenblatt density in R (cf. equa-
tion (8.8)). Also, (8.17) shows that, among all densities with the same second
moment, Fisher information of order p takes its minimum value in correspondence
to a Barenblatt density.

We proved that the functional (8.15) is monotonically increasing in time along
the solution to the nonlinear diffusion. The dilation invariance can now be used to
identify the limit value. The computation of the limit value uses in a substantial
way the scaling invariance property. Indeed, it is well-known that the solution to
equation (8.6) converges towards the self-similar Barenblatt solution (8.8) in L;(R%)
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at an explicitly computable rate [21, 22, 32, 45]. By definition, the second moment
of the self-similar solution increases in time, and it is infinite as time goes to infinity.
However, by dilation invariance, the value of the functional (8.15) in correspondence
to a Barenblatt function does not depend on its second moment. In other words,
we can scale at each time, without changing the value of the functional, in such a
way to fix a certain value of the second moment of the Barenblatt when time goes
to infinity |83, 84].

The argument we presented is twofold. From one side, it represents a notable
tool to study the large-time behavior of solutions to nonlinear diffusion equations.
From the other side, it allows to find inequalities by means of solutions to these
nonlinear diffusions. Indeed, we proved that, for any probability density function f
with bounded second moment

d d
Rp(f) ) log E(f) < Rp(Bp,cr) ) log E(Bp,o)a (8.19)

where, for o > 0, we denoted by B, ,(z) the Barenblatt density defined in (8.7), of
second moment equal to . Clearly (8.19) implies that, under a variance constraint,
the Rényi entropy power of order p is maximized by a Barenblatt type density.

Inequality (8.19) can be rephrased in a slightly different way. Let f(x) be a
probability density function in R? and let N,(f) denote the entropy power of f
associated to the Rényi entropy of order p:

Ny (f) = exp { (3 . 1) Rp(f)} . (8.20)

Then, if p > d/(d + 2),

No(l) . Ny(Byo)
E(f)+de-1/2 = E(Bpp_)l—&—d(p—l)/g .

(8.21)

We note that the definition (8.20) of p-Rényi entropy power, proposed recently in
[76], coincides with the classical definition of Shannon entropy power [77], valid when
p = 1. This definition requires p > (d — 2)/d, in which case 2/d +p —1 > 0. The
range of the parameter p for which we can introduce our notion of Rényi entropy
power, coincides with the range for which there is mass conservation for the solution
of (8.6) [21]. This range includes the cases in which the Barenblatt has bounded
second moment, since (d — 2)/d < d/(d+ 2). We observe that inequality (8.21) has
been derived by a completely different method in [41, 65, 66].

8.3 The concavity of Rényi entropy power

The physical idea behind the concavity of the Shannon entropy power is clear. If
we evaluate the entropy power in correspondence to a Gaussian density like (1.3),
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we obtain

N(M,) = 2roe.

Hence, the entropy power of the self similar solution to the heat equation, namely a
Gaussian density of variance 2t, is a linear function of time, and its second derivative
(with respect to time) is equal to zero. This property is restricted to Gaussian
densities. Any other solution to the heat equation, different from the self-similar
one, is such that its entropy power is concave.

Having in mind to extend the concavity property to the Rényi entropy power,
and making use of the result of Section 8.2, in which we established a connection of
the Rényi entropy with the solution of the nonlinear diffusion equation, the starting
point for the proof of such a property would be a definition of Rényi entropy power
(of order p) which is consistent with the fact that, when evaluated in correspondence
to the Barenblatt self-similar solution (8.7) to the nonlinear diffusion of order p, the
value of the Rényi entropy power is linear with respect to ¢. It is a simple exercise
to verify that, owing to definition (8.20), this is true, since

Ny(My (1)) = N,(B) - . (8.22)

In [76], starting from definition (8.20), we proved that the Rényi entropy power
of order p has the concavity property when evaluated along the solution to the
nonlinear diffusion (8.6). The precise result is the following:

Theorem 37. ([76]) Let p > (d — 2)/d and let u(-,t) be probability densities in R?
solving (8.6) fort > 0. Then the p-th Rényi entropy power defined by (8.20) satisfies

d2
dt?
Like in the Shannon’s case, inequality (8.23) lieds to sharp isoperimetric inequal-

ities. The (isoperimetric) inequality for the p-th Rényi entropy is contained into the
following

Np(v(-,1)) <0 (8.23)

Theorem 38. ([76]) If p > d/(d + 2) every smooth, strictly positive and rapidly
decaying probability density f satisfies

Np(f) Z,(f) > Np<Mp) Ip(Mp) = Yd,p- (8.24)

We remark that Z,(f) is the generalized Fisher information defined in (8.13).
Once again, it is immediate to show that the product in (8.24) is invariant under
dilation, which allows to reckon explicitly the value of the constant by using the
same argument of Section 8.2. If p > 1 the value of the constant v, is

r +1 2/d 2+d(p—1)
2p . ((d +2)p — d) A=)

Yap = dm 8.25
d;p p— 2p ( )




In the remaining set of the parameter p, that is if d/(d +2) < p < 1,

T <L _ 4) 2/ 2d(p-1)
2p 5~ 2 <(d+2)p—d> a-1) (8.26)

—d
L e (;) 2p
1-p

Inequality (8.24) can be rewritten in a form more suitable to functional analysis.
Let f(x) be a probability density in R%. Then, if p > d/(d + 2)

24+2d(p—1)

V7 () (/ ) =D
————dx > g, fP(x) dx : 8.27
| w( [ 1@ (827
If d > 2, the case p = (d — 1)/d is distinguished from the others, since it leads to
9 _
2+2dp—1) o, _ 1
dip—1) d

and

N1_1/d(f)_/ flil/d(l')dx.

Rd
In this case the concavity of Nj_;/4 along (8.6) has been already known and has a
nice geometric interpretation in terms of transport distances, see [71].
Note that the restriction d > 2 implies (d — 1)/d > d/(d + 2). Hence, for
p = (d —1)/d we obtain that the probability density f satisfies the inequality

/ [V D ()2
Rd f(x)

The substitution f = ¢, where 2* = 2d/(d — 2), yields

V@) _(2d—2>2 2
/Rd OS] /R Vy(z)l* da.

Therefore, for any given function g > 0 such that g(x)?" is a probability density in
R?, with d > 2, we obtain the inequality

dx > Yd,(d—1)/d- (828)

d—2\°
2de > —— 1y/d- 2
[t de = (575 ) v (8.20

Since

Yd,(d—1)/d = dm

22(d —1)2 (T (d/2)\ "
d—2 (F(d)) ’
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a simple scaling argument finally shows that, if g(z)?" has a mass different from 1,
g satisfies the Sobolev inequality [2], [79]

/Rd V() dw > S4 (/Rd g(x)* d:v) ” : (8.30)

where

T (d/2) > 2/d
T (d)

is the sharp Sobolev constant. Hence, Sobolev inequality with the sharp constant is
a consequence of the concavity of Rényi entropy power of parameter p = (d — 1)/d,
when d > 2.

In all the other cases, the concavity of Rényi entropy power leads to Gagliardo-
Nirenberg type inequalities with sharp constants, like the ones recently studied by
Del Pino and Dolbeault [45], and Cordero-Erausquin, Nazaret, and Villani, [39] with
different methods.

Sy=d(d—2)r (
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