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ABSTRACT. We consider the linear dissipative Boltzmann equation describing inelastic
interactions of particles with a fixed background. For the simplified model of Maxwell
molecules first, we give a complete spectral analysis, and deduce from it the optimal rate
of exponential convergence to equilibrium. Moreover we show the convergence to the heat
equation in the diffusive limit and compute explicitely the diffusivity. Then for the physical
model of hard spheres we use a suitable entropy functional for which we prove explicit
inequality between the relative entropy and the production of entropy to get exponential
convergence to equilibrium with explicit rate. The proof is based on inequalities between
the entropy production functional for hard spheres and Maxwell molecules. Mathematical
proof of the convergence to some heat equation in the diffusive limit is also given. From
the last two points we deduce the first explicit estimates on the diffusive coefficient in the
Fick’s law for (inelastic hard-spheres) dissipative gases.

1. Introduction. The linear Boltzmann equation for granular particles models the dy-
namics of dilute particles (test particles with negligible mutual interactions) immersed in a
fluid at thermal equilibrium that undergo inelastic collisions characterized by the fact that
the total kinetic energy of the system is dissipated during collision. Such an equation in-
troduced in [16, 21, 15] provides an efficient description of the dynamics of a mixture of
impurities in a gas [13,10]. Assuming the fluid at thermal equilibrium and neglecting the
mutual interactions of the particles, the evolution of the distribution of the particles phase
is modelled by the linear Boltzmann equation which reads

df +v-Vif =Qf), 1.1

with suitable initial condition f(x,v,0) = fo(x,v), (x,v) € R3 X R3. Here above, the
collision operator Q(') is a linear scattering operator given by

Q(f) = B(f/Ml)/
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where B(:,-) denotes the usual quadratic Boltzmann collision operator for granular gases
(cf. [9] for instance) and M, stands for the distribution function of the host fluid which is
assumed to be a given Maxwellian with bulk velocity #1 and temperature ®; (see Section 2
for details). Notice that we shall deal in this paper with the collision operator Q correspond-
ing to hard-spheres interactions as well as with the one associated to Maxwell molecules
interactions. The inelasticity is modeled by a constant normal restitution coefficient. The
main goals and results of this paper are the following:

(1) First, we explicit the exponential rate of convergence towards equilibrium for the so-
lution to the space-homogeneous version of (1.1) (for both Maxwellian molecules and
hard-spheres interactions) through a quantitative estimate of the spectral gap of Q.
It is computed in an explicit way for Maxwell molecules, and estimated in an explicit
way for hard-spheres, see Theorem 3.8/ (together with its Corollary 3.9 for its conse-
quence on the asymptotic behavior of space-homogeneous solutions), where pmax is
defined in Theorem 3.2, and the constant C* is detailed in Remark 3.6,

(2) Second, we investigate the problem of the diffusion approximation for (1.1). Pre-
cisely, we show that the macroscopic limit ¢ of Eq. (l.1) in the diffusive scaling
is the solution to some (parabolic) heat equation (see Proposition 4.3 together with
Theorems 4.4] and 14.9). When dealing with Maxwell molecules interactions, the
diffusivity of this heat equation can then be computed explicitly (see Theorem 4.4
together with the computation of Remark 4.5 for the diffusivity). This is no more
the case for the equation corresponding to hard-spheres interactions but we provide
some new quantitative estimates on it (see Theorem 4.9/together with the estimate of
Proposition 4.10).

Concerning point (1), it is known from [16} 21} [15] that the linear collision operator
admits a unique steady state given by a (normalized) Maxwellian distribution function M
with bulk velocity 11 and temperature ©* < ®;. Moreover, thanks to the spectral analysis
of Q performed in [1]] (in the hard-spheres case), the solution to the space-homogeneous
version of (I.1) is known to converge exponentially (in some pertinent L? norm) towards
this equilibrium M as times goes to infinity. This exponential convergence result is based
upon the existence of a positive spectral gap for the collision operator @ and relies on
compactness arguments, via Weyl’s Theorem. Because of this non constructive approach,
at least for hard-spheres interactions, no explicit estimate on the relaxation rate were
available by now. 1t is one of the objectives of this paper to fill this blank. It is well-known
that the kinetic description of gases through the Boltzmann equation is relevant only on
some suitable time scale [9,11]]. Providing explicit estimates of the relaxation rate is the
only way to make sure that the time scale for the equilibration process is smaller than the
one on which the kinetic modeling is relevant. Another motivation to look for an explicit
relaxation rate relies more on methodological aspects. Compactness methods do not rely
on any physical argument and it seems to us more natural to look for a method which relies
as much as possible on physical mechanisms, e.g. dissipation of entropy.

Precisely, the strategy we adopt to treat the above point (1) is based upon an explicit
estimate of the spectral gap of Q. For Maxwell molecules interactions, we use the Fourier-
based approach introduced by Bobylev [6] for the study of the linearized (elastic) Boltz-
mann equation and then used for the study of the spectrum of the linearized inelastic col-
lision operator in [7], and we provide an explicit description of the whole spectrum of this
linear scattering collision operator . Then, to treat the case of hard-spheres interactions,
our method is based upon the entropy-entropy-production method. Precisely, we show that
the entropy production functional (naturally associated to the L>(M™') norm) correspond-
ing to the hard-spheres model can be bounded from below (up to some explicit constant)
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by the one associated to the Maxwell molecules model (Proposition 3.3). Note that such
a comparison between entropy production rates for hard-spheres and Maxwell molecules
interactions is inspired by the approach of [2] which deals with the linearized (elastic)
Boltzmann equation. In the present case, the method of proof is different and simpler, be-
ing based upon the careful study of a convolution integral. Such an entropy production
estimate allows us to prove, via a suitable coercivity estimate of Q (Theorem 3.8)), that any
space-homogenous solution to (1.1) converges exponentially towards equilibrium with an
explicit rate that depends on the model under investigation.

Concerning now point (2), various attempts to derive hydrodynamic equations from the
dissipative nonlinear Boltzmann equation exist in the literature, mostly based upon suitable
moment closure methods [23, 4, 5] or on the study of the linearized version of the Boltz-
mann equation around self-similar solutions (homogeneous cooling state) [3, 8] in some
weak inelastic regime. Dealing with the linear Boltzmann equation (1.1), hydrodynamic
models describing the evolution of the momentum and the temperature of the gas have been
obtained in [10] as a closed set of dissipative Euler equations for some pseudo-Maxwellian
approximation of Q. Similar results have been obtained in [13] where numerical methods
are proposed for the resolution of both the kinetic and hydrodynamic models. The work [4]
proposes two closure methods, based upon a maximum entropy principle, of the moment
equations for the density, macroscopic velocity and temperature. These closure methods
lead to a single diffusion equation for the hydrodynamical variable. In the present paper, we
shall discuss the diffusion approximation of the linear Boltzmann equation (1.1) with the
main objective of providing a rigorous derivation of the Fick’s law for dissipative gases
and an estimate on the diffusive coefficient. Recall that the diffusion approximation for
the linear Boltzmann equation consists in looking for the limit, as the small parameter ¢
goes to 0, of the solution to the following re-scaled kinetic equation:

€0t fe(t,x,0) + v - Vyfe(t, x,0) = %Q(fg)(t, X,0), (1.2)

with suitable initial condition. We consider indeed here the Navier-Stokes scaling, namely,
we assume the mean free path to be a small parameter A = ¢ < 1 and, at the same time,
we rescale time as t — t/¢ in order to see emerging the diffusive hydrodynamical regime
(and not the Euler hydrodynamical description, which would be a trivial transport equation
in our case). Performing a formal Hilbert asymptotic expansion of the solution allows us
to expect the solution f; to converges towards a limit f with Q(f) = 0. Therefore, the
expected limit of f, is of the form f(¢t, x, v) = g(t, x) M(v), and the diffusion approximation
problem consists in expressing (¢, x) as the solution to some suitable diffusion equation.
Actually, standard approach consists in using the continuity relation

dro(t, x) + divyj(t, x) =0,

between the density ¢ and the current vector j(t, x) together with a suitable Fick’s law that
links the current j to the gradient of o:

j(t/ X) =-D VX@(tr JC)

for some suitable diffusion coefficient (diffusivity) D > 0 which depends on the kind of
interactions we are dealing with. For Maxwell molecules interactions, the expression of
the diffusivity can be made explicit while this is no more the case when dealing with hard-
spheres model. The method we adopt for the proof of the diffusive limit follows very
closely the work of P. Degond, T. Goudon and F. Poupaud [12]]. Though more general than
ours since it deals with models without detailed balance law, the study of [12] is restricted
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to the case of a collision operator for which the collision frequency is controlled from above
in a way that excludes the case of physical hard-spheres interactions (recall that, for hard-
spheres, the collision frequency behaves asymptotically like (1 + [9]) [1]). Actually, the
analysis of [12] can be make valid under the only hypothesis that the coercivity estimate
obtained in Theorem 3.8 (and strenghten in Theorem 3.10) holds true. Precisely, such a
coercivity estimate of Q allows to obtain satisfactory a priori bounds for the solution to the
re-scaled equation (1.2). We are then able to prove the weak convergence of the density g
and current j, of the solution f. towards suitable limit density ¢ and limit current j. It is
also possible, via compensated-compactness arguments from [14, [17, 22]] to prove strong
convergence result in L? norm.

The organization of the paper is as follows. In Section 2/ we present the models we shall
deal with as well as some related known results we shall use in the sequel. In Section 3/we
perform the computations of the spectrum in the Maxwell molecules case and then prove
the crucial entropy production estimates in the hard-spheres case (from which we deduces
the explicit convergence rate to equilibrium for the space-homogenous version of (1.1)).
Section 4/is dealing with the above point (2). We first prove a priori estimates valid for both
models of hard-spheres and Maxwell molecules and based upon the coercivity estimates
obtained in Section 3. Then, we deal separately with the cases of Maxwell molecules
and hard-spheres proving for both models the convergence towards suitable macroscopic
equations, providing for Maxwell molecules an explicit expression of the diffusivity, and
for hard-spheres explicit estimates on it.

2. Preliminaries.

2.1. The model. As explained in the introduction, we shall deal with a linear scattering
operator Q given by

L f B D50 DM (w02) - f 0 OM@)] dwdn @)

2nA R3xS

Qf) =

where A is the mean free path, g = v — w is the relative velocity, v, and w, are the pre-
collisional velocities which result, respectively, in v and w after collision. The main feature
of the binary dissipative collisions is that part of the normal relative velocity is lost in the
interaction, so that

(@ —w*)-n=—e(v—-w)-n, (2.2)

where 1 € §? is the unit vector in the direction of impact and 0 < e < 1 is the so-called
normal restitution coefficient. Generally, such a coefficient should depend on (v, w) but,
for simplicity, we shall only deal with a constant normal restitution coefficient e. The
collision kernel B(g, ) depends on the microscopic interaction (see below) while the term
B corresponds to the product of the Jacobian of the transformation (v, w.) — (v, w) with
the ratio of the lengths of the collision cylinders [9]. Note that in such a scattering model,
the microscopic masses of the dilute particles m and that of the host particles 717 can be
different. We will assume throughout this paper that the distribution function My of the
host fluid is a given normalized Maxwellian function:

32 2
) exp {_ml(v u1) }’ veR?, (2.3)

Mi(v) = ( 1

210, 20,

where u; € R® is the given bulk velocity and ®; > 0 is the given effective temperature
of the host fluid. For particles of masses m colliding inelastically with particles of mass
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my, the restitution coefficient being constant, the expression of the pre-collisional velocities
(vx, wy) are given by [9, 21]

1-p
1-28

1-p
1-28

Uy =0 -2

(g-mn,  we=w+2(1-a) (g-mn, Q24

where g = v — w, a is the mass ratio and 8 denotes the inelasticity parameter

m
a =
m + my

€(0,1), B= % € [0,1/2).

We shall investigate in this paper several collision operators corresponding to various inter-
actions collision kernels. Namely, we will deal with

e the linear Boltzmann operator for hard-sphere interactions Q = Qps for which

1
B(q/ Vl) = Bhs(q, Vl) = |q . nl, and ]Bhs = Ihs = 6—2,

e the scattering operator Q = Qmax corresponding to the Maxwell molecules approxi-
mation for which

1 |v—w|

B(g,n) = Bmax(q,n) =7 -nl, q=4q/lql, and JBrax = Jmax = e—zm

It will be sometimes convenient to express the collision operator @ in the following weak
form:

<y, Qf) >= 1 B(g,n) f(o)My(w) [ (@*) — p(v)] dodwdn  (2.5)

- 271/\ R3xIR3x$2
for any regular 1, where (v*, w*) denote the post-collisional velocities given by
v*=v-2a(1-B)(g-n)n, w*=w+2(1-a)1-PB)(q-n)n. (2.6)

In particular, one sees that the dissipative feature of microscopic collision is measured, at
the macroscopic level, only through the parameter:

k=a(l-p) = g(1+e)€(0,1)

appearing in the expression of v*. Accordingly, the macroscopic properties of Q are those
of the classical linear Boltzmann gas whenever k = 1/2 (which is equivalent to v* = v).
It can be shown for both cases that the number density of the dilute gas is the unique
conserved macroscopic quantity (as in the elastic case). In contrast with the nonlinear
Boltzmann equation for granular gases, the temperature, though not conserved, remains
bounded away from zero, which prevents the solution to the linear Boltzmann equation to
converge towards a Dirac mass.

Moreover let us remark that from the dual form we see that the collision operator in fact
depends only on two real parameters m1 and x (plus u1 of course) and not u; plus three
parameters a, 8, 11 as a first guess would suggest.

2.2. Universal equilibrium and H-Theorem. A very important feature of these inelastic
scattering models is the existence (and uniqueness) of a universal equilibrium, that is in-
dependent of range of the microscopic-interactions (that is of the collision kernel B) and
depending only on the parameters m1, k¥ and u;. Precisely, the background forces the sys-
tem to adopt a Maxellian steady state (with density equal to 1):
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Theorem 2.1. The Maxwellian velocity distribution:

32 m — 1y)?
MO~ () ow{-Mr] e e
i (I1-a)(1-p)
#_ LU~
O = T=a(l=p) 1 (2.8)

is the unique equilibrium state of Q with unit mass.

Note that this universal equilibrium is coherent with the remark that the collision only
depends on m; and « (and u1) from the dual form, since
m _ml-x
e O «x
This explicit Maxwellian equilibrium state allows to develop entropy, spectral and hy-
drodynamical analysis on both the models in the same way. First, from [18,/19] and [15],
the existence and uniqueness of such an equilibrium state allows to establish a linear ver-
sion of the famous H-Theorem. Precisely, for any convex Cl—function ® : R* — R, the
associated so-called H—functional (relatively to the equilibrium M)
f(@)

Hq;(f|M) = j][;3 M(U) o (W) dU, (29)

is decreasing along the flow of the equation (1.1) (this is the opposite of a physical en-
tropy), with its associated dissipation functional vanishing only when f is co-linear to the
equilibrium M:

Theorem 2.2 (Formal H-Theorem). Let f(t,v) > 0 be a space homogeneous solution
then we have formally

%H(D(f(t)v\/() = jl;z Q(f)(t, U) @ (f(tr ZJ)

M(v)

) dv <0 (t > 0). (2.10)

The application of the H-Theorem with ®(x) = (x — 1) suggests the following Hilbert
space setting: the unknown distribution f has to belong to the weighted Hilbert space
L2 (M) = L%(R3; M~'(v)dv). Consequently, one defines the Maxwell molecules and
hard spheres collision operators, associated to the mean-free path A = 1, with their suitable
domains, as follows:

D(Lhs) C L2MT), Range(Lhs) € LA(M™),

-£hsf = thf for any f € D(Lns),
and

{@(Lmax> =I2(M™),  Range(Lmax) € LAM™),
Lmaxf = Qmaxf for any f € 2(Lmax)-
Precisely,
N Lns) = {f € LAM™); ons f € M)

where ops is the collision frequency associated to the hard-spheres collision kernel:

ohs(v) = 1 f g - nIMy(w) dw dn, ve R

27 JRoxs?

Note that ops is unbounded [1]: there exist positive constants v, 1 such that

vo(1 + v — u1]) < ons(v) < vi(1 + v — uql), Yo e RS,
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For this reason, Z(Lhs) # L2(M™1). On the contrary, the collision frequency omax associ-
ated to the Maxwell molecules collision kernel,

1
Omax(0) = . jﬂ; ] [7- nMi(w)dwdn =1
3%g2

is independent of the velocity v and Lmax is a bounded operator in L2(M™1). We recall (see
[1]]) that Ly is a negative self-adjoint operator of L>(M™1). Moreover, let us introduce the
dissipation entropy functionals associated to Lmax and Lps:

Drax(f) = f LoaHO) FOM @) do,  f e LMY
and
Drs(f) = fR Lne(DE SO M@ do, f € ALne).

Note that, by virtue of (2.10), if f(t) denotes the (unique) solution to (1.1) in L2(M™) for
hard-spheres interactions, then, with the choice ®(x) = (x — 1)?,

d d
O = Milt ey = Ha(FOIM) = =2 Drs(f(1)). .11

The same occurs for Dmax(f(¢)). This is the reason why we are looking for a control
estimate for both Dhs(f) and Dmax(f) with respect to the L>(M™) norm of f. It will be
useful to derive an alternative expression for both Dmax and Dig:

Proposition 2.3. For any f € D(Lhs),

_1 f@)  fO T
Dis(f) = = >[1;3><IR?U><SZ lg - | [M(U*) - M(v)] Mi(w)M(v) dw dv dn > 0

In the same way,

1 — [fe)  f@ 7]
Dmax(f) = = >[1;ng13st2 77l [M(v*) - M(v)] Mi(W)M(@) dw dv dn = 0

for any f € L*(M™).

Proof. The proof is a straightforward particular case of the above H-Theorem. Precisely,
let us fix f € Z(Lns), and set f = gM then one has

fRS Lns() f M dv = fR B MMy 0)30) [560%) - 80)] dew do dn.

3XIR3x$? 2no

Moreover, for any ¢ € Z(Lys), since M is an equilibrium state of Qps,

‘f]R L Z|M(U)M1(w) [p(w*) — ¢(v)] dw dv dn = (Lns(M), P)r2w, dv) = 0.

3xR3xG? 21
It is easy to deduce then that
_ |
[ mprmtao= [ EEp@m@gen 5o - g0 dodo dn
R3 R3xR3x§2 <70

Finally taking the mean of these two quantities leads to the desired result. The same rea-
soning also holds for D ay. m]
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3. Quantitative estimates of the spectral gap. In this section, we strengthen the above
result in providing a quantitative lower bound for both Dmax(f) and Dps(f). The estimate
for Dmax(f) is related to the spectral properties of the collision operator Lmax while that
of Dhs(f) relies on a suitable comparison with Dmax(f). From now on, (-, -) denotes the
scalar product of L2(M™!) and &(L), Sp(L) shall denote respectively the spectrum and
the point spectrum of a given (non necessarily bounded) operator in L>(M™).

3.1. Spectral study for Maxwell molecules. We already saw that the operator Lmax :
L2 (M) - L*(M™!) is bounded, and it is easily seen that Lmax splits as
Laxf = Lyaxf = f(0)
where L}, is compact and self-adjoint (the proof can be done similarly as in [1]) and we
used that the collision frequency omax associated to the Maxwell molecules is constant.
Moreover, since
(Lmaxf, ) <0, Vfel M),

the operator is easily seen to generate a C°-semigroup of contractions, and it is known that
S(Limax) C (—o0,0]. Finally, since Id + Lmax = L, 18 a positive, self-adjoint compact
operator, one sees that the spectrum of Lmax is made of a discrete set of eigenvalues with
finite algebraic multiplicities plus possibly {—1} in the essential spectrum, with

Sp(Lmax) € (=1,0] 3.1

and where the only possible accumulation point is {—1}. Clearly, since Lnax(M) = 0,
Aop = 01is an eigenvalue of Lyax with eigenspace given by Span(M). There are other
eigenvalues of Lmax of peculiar interest. Namely, for any f € L>(M™!), the weak formula-
tion (2.5) yields

f (v — u1)Lmax(f) dv = Zi [7 - nlf(©)My(w) [0* —v] dodwdn
R Tt

R3XR3, x$2

1- _
=_¥ Lgf(v)dvjl;i/\/h(w)dw‘fsz lg - nl(g - n)ndn.

Using the fact that f [7-nl(g-n)ndn = 7 q, one has
G2

f (0= 1) Lomax(f) do = —a(1 - ) f f(0)do f (0 = W)My(w) dw
RS RS R (3.2)
—-al-p) [ - m)fe)d.

The operator Lmax being self-adjoint in L>(M™!), one obtains the identity
(f, Lmax((©i = u1,)M)) = —a(1 = ) {f, (v —u1)M), i=1,2,3, Vfel*MM).
If we denote

Nop = a(l - =x€(0,1),
this means that —A¢ is an eigenvalue of Lmax associated to the momentum eigenvectors
(vi — u1,;))M(v) for any i = 1,2, 3. In the same way, technical calculations show that, for

any f € L2(M™),
(Lnnax() 0 = it PM) = f Lmax(Flo = w1 do
R3

= 2a(1 - B)(1 - a(1 — H))(f, [o — P M) + 6m—®11a2<1 B M),
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and, since Lmay is self-adjoint, setting
Ao =2a(1 = )1 - a1 - p)) = 2x(1 - x),
one has (Lmax(j[o—u1> M), £y = =A1o{lo—u1|* M, f), for any f L span(M). Equivalently,
Lmax (6) = _A1,08/

where E(v) = (lZJ - - %) M, is the energy eigenfunction, associated to —A; o. To
summarize, we obtained three particular eigenvalues Ao, Ag1 and Aq 9 of Lmax associated
respectively to the equilibrium, momentum and energy eigenfunctions.

To provide a full picture of the spectrum of Lmax, we adopt the strategy of Bobylev

[6] based on the application of the Fourier transform to the elastic Boltzmann equation.
Namely, we are looking for A > 0 such that the equation

Loaf =—Af,  feLl’(M™), f#0, (3.3)

admits a solution. Applying the Fourier transform .% to the both sides of the above equa-
tion, we are lead to:

F [Loaxf](€) = -Af(E),  EE€R,

where j?z Z(f). One deduces immediately from the calculations performed in [21], that
1 - = — —_
FLnf1@) = o= [ [E-[AEDME) - AOMO)] dn
T Jsg2
with & = £/|¢] and
&' =&-2a(1-p)&-nn, ¢ =2a(l = B)(E-mn

while X/I\l is the Fourier transform of the background Maxwellian distribution, given by

®1|<5|2}_

27711

Mi(E) = exp {—iul E-

The fundamental property is that even if the equilibrium distribution M does not make the
integrand of the collision operator vanish pointwise (as it is the case in the elastic case),
surprisingly it still satisfies a pointwise relation in Fourier variables as was noticed in [21].
A simple computation yields

— ) &2
M(&) = exp {—1M1 &= 25' }
and thus one checks easily that, 7\/(\(5’) //\4\1(5_) = M\(E)Lfor any 1 € $2, and any & € R3.

Thus, following the method of Bobylev [6], we rescale f(&) = M(E) @(&) and define the
corresponding re-scaled operator .

200 = 5= [ E-nilpe) - ple)] an

Then, Eq. (3.3) amounts to find A > 0 such that the equation Z¢(&) = —A@() admits a
non zero solution ¢ with

f=F Y M) e L2(M™) (3.4)
where .# 7! stands for the inverse Fourier transform. Using, as in the elastic case [6, p.

136], the symmetry properties of the operator .# together with condition (3.4), one obtains
that functions of the form

Puem(©) = 1P Y (), 120,
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Y/, being a spherical harmonic (£ € N, m = —¢, ..., {), are eigenvectors of .Z, associated
to the eigenvalues —A, », = —A,, ¢(x) where, according to [7],
1 ! 1 -2k + &2
Ape=1— ——— nllp | 7 ) g 35
A T N A W o G-

where Py is the £-th Legendre polynomial, n € IN, £ € IN. Note that, according to (3.1),
Ane € (0,1]. Technical calculations prove that the eigenvalues we already found out,
namely,
/\0/0 = 0, AO,l =K, and /\1/0 = 2K(1 - K),
do actually correspond to the couples (11,€) = (0,0);(0,1) and (1, 0) respectively. More-
over, from the well-known Legendre polynomials property:
€+ 1D)Ppi1(x) = 20+ D)xPp(x) — € Pr_1(x), xeR, >1,
one obtains the recurrence formula
1 _2t+1 v 20+1 t 1
nl+1 — f+11+v n,l + (€+ 1)(1 +1/) n+1,0 — €+_1 n+1,0-1,

where v = 1 — 2x € (=1, 1). Such a recurrence formula together with the relation

1 1- 1/211+2

>0 (3.6)

allow to prove by induction over £ € IN that
Apsie =2 Ape and  Aypq 2 Ay forany n€IN.
Consequently, one sees that min{A, ¢; #,€ > 0} \ {0} = min{A;; Ao1} which means that
spectral gap of Lmnax is given by
Hmax = min{Al,O} /\0,1} = min{x;2x(1 — x)}.
Remark 3.1. Note that,
AMi1sAhpe=rx<l2a(l+e) <L

In particular, if my < m then Aoy < Arg. Assuming for a while that we are dealing with
species of gases with same masses m = my, then in the true inelastic case (i.e., e < 1) one
also has Ao > Agi1. This situation is very particular to inelastic scattering and means
that the cooling process of the temperature happens more rapidly than the forcing of the
momentum by the background, whereas when k = 1/2 these two processes happen at
exactly the same speed (A1 = A1p). Note also that, whenever Ay > A1 (due to the ratio
of mass different from 1), the smallest eigenvalue corresponds to the momentum relaxation
and not the energy relaxation anymore. This contrasts very much with the linearized case
(see [1]). Note also that the first eigenvalues are ordered as illustrated in Fig. 1.

The above result can be summarized in the following where the last statement follows
from the fact that Lmay + Id is a self-adjoint compact operator of L2(M™™).

Theorem 3.2. The operator — Lma is a bounded self-adjoint positive operator of L2(M™1)
whose spectrum is composed of an essential part {+1} plus the following discrete part:

6p(_-l:max) = {An,f; n, e ]N} c[0,1)

where A, ¢ is given by (3.5). Moreover, Agg = 0 is a simple eigenvalue of Lmax associated
to the eigenvector M and — Lmax admits a positive spectral gap

Hmax = min{A;g; 491} = min{x; 2x(1 - x)}.

Finally, there exists a Hilbert basis of L>(M™') made of eigenvectors of — Lmax.
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FIGURE 1. Evolution of A (black solid line), A1 (black dotted line),
A1, (grey dotted line) and Ag, (grey solid line) as functions of ¢ € [0, 1]

3.2. Entropy estimate for Maxwell molecules. The result of the above section allows to
provide a quantitative version of the H-Theorem. Precisely, for any f € L2 (M) orthog-
onal to M, using the decomposition of both Lmaxf and f on the Hilbert basis of L*(M™1)
made of eigenvectors of —Lmax (see Theorem 3.2), it is easily proved that:

Dmax(f) = jl;? -Emax(f)fM_l do > Hmax ”f”iz(M‘l)’ VfL Span(M) 3.7

It is well-known that such a coercivity estimate allows to obtain an exponential relax-
ation rate to equilibrium for the solution to the space homogeneous Boltzmann equation.
Namely, given fy(v) € L*(IR*, M~'(v) dv) with unit mass

[ A=
]R3

let f; be the unique solution of (1.1) with initial condition fi-9 = fy. According to the
conservation of mass, it is clear that ( f;— M) is orthogonal to M (for the L?(R3, M~ (v) dv)
scalar product) and, within the entropy language:

< Ha(fIM) = ~2Dnex( ) < ~2pmax HolfIM)

for @(x) = (x — 1)? or equivalently,
1/2

1/2
(f (fe — M) M dv) < ( (fo - M> M~ do exp (—pmaxt) VYt > 0.
R3 R3

We obtain in this way an explicit exponential relaxation rate towards equilibrium for the
solution to the space homogeneous linear Boltzmann equation which is valid for granular
gases of Maxwell molecules and generalizes a well-known result for classical gases [11].
More interesting is the fact that the knowledge of the spectral gap of Lmax allows to recover
an explicit estimate of the spectral gap of the linear Boltzmann operator for hard-spheres



12 BERTRAND LODS, CLEMENT MOUHOT AND GIUSEPPE TOSCANI

Lhs through a suitable comparison of the entropy production functionals Dps and Dmax.
This is the subject of the following section.

3.3. Entropy estimate for hard-spheres. The goal of this subsection is to show that the
entropy production functional Dps for hard-spheres relates to the one for Maxwell mole-
cules Dpmax. More precisely we shall show that

Proposition 3.3. The entropy production functionals Dns and Dinax are related by:
Dhs(f) = c* Dmax(f), Vf e D(Lns)
for some explicit constant C* depending only on o and .

Remark 3.4. The idea of searching for such an inequality was already present in [2],
but here the method of proof is different and simpler: one does not need any triangular
inequality between collisions, and the proof reduces to a careful study of a convolution
integral.

Remark 3.5. Note that in the hard-spheres case, the operator Lyg is unbounded. For a
careful study of its properties (compactness of the non-local part, definition of the associ-
ated C°-semigroup of contraction in the Hilbert space L>2(M™1)) we refer to [1].

Proof. Let f € P(Lns). We set u; = 0 in this proof without restriction since this only
amounts to a space translation.

We introduce the following parametrization, for fixed n € 2. v=rm+0,0* =r*n+0,
W = T + @, W* = ryxn + @, where 7,17*,7, and 7+ are real numbers and T, @ are
orthogonal to n. Simple computations show that

3 r* 1 1
"= 20— ) +( T 2a(1 —5))7’

while

(1 1-a\, (1 1
rw*‘(zaa—ﬁ)_ x )0 T E_Za(l—ﬁ))r'

Therefore, 7, and 7+ only depend on r and r*. Then if we denote 6 the angle between §

and n, we get from Prop. 2.3, where we set g = %,

1 2
Z)hs(f)zﬂ Lf* R[_ qul cos@[g(r*n+z‘))—g(rn+z7)]
Mi(ron + @) M(rn + 0)do dw dr dr* dn

with
1/2
gl = (1o = @f + @) 2 = 1P)
and
Qi) =1l
(15 = @R + (21) 2]+ =)
where we recall that ¥ = a(1—f3). We split the integral into two parts according to [r* —#| >
0o > 0or |[r* —r| < gy where gy is a positive parameter to be determine latter. Using the

cos B =
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fact that |g| > [r* — r|/2xk, one has the following estimate for the first part of the integral

1
— f dr dr* f lgl cos © M(rn + ) My (rn + @)
27 $2 {lr*—rl>00} o,0ent

2
[g(r*n +70)— g(rn + z‘))] do dw
2 -1
> (G f dn f dr dr*
2n Jso Jir-ra)
2
f cos O M(rn + 0) My (ron + w)[g(r*n +0)—g(rm + z‘))] do dw
0,0en+

which corresponds (up to the multiplicative factor (2x)~! go) to the integral for [r —r*| > go
corresponding to Maxwell molecules, i.e.,

- f; X201 Lns(F) f M do > —5—10( fz Xir—r*1z00) Lmax(F) M do. (3.8)

Concerning now the second part of the integral (corresponding to [r* — 7| < gp), we use
that |g| > |0 — @| and we isolate the integration over w:

1
—f Xir-rt1<oo) Lns(Ff M do > — dnf dr dr* |r* — 1|
R3 2n g2 [r*—rl<ao

e |6 — @| My (@) _
2K d
j;eni( a (271@ ) (fweni (15 — @ + 1) 2pr* — 12)"/? “

M(rn + ) My (ryn) [g(r*n +7) — g(rn + 5)]2 do

where we used the fact that, since @ is orthogonal to 7,

mq
271@1

Setting & = |r* — r]/2x, if one were able to prove that there is a constant C such that

|6 — @] M1(@) _ f My () )
———do>C A S A | 39
fﬂ* Go-ak+ey? " Jreooap ey G

uniformly for o € R? and & € [0, 00/2x], then one would obtain the desired estimate (by
doing all the previous transformations backward):

- [ e DM 0> =C [ it Lo HIMC o

To study the convolution integral of (3.9), we make a second splitting between |0 — 7| >
01 > 0 and |@ — 9| < g1 (for some g1 > 0). It gives

7 — | My (@
f I_ fvl 1(301)/2 da
weR? (|0 — W]? + &2)
> f m do > ) f ﬂ do
{w-sl>01) (|0 — 0% + 52)1/2 {lo-iz01) (|0 — @? + 52)1/2

My (@) _ f M, (@) -
> ————— dw- ———— 5 d
« (fJRZ (1o — @ + &2)"2 ¢ l-vl<en) (| — D2 + £2)'7 ‘

-3/2
Mufran +@) = (5= ) Mu@M(ran),
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Then we use the obvious estimates

_ Clx,
Ve R Ve [o,go/zx],f M@ g > @)
r (|6 — D)2 + &2) 1+ 19|
for an explicit constant C(x, go) > 0 depending only on «, gy, and
My (@)

Vo eR? VEe(0,0/2x], f dw < C(x, 01) e,

- 172
{lo-sl<a1) (|0 — @ + &2) /

for an explicit constant C(x, g1) > 0 going to 0 as g; goes to 0. It yields for g; small enough
(depending on @)

[ MO gl [ MO o

w—0|<p1} (|Z7 - ZT)|2 + 52) 2 (lz—] _ wlZ + 62)1/2

for any & € IR?,& € [0, go/2x] (we also refer to the Appendix A of this paper for a con-
struction of the parameter g;). Consequently, for this choice of g; we obtain (3.9) with
C= 91/2, i.e.,

- f]RS X[Irfr*lq)o]-[:hs(f)fM_l do > _% jl;s X[Ir—r*|<()0]-£:max(f)f/\/(_1 do.

This, together with estimate (3.8), yield

Dhs(f) > min {5—10{, %} Dmax(f)

which concludes the proof. |

Remark 3.6. The constant C* from the proof can be optimized according to the parameter
oo, by expliciting o1 as a function of gg. Precisely, making use of Lemma A.1 given in the
Appendix,

2x" 2 \5
with 1 = /% erf! (%) where erf™! denotes the inverse error function, erf‘l(%) ~
0.4769. Notice that this lower bound for C* does not depend on the parameters a, p.

Remark 3.7. The above Proposition provides an estimate of the spectral gap of Lns in
L2(MY). Precisely, we recall from [1] that the spectrum of Lns is made of continuous
(essential) spectrum {A € R; A < —vo} where vo = inf,cgs ons(v) > 0 and a decreasing
sequence of real eigenvalues with finite algebraic multiplicities which unique possible clus-
ter point is —vg. Then, since 0 is an eigenvalue of Lns associated to M, one sees from the
above Proposition that the spectral gap lins of Lns satisfies

nminfx, 2x(1 - «)}
NG .

To summarize, one gets the following coercivity estimate for the Dirichlet form:

[hs = min {/\ i =A € (=v0,0),—A € S(Lns) \ {0}} > C* tmax >

Theorem 3.8. For Q = Lns or Lmax, one has the following:

- [ @NEFM @ do >l ~ oMy, ¥ <7

where, g = f f()do, and 4 = pmax whenever Q = Lmax while, for hard-spheres
]R3

interactions, i.e., Q = Lns, one has i 2 C* imax.
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Proof. If of = 0, the proof follows directly from Proposition 3.3/and (3.7). Now, if f is a
given function with non-zero mean gy, seth = f — o M. Then, g, = 0 so that

- [ @M @) do > e,

This leads to the result since Q(h) = Q(f) and f Q(f)dv =0. m|
R3

Adopting now the entropy language, one obtains the following relaxation rate, which is
also new in the context of linear Boltzmann equation:

Corollary 3.9. Let fo(v) € L2 (R3, M~ (v) dv) be given and let f(t) be the unique solution
of (L.1) with initial condition f(t = 0) = fy. Then, for any t > 0, one has the following

(OR MHLZ(M*) < exp(-puh)[|fo - M“LZ(A/H) ;o VE20,

where | = lmax when Q = Qmax while, for hard-spheres interactions, i.e., Q = Qns, one
has 1 2 C* Umax.

We state another corollary of the above Theorem [3.8/in which we strengthen the coerci-
vity estimate:

Corollary 3.10. For Q = Lns or Lmax, there exists ¢; > 0 such that

- f}R . Q@) fM™(©) do > colI(f — 0 M) Vollf ey Vfe 2@

where, 05 = f f(v)dv and o(v) is the collision frequency associated to Q.
R3

Proof. If @ = Lmax, since omax(v) = 1 the estimate is nothing but Theorem 3.8l Let us
consider now the hard-spheres case, Q = Ljs. Arguing as in the proof of Theorem 3.8, it
suffices to prove the result for fL M, i.e., whenever of = 0. We recall from [1] that Lhg
splits as

thfzxf_ahsf, f€@(£hs)
where %" is a bounded (and compact) operator in L2(M™1). We then have

NGl = [ A FM o= [ Lol f M o

121
MR- p )+ ) < (2 +1)he()

where ||.#|| stands for the norm of .# as a bounded operator on L2(M™') and we used
Theorem 3.8. The corollary follows with

o = C*Ivlmax
! |2 + C*//lmax'
O

Remark 3.11. Here again, as in Prop. 3.3, the constant ¢, > 0 can be quantitatively

estimated using for instance the estimatel|| 7 || < (13—7;)2 A /nm—®11 that can be deduced without

major difficulty from the explicit expression of & provided in [1]] with T = (1 —2x)/x > 0.

Remark 3.12. Recalling that ong behaves like (1 + |v|), the above corollary allows to
control from below the entropy production functional by the weighted L*((1 + [v))M™!, dv)
norm. Such a weighted estimate shall be very useful for the diffusion approximation.
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4. Diffusion Approximation. We shall assume again in this whole section that 1#; = 0.
From the results of the previous section, it is possible to derive some exact convergence
results for the solution of the re-scaled linear kinetic Boltzmann equation

DSt %,0) + 0 Vafult, %, 0) = ~QUE %), @.1)

with initial condition f.(x,v,0) = fy(x,v) > 0, with (x,v) € R3 X R3. Note that all the
analysis we perform here is also valid if the spatial domain denotes the three-dimensional
torus T2. One shall prove that f. converges, as ¢ — 0, to M(v)p where g = g(t, x) is the
solution to the (parabolic) diffusion equation:

dio(t, x) = Vy - (DVyp(t, x) + u1 p), >0, xeR3,

00,0 =0 = [ fitx,0)do 2
where the diffusion coefficient D depends on the model we investigate (hard-sphere inter-
actions or Maxwell molecules). One shall adopt here the strategy of [12,14]. Namely, to
prove the convergence of the solution to (4.1) towards the solution g of (4.2), the idea is to
use the a priori estimate given by the production of entropy, as in [14] where this idea was
applied to discrete velocity models of the Boltzmann equation. Let us define the number
density and the current vector

Qs(t/x):f fE(t/x/U)dU/ jf(t/x): 1 f ff(t/xlv)v dU.
R} € JR
We also define h, as

he(t, %, 0) = %( fult,x,0) — 0clt, x)M(v)).

Integrating (4.1) with respect to x and v and using the fact that the mean of Q(f;) is zero,
one gets the mass conservation identity

f fe(x,v,t)dxdo = f fo(x,v)dx do, 4.3)
R3XR3

RIXIR3
which means (using the fact that the equation preserves non-negativity) that, for any T > 0,
the sequence g, (x, t) is bounded in L(0, T; L}(IR2)). Now, multiplying (4.1) by f. M~ and
integrating over IR? X IR, we get

li 2 —1 l ) ) B
23 Jroe fetx, o)M= (v)dxdo + flRile% div, (vfg (t,x,v))M (v) dx do
- lz f QUM P dxdo=0. (4.4)
€7 URXRS

X

Now, because of the divergence form of the integrand, one sees that the second term in
(4.4) is zero while, because of Corollary 3.10,

1 -
2 o 3fo(fg)M ldxdo
XXRU
CO’ 2
> 8_2 jl;% “fé(tr xr ) - Qé’(tl x)M“LZ(]Rg,O‘(‘U)M_l(v) dv) dx (45)

=C4 f h2(t, x, )M (v)o(v) dx do.
R3xR3
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Consequently, Eq. (4.4), together with (4.5), leads to

li f ff(x,v, HM L (v)dxdo < —c, f h2(x, v, Hyo(v) M~} (v) dx do.
2 dt Jroxrs R

Defining therefore the following Hilbert space:
H = LX(R3 x RS, M (v) dx do)
endowed with its natural norm || - ||¢, one has

t
(Mﬁ);+kﬁ£HM@va&ds<Wmi, Vi >0, (46)

We obtain the following a priori bounds:

Proposition 4.1. For any € > 0, let f.(t) denotes the unique solution to (4.1) with fy € H,
fo = 0. Then, forany0 < T < oo

1. The sequence (f:). is bounded in L™ (0,T; H),

2. the sequence (\Joh,), is bounded in L? (0, T; H),

3. the density sequence (0 ). is bounded in L(0, T ; L'(R?) N L3(IR2)),

3
4. the current sequence (j.). is bounded in [L2((0, T) x IR;)] .
Proof. The first two points are direct consequences of (4.6) with

Sup ||f5“L°°(0,T;(H) S “fO”x,v 4 Sup || \/Eh‘g“LZ(O,T}(H) < (2CU)_1/2 ||f0||x,v :
>0 >0

Now, Eq. (4.3) proves that the number density sequence (g; ) is bounded in L*(0, T ; L'(R3))
and, according to Cauchy-Schwarz inequality,

1/2
0 < -t x) < ( f fgz(t, x, )M (v) dv)
R}

we see from point (/) that (g;). is also bounded in L*(0, T ; L*(R?})). Finally, since f. =
0: M+ eh, and fR? vM(v)dv = 0, one has

T T
f dtf |jg(t, x)|2 dx = f dtf dx f vh(t,x,v)do
0 R} 0 R3 R3

while, from Cauchy-Schwarz inequality and the fact that ¢ is bounded from below

2

2
kfvm@nwdv<(j‘MM«wm%j‘ﬁNﬁdﬁ
R3 RS R3
so that . .
. 2 30*
j‘wfbww|M<——anw;&
0 R m-Jo
and the conclusion follows from point (2). a

Remark 4.2. Since f. = eh, + 0. M, noticing that fle o(v)M(v)dv < oo, one deduces
from the above points (2) and (3) and that the sequence (\o f.). is bounded in L (0, T; H)..
For any T > 0, we define
Qr=0,TXxRxR} and dur= drxdodt
The bounds provided by Prop. 4.1 allows to assume that, up to a subsequence,
fe—f in LX(Qr; oM! dur), he = h in  L*Qr; oM™ dur);
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3
0. —0 in I[X(0,T)xR}, je—=j in [LODXR)]

LetW € LX(Qr, 0 ' Mdur) = [LZ(QT, oMt d[uT)]* be given. Since 0 = omax is constant
while 0 = opg behaves asymptotically like (1 + |0]), one easily has from Cauchy-Schwarz

ot x) = f M@)W¥(t, x,v)dv € L*((0,T) x R),
R}

and therefore

T T
lim dt f 0:(t, X)p(t, x) dx = f dt f o(t, x)p(t, x) dx.
R 0 R}

e-0 Jp
Thus, writing f. = 0. M + €h,, one checks that
T
lim | fWdur= f dtf o(t, x)p(t, x) dx = f oMWY dur,
=0 Ja, 0 R? Qr
ie., fo = oMin L2(Qr,o M~ dur). In particular, f(t, x,v) = o(t, x) M(v). Moreover,

lim hWdur = f hY dur. 4.7
QT QT

e—0

forany W = W(t,x,v) € L*(Qr,0"'M dur). Now, choosing W independent of v, one sees
that

fh(t,x,v)dvzo, V>0, xelRS.
R}

Finally, using in (4.7) a test function W(t, x,v) = vp(t, x) with ¢ € L*((0,T) x R3), we
deduces from the weak convergence of j, to j that

jit,x) = f vh(t, x,v) do.
R}

Finally, integrating equation (4.1) over R leads to the continuity equation

010:(t, x) + divyje(t,x) =0, Ve > 0. (4.8)
We deduce at the limit that
dro(t, x) + divyj(t, x) =0, t>0, xe€ Ti 4.9)

in the distributional sense. We summarize these first results in the following:
Proposition 4.3. Under the assumptions of Proposition'4.1, for any T > 0, up to a subse-
quence,

i) (0e) converges weakly in L*>((0, T) X R3) to some g;
ii) (h:) converges weakly in L>(Qr, oM™t dur) to some function h with

fa h(t,x,v)dv = 0;
iii) ( f]S converges weakly to oM in L*(Qr, oM™ dpr);
iv) (je) converges weakly to j(t,x) = f3 vh(t,x,v)dv in [Lz((O, T) % IRi)]3 .
where o and j are related by (@.9). A

The problem of the diffusion approximation is then reduced to the one of finding a
suitable relation, similar to the classical Fick’s law, linking the current j(¢, x) to the gradient
of the density o(f, x). Such a Fick’s law (and the corresponding coefficient) shall depend
heavily on the collision kernel.
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4.1. Maxwell molecules. When dealing with Maxwell molecules, i.e., whenever Q =
Lmax. it is possible to obtain an explicit expression for the diffusion coefficient. Precisely,
multiplying equation (4.1) by v and integrating over R> gives

&2 Aje(t, x) + (f (v®v) : Vifelt, x,0) dv) = 1 f Lmax(fe) vdo (4.10)
R} € Jr3

Now, as we already saw it (see (3.2)):
| £mantfyvdo = -att - prej. = -doseji
R}

Then, recalling that f.(t, x,v) = g:(t, x) M(v) + €h.(t, x,v), Eq. (4.10) becomes

2 Otje(t,x) + A Vype(t,x) + ¢ (f
R

3

where A is the matrix of directional temperatures associated to the distribution M:
o o o o
A= f (v®v) M(v) dv = —Id = diag(—;—;— .
]R‘:ﬁ m m

m m

(v®v): Vihe(t x,0) dv) =—Ao1 Je 4.11)

One may rewrite (4.11) as
#
%ngg(t, X) + Ag1je(t, x) = —e2 d4je(t, x) — € (f (v®v): Vih(t,x,0) dv).
R}

Choosing a test-function ¢ € €°((0, T) XIR?), the above equation reads in its distributional
form:

@# T T
—f dtf Vxlp(t,x)gg(t,x)dx—)\ollf dtf P(t, x)je(t, x)dt =
m Jo R 0 R

X

T
— 2 1 - .
€ j(; dtju;;z At x)je(t, x) dx SLT he(t, x,v)(v ® ) : Vob(t, x) dur

and, by virtue of the bounds in Prop. 4.1, the right-hand side converges to zero as ¢ — 0

and one gets at the limit:
#

) (C)

Vyo(t, x) (4.12)
01

in the distributional sense. The above formula provides the so-called Fick’s law for Maxwell’s
molecules. One deduces the following Theorem:

Theorem 4.4. Let fy € H and, for any € > 0, let f.(t,x,v) denotes the solution to (4.1).
Then, for any T > 0, up to a sequence, f. converges strongly in leoc(QT; M dur) to-
wards o(t, x) M(v), where o(t, x) is the solution to the diffusion equation

#

10 =V, - (@—ng(t, x)), ot =0,x) = f fo(x, v) do. (4.13)
R}

mAOJ

Proof. We already proved that f, converges weakly to oM in L?((0, T); H). To prove the
strong convergence, since

T T
f 1) = oult, OMIE, = & f Ol — 0
0 0

it suffices to prove that . M converges strongly to pM in HH. This is equivalent to prove
that g converges strongly to ¢ in L*(0, T; L}, (IR})). This is done in the spirit of [14] and
[12]] by using a compensated-compactness argument. Precisely, let us define the following
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vectors of IR? xR : Ue = (j, 0¢) and V. = (0, ;). From (4.8), one sees that div,;U, = 0,
in particular (divyU,) is bounded in L>(R? X R}). Now, from (4.11), one sees that
A : V,0. is a bounded family in L?((0, T) X R?). Since A = %Id, it is clear that

B 0 =TV
curl V, = ( V.o 0 )

is bounded in [leoc((O, T) x R2)]**4. Now, from the div-curl Lemma [17,22], U, - V, = ¢?
converges to g% in D'((0, T) X R3).

Moreover, we already saw that g, is bounded in L®(0, T ; L*(IR%)) from which we deduce
the strong convergence of g, to g in L2((0, T) ; L?. (IR2)). m

loc

Remark 4.5. As already pointed out in [21], the dependence of the diffusivity Dmax :=
©%/mAg, on the inelasticity parameter B shows that inelasticity tends to slow down the
diffusive process.

4.2. Hard spheres. When dealing with hard-spheres interactions, it appears difficult to
obtain an explicit expression of the diffusion coefficient. Nevertheless, its existence can be
deduced from Theorem [3.8. Indeed, a direct consequence of the Fredholm Alternative is
the following:

Proposition 4.6. For any i =1,2,3, the equation

Lhs(xi) = viM(v), veR?

has a unique solution x; € L*(c(v)M~(v) dv), such that {x;, M) = f xi(v)dv = 0 for
RS
any i=1,2,3.

Remark 4.7. Note that the above Proposition holds true only because we assumed the bulk
velocity uq to be zero, i.e., f]R3 vMdv = 0. If one deals with a non-zero bulk velocity uy,

then if one denotes a(v) = v—uy, x; then solves Lns(x;) = a;(0)M(v) (see also (4.15)), and
moreover the limit diffusion equation includes in this case an additional drift term uy - Vp,
see Eq. (4.2).

Then, setting x = (X1, X2, X2) one defines the diffusion matrix:
D := —f v® x(v)dv € R,
RZ

Adapting the result of [20], the diffusion matrix is given by D = diag(Dns, Dns, Dns) for
some positive constant Dpg > 0, namely,

Dps = —f v x1(v)do = —f Lns(x)xiM ™ do > #'leHiZ(M’l)'
RS R}

Remark 4.8. Note that, when dealing with Maxwell molecules, for any i = 1,2,3, the
function x; appearing in Proposition 4.6lis given by x; = —Al?viM and we find again the

. e . i
expression of the diffusion matrix D = m?m Id.

Recall that, for any T > 0, we defined Q7 = (0, T)XR3XRR? and dur = dxdodt. Then,
for any ¢ € L*(R3) and any ¢ € €°((0, T) X R2), multiplying Eq. (4.1) by ¢(0)i(t, x)
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and integrating over Qr one has

fg 0:(t, IM(©) (0 V2t ) (o) dpr + fg Loa(h)d@(E,v) dur =

e( ¢ f.or dur + f hg(U'Vxl,D)qbdyT). (4.14)
Qr Qr

In particular, by virtue of Propositions 4.1 and 4.3, one sees that

i ([ ME)a.,3) (0 Vot 0) 600 dpr + [ Lathedorpte ) dur) =0,

e—=0

Now, one deduces easily as in [12] that

fg o(t, x) (v - Vs (t, x)) M(0)p(v) dur = - fg Lhs(MP@)y(t, x)dur,  (4.15)

which means that, in the distributional sense,
div(vM(v)o(t, x)) = Lns(h), t>0,xeR:.
Since & is of zero R3—average, Proposition 4.6 asserts that
h(t,x,0) = —x(0) - Vxolt, %)
and Proposition 4.3/ (iv) leads to

j(t,x) = f vh(t,x,v)dv = D : V,o(t, x).
IR}

We then obtain the following:

Theorem 4.9. Let 0 < fo(x, v) € L2(R3XR3, M1 dv) be given and let f, be the associated
sequence of solution to (4.1) where Q = Qns. Then, up to a subsequence, f. converges
strongly in LfOC(QT, MY dur) to o(t, x) M where o > 0 is the solution to the parabolic

diffusion equation (4.2) where the diffusion coefficient Dy is given by

Dys := —f v1x1(v) do € R¥3
R3

v

with x1 defined in Prop. 4.6\

Proof. We already proved that f, converges weakly to oM in L2((0, T), H) and the strategy
to prove the strong convergence is that used in Theorem 4.4. Precisely, we define again
U, = (je, 0:) and V, = (0, o) and observes that again (divyU,), is bounded in L2(R3 x

. 3 ®
]R:f). Now, from (4.14), with ¢ (v) = L and setting I' = fIRf‘ U|U|v

o M(v) dv, one sees that

0c satisfies:

®
V.0 = f Lhs(h) > do - 8(& Z . do + divy U 299, dv})
R o] R [0] R [0l
so that I" : V. lies in a bounded subset of leoc((O, T) X R?). Since T is invertible, one
proceeds as in the proof of Theorem 4.4 that g. converges strongly to g in L2 ((0, T) X

loc

R3). m

As we saw it, the diffusivity Dpg associated to hard-spheres interactions is not explicitly
computable, the solution y not being explicit. It is however possible to obtain a quantitative
estimate of Dyg in terms of known quantities (i.e., that do not involve x1):
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Proposition 4.10. One has the following estimate:
o* o*
SDhs € ———
Chs /\0[1 C*m

_{Lns(oM), o M)

> 0.
llon MII?

where C* is the constant provided by Prop. 3.3 and cns =
L2(M-1)

Proof. We begin with the lower bound of Dyg. For any s € IR, let
P(s) = (Lns(x1 + sv1 M), x1 + so M).
Since L is negative, one has P(s) < 0 for any s € IR. Moreover,
P(s) = (Lns(x1), x1) + 25(Lns(x1), 1uM) + (Lns(0: M), 01 M)
= ~Dhs + 2sll1 MIZ, ) + 5*(Lns (@1 M), 01 M).
We get therefore that
Drs > 25|01 MIl7, 1) + 5 (Lns(@M), 01 M), Vs eR.
With the definition of chg (note that chs > 0 since Lhg is negative and v MLM), we get
Dps > (25 — ChsS )||01M|| Vs e R.

Optimizing with respect to s, one sees that

LZ(M 1)/

@#

Dhs > ||01M||L2(M_1) o’
S

To get an upper bound for Dyg, we use the fact that, thanks to (3.2),

Dps = —(x1, o M) = Aaé(-zmax()fl)/ n M).

Now, as above, for any s € R, define Q(s) = (Lmax(sx1 + 11 M), sx1 + v M). Here again,
Q(s) < 0 for any s € R and

Qs) = 52<-£ma><()(1)/ X1) + 25(Lmax(x1), 11 M) + { Linax (01 M), vt M)
= %(Lmax(X1), X1} + 20,1 Dhss — )\o,llllelliZ(M_l)-
Now, according to Prop. 3.3, (Lmax(x1), x1) = & (Lhs(X1), X1) = —Dps/C* so that

> Q@) > - “S §% + 201 Dnss — Agllos M| VseR.

L2(M-1)
Optimizing the rlght—hand side with respect to s € IR, we get
Aoallor M7 > A51C*Dhs

which gives the desired upper bound. O

2M-1) Z

Remark 4.11. Iz is possible to provide some upper bound for chs. Namely, using the fact
that there exists v1 > 0 such that 6(v) < v1(1 + |0]), it is easy to see that

1

||UlM||L2(M 1) 6#

This very rough estimate could certainly be strengthened. Note also that the upper bound
for Dps reads as

f o(v)*vi M(v) do < f 1 + [v])* M(v) do.

t(1-a)1-p) m1©

Ore S S P —ali ) m
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V5

where T = — == 3.3154 is a numerical constant and we used the lower bound
erf 1(1/2) V2
of C* provided by Remark|3.6,

Appendix A. We provide here a constructive proof of the coefficient p; appearing in
Proposition 3.3/ with the aim of finding quantitative estimates for the coefficient C* in
Prop. 3.3l Namely, recalling that ¥ = a(1 — f8), one has

Lemma A.1. Given gy > 0, there exists g1 > 0 such that

{lw-dl<ar} (|5 — @> + £2) / 2 Jgre (15 — @2 + &2) /

for any 0 € R%,& € [0, 00/2x]. Moreover; setting n = ,/%erf_l(%), where erf ™! is the
inverse error function, one has

2\
Ql>(1f—ﬁ) , Y0 < gy < 2K1).

Proof. We assume without loss of generality that #; = 0. Let gy > 0 be given. Let us fix
o= (9,,0,) € R?and & € [0, 00/2x]. Using polar coordinates, it is clear that

m \32 My () _
P —— dw =
210, llo-dl<er) (|10 — W2 + &£2)

% rexp(—ar?)

—\/m dr

where a = m /(201). Therefore, a sufficient condition (independent of 7) for (A.1) to hold
is that

27
exp(—alz?lz) f exp ( — 2ar(vy cos 0 + v, sin 6)) do
0

2 rexp(—ar?) 1 * rexp(—ar?)

—r\_—
o yrrg | 2) yEem

It is not difficult to see that this is equivalent to

ert( yJa(@: + £)) - erf(VaO) < 5 - serf(Va), V€ [0,a/2x]

dr, V¢ €10, go/2x].

X
where erf is the error function erf(x) = \/LE f exp(—tz) dt, x > 0. This allows to define a
0

function:
z: E€ERy b z(E)

where z(&) is the nonnegative solution to the identity
1 1
Va(z? + &2) = erf ™! (E + Eerf( \/EE)) (A.2)
where erf ! is the inverse error function. Clearly the Lemma is proven provided

o1 := min{z(&), & € [0, o/2¢]} > 0.

Note that, according to (A.2), the function z(-) is continuously differentiable and there is
some C € [0, go/2x] such that min{z(&), & € [0, oo/2x]} = z(C). In particular z'(C) = 0
and one checks, thanks to (A.2), that

Z'(&) = % Vz2 + E2exp(az®) - &, VE=O0.
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In particular, z’(C) = 0 is equivalent to
4C% exp(-az’(0)) = () + 7, (A3)

and one sees that z>(C) = 0 should imply { = 0 whereas, according to (A.2), z(0) # 0.
Consequently, all the local extrema of z are positive. Therefore,

01 = z(C) = min{z(&), 0 <& < go/2x} >0

which achieves to prove that (A.1) holds true for some g; > 0. It remains now to provide
some estimate for g;. Precisely, defining

11
n—\/ﬁerf (2),

we see from (A.2) that z>(&) + &2 > 172, for any £ > 0, so that Q% > r}z — —% for any

452
00 € (0,2xn), which achieves to prove the lemma. ' |

S

Remark A.1. According to the above Lemma, with the choice of gy = ZL\/%] one obtains

in(L & N
thatmm(zk, 2) > N
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