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Abstract

In this paper we study nonnegative, measure valued solutions of the initial value problem for
one-dimensional drift-diffusion equations when the nonlinear diffusion is governed by an increasing
C*' function § with lim,_ 4o B(r) < 4+00. By using tools of optimal transport, we will show that
this kind of problems is well posed in the class of nonnegative Borel measures with finite mass m and
finite quadratic momentum and it is the gradient flow of a suitable entropy functional with respect
to the so called L?-Wasserstein distance.

Due to the degeneracy of diffusion for large densities, concentration of masses can occur, whose
support is transported by the drift. We shall show that the large-time behavior of solutions depends
on a critical mass mc, which can be explicitely characterized in terms of § and of the drift term. If
the initial mass is less then m., the entropy has a unique minimizer which is absolutely continuous
with respect to the Lebesgue measure.

Conversely, when the total mass m of the solutions is greater than the critical one, the steady
state has a singular part in which the exceeding mass m — m. is accumulated.

Keywords: sublinear diffusion, concentration phenomena, propagation of singularities, gradient flows,
nonlinear diffusion equations, Wasserstein distance, measure valued solutions.

1 Introduction

In this paper we study nonnegative, measure-valued solutions of the Cauchy problem for a one-dimensional
drift-diffusion equation

Op — 05 (0:(B(p)) + V'p) =0 in (0,+00) x R, p(0,-) =py inR. (1.DDE)
Here we assume that

B € C([0,4+00)) is increasing, B(0) =0, B := lim B(r) < +oo, (1.8)

r— 00

and V : R — R is a C? driving potential, satisfying the conditions

V@) =X forallz R liminf Tﬁg) > 0. (1.V)
x|—+o0
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We will look for solutions ¢ — p; in the space .#5(R, m) of nonnegative Borel measures with finite mass
m = p(R) and finite quadratic momentum

ma(p) := / |z|? dp(x) < +oo. (1.1)
R
Conditions (1.8) describe the physical situation in which the diffusion operator is very weak and
possibly unable to smooth out the solution if initially point masses are present.

This fact is reflected by the natural entropy functional F which generates equations like (1.DDE) as
gradient flow in .#5(R, m) and in particular decays along the solutions of (1.DDE),

F(p) == E(p) + V(o). E(p) = / B(u(x)dz if p=uf' +p*, V()= / V)do(z),  (12)

where the convex energy density function E : [0,+00) — R is defined as

—+o0 /
E(r):=—p(r) — r/ b is) ds sothat @'(r)=rE"(r), FE(0)=0, (1.E)
and satisfies B
hr—? E(r) = =B and therefore HIJP (r) =0, (1.3)
r—4o00 r—too T

so that the (lower semicontinuous) integral functional £ defined by (1.2) depends only on the regular part
of a Borel measure (see for instance [5]).

Even worst, the energy density E does not satisfy the regularizing condition [2, Thm. 10.4.8]
lim,_, o E(r) = —o0, which prevents a singular part for measures with finite energy dissipation along
(1.DDE), thus in particular for any solution p; at positive time ¢ > 0.

Sub-linear diffusions and Bose-Einstein distribution. In order to better clarify the physical mean-
ing of condition (1./3), let us briefly describe a situation in R? in which the steady state of the drift-diffusion
equation is explicitly computable. To this aim, for x € R?, d > 1, let us fix V(z) = |z|?/2, while, for a
fixed constant o > 0, the diffusion function 5(r) is defined by

B0)=0,  B(r)= : (1.4)

Then, since in this case the drift-diffusion equation
Op —Vy - (vwﬁ(p) + .’L‘p) =0, z € R

can be rewritten as

1 a x|?
atp_vw' (pvm (alnlipo‘ +2|)) =4Y% (15)
the steady states of (1.5) are given by
-1/
poo(@) = {ealx‘2/2+" - 1} ) (1.6)

The (nonnegative) constant n in (1.6) identifies the mass of the steady solution

-1/«
m, = / {e“'wﬁ/m —~ 1} dz.
R4



Since the mass m, is decreasing as soon as 7 increases, the maximum value of m, is attained at n = 0.
Note that, if Bq denotes the measure of the unit sphere in R, the value

-1/« +oo -1/
mg = / |:ea\z|2/2 - 1] dz = Bd/ rd=1 [e‘"Q/Q — 1} dr
Rd 0

is bounded as soon as « > 2/d. Whenever the constant « is chosen in this range, the value
+oo -1/«
me = mg = Bd/ rd=1 [ewgﬂ - 1] dr < 400 (1.7)
0

defines the so-called critical mass of the problem, namely the maximal mass that can be achieved by
a regular steady state. It is interesting to remark that, in view of the lower bound on a which implies
the existence of a critical mass, since in dimension one a > 2, the function /5 in (1.4) satisfies conditions
(1.6), in particular

lim f(r) < 4oo.

r— 00

This condition clearly can fail in higher dimensions.
The most relevant physical example of such type of steady states is furnished by the three-dimensional
Bose-Einstein distribution [4]

Uoo () = [em"‘/un -1 N (1.8)

that is the steady state of equation (1.5) corresponding to o = 1. In this case the function § is explicitly
computable to give 3(p) = In(1 + p). Since « = 1, if the dimension d > 3, the Bose-Einstein distribution
exhibits a critical mass. We remark that in this case the energy functional E(u) is the Bose-Einstein
entropy

E(w)=ulnu— (1+u)In(l 4+ u).

One of the fundamental problems related to evolution equations that relax towards a stationary state
characterized by the existence of a critical mass, is to show how, starting from an initial distribution
with a supercritical mass m > m,, the solution eventually develops a singular part (the condensate), and,
as soon as the singular part is present, to be able to follow its evolution. We remark that in general
the condensation phenomenon is heavily dependent of the dimension of the physical space. In dimension
d < 2, in fact, the maximal mass mgy of the Bose-Einstein distribution (1.8) is unbounded, and the
eventual formation of a condensate is lost.

In order to simplify the mathematical difficulties, while maintaining the physical picture in which the
steady state has a critical mass, in [3] the one-dimensional case corresponding to a steady state of the
form (1.6), with o > 2 has been considered. Note that the analysis of [3] refers to a linear diffusion with
a super-linear drift

6tp =0, (8xp + xp(l + pa)) ’

that is reminiscent of the Kaniadakis-Quarati model of Bose-Einstein particles [9]
Op=V-(Vp+zp(l+p)). (1.9)

A measure-theoretic setting for diffusion equations. In the present paper we deal with an almost
complete description of the time-evolution of the solution of problem (1.DDE) with a Borel measure as
initial datum. While the mathematical study of drift-diffusion kinetic equations with the Bose-Einstein
density as steady state has been considered before (cfr. [6, 7] and the references therein), to our knowledge,
drift-diffusion equations of type (1.DDE) at present have never been studied systematically.



Motivated by the previous remarks and by the degeneracy of the entropy functional F introduced
in (1.2), whose minimizers could exhibit concentration effect, we address the study of (1.DDE) by the
measure-theoretic point of view recently developed in the framework of optimal transport [2]. This ap-
proach, started by the pioneering papers of JORDAN-KINDERLEHRER-OTTO [8] and OTTO [11], provides
a sufficiently general setting for measure-valued solutions to (1.DDE).

AMo(R, m) endowed with the so called L2-Wasserstein distance is the natural ambient space for carrying
on our analysis. A first important fact is that the entropy functional F (1.2) turns out to be displacement
A-convex, a crucial property which holds only in the one-dimensional case, since the possibility of entropies
satisfying (1.3) is prevented by MCCANN’s condition [10] in higher dimensions.

Moreover, we are able to extend the results of [2] (which for sublinear entropies covers the case when
lim, 100 E(r) = —o0) providing an explicit characterization of the dissipation of F, which is strictly
related to the “Wasserstein differential” of F. As a crucial byproduct of this analysis, we will find
the right condition that measure-valued solutions have to satisfy in order to enjoy nice uniqueness and
stability results. It is worth mentioning here that the distributional formulation of (1.DDE) does not
provide enough information to characterize the solutions, when a concentration on a Lebesgue negligible
set occurs.

Applying the general theory of gradient flows of displacement A-convex functionals in Wasserstein
spaces, we can thus obtain a precise characterization of measure valued solutions to (1.DDE) and we can
prove their existence, uniqueness, and stability.

Further justifications showing that the notion of Wasserstein solutions is well adapted to (1.DDE)
come from natural regularization/approximation results: we will show that our solutions are both the
limit of the simplest vanishing viscosity approximation of (1.DDE) and of smooth solutions generated by
regularization of the initial data.

We complete our analysis by studying the propagation of the singularities, the structure of minimizers
of F and of stationary solutions, and the asymptotic behavior of the solutions, showing general convergence
results to the minimizer of F.

Plan of the paper. In the next section we will make precise our definition of measure-valued solutions
to (1.DDE) (§2.1) and we will present our main results concerning existence, uniqueness, stability, and
approximation of Wasserstein solutions (§2.2). The equation governing the propagation of their singu-
larities is considered in §2.3. §2.4 is devoted to a precise characterization of minimizers of F and of the
critical mass; steady states are studied in §2.5 and §2.6 collects some results concerning the asymptotic
behaviour of Wasserstein solutions.

Section 3 briefly recalls some definitions and tools of (one-dimensional) optimal transport, Wasserstein
distance, and the related (sub)differentiability properties of displacement A-convex functionals. Theorems
3.3 and 3.5 lie at the core of our further developments. A last paragraph devoted to a simple regularization
of F by I'-convergence concludes the section.

The last section contains the proofs of all our main results: the connection with the general theory is
discussed in §4.1 and §4.2 is devoted to the propagation of the singularities; the study of the minimizers
of F and of the related asymptotic behavior of the solutions to (1.DDE) is performed in the last part.

2 Definitions and main results

In this section we collect the main definitions and results we shall prove in the rest of the paper.



2.1 Wasserstein solutions to (1.DDE)

The case of bounded initial densities and Lipschitz drifts. When (the Lebesgue density of)
po € L*°(R) and the potential V' is such that

V"(z) <c forevery z € R, (2.1)

it is not difficult (see [13] and next Corollary 4.2) to show that a smooth solution p; of (1.DDE) satisfies
the a priori estimate

sup || ptll @) < Rr = ||pollp=®es” for every T >0, (2.2)
t€[0,T]
so that it is uniformly bounded in every bounded time interval [0,7]. We can infer from (2.2) that the
behavior of 3(r) as r T +o0o does not play any role, and a solution in [0,T] could be easily obtained by
solving (1.DDE) with respect to a nonlinearity § defined for instance by

) = {ﬂ(r) if r < 2Ry,

g , : (2.3)
B2Rr) + ' (2R7)(r —2Rr) ifr > 2Rr.
Denoting by S¢(po) the solution p; generated by a bounded initial datum pg, it is possible to check that

S, satisfies the L! contraction property
|Se(p) — St(n)HLl(R) <|lp—=nllri®) forevery p,ne L*(R) N L>®(R). (2.4)

Consequently S; can be extended in a canonical way to a contraction semigroup in the cone L}‘_ (R) of
nonnegative integrable densities.

Measure-valued solutions. In case the Lebesgue density of pg is not bounded or V' does not satisfy
(2.1), the presence of a singular part in the solution p of (1.DDE) has to be taken into account, since the
boundedness of [ is responsible of the (possible) presence of a critical mass. We shall see an example of
a solution p; exhibiting a singular part for every ¢ > 0 in the next Remark 2.23.

In the following we will denote by .#4 (R) (resp. .#4 (R, m)) the space of nonnegative Borel measures
in R with finite mass (resp. with prescribed mass m > 0) and by .#(R) (resp. .#(R, m)) the collection of
measures in .#4 (R) (resp. in .#, (R, m)) with finite quadratic momentum. In order to enucleate a precise
notion of measure-valued solution, for every p € .# (R) we consider the classical Lebesgue decomposition

p=p"+p-, pt=us, (2.5)

where u € L'(R) is the Lebesgue density of the absolutely continuous part p® of p and p* is the singular
part of p, concentrated on a set of Lebesgue measure 0.

It is then natural to substitute the term ((p) in (1.DDE) by S(u) and then interpret (1.DDE) in
the sense of distributions. If we want to obtain a good notion of solution, we should add some further
requirements to the density uw. The first one is of qualitative type, and relies in considering u as a
continuous function on R with values in the extended set [0, +00], endowed with the usual topology.

Definition 2.1 (Measures with continuous densities). We say that a measure p = p® + p- € . (R) has
a generalized continuous density u € C°(R; [0, +oc]) with proper domain D(u) := {z € R : u(z) < +o00}
if

pJ‘(D(u)) =0, Z'(R\D(u))=0, and p*=u.?" (2.6)

‘D(u)'

We set Dy (u) := {& € D(u) : u(z) > 0}. We denote by .#¢(R) the collection of all measures with
generalized continuous density and we set .45 (R) := 4§ (R)N.Ao(R), A5 (R, m) := 4 (R)N.A2(R, m).



Notice that D(u) is a dense open subset of R, p* nd

= Plr\p(u)’

lim u(z) = 400 for every T € OD(u) = R\ D(u). (2.7)

r—x
In particular, .Z¢ (R) does not contain any purely singular measure: if p* = 0 then also pT vanishes.

If p € A5 (R) then we will always identify its Lebesgue density dp/d-#* with the (unique) continuous
precise representative u € CO(R;[0,+00]) given by Definition 2.1. By (1.8) we can consider 3 as a
continuous function defined on the extended set [0, 4+o00] and therefore the composition 8o u is a well
defined real continuous function on R.

The second requirement is a quantitative estimate concerning the “generalized Fisher” dissipation
functional.

Definition 2.2 (Generalized Fisher dissipation). If p belongs to .Z¢ (R) with continuous density u we

set
) / . 0, 8(u)

U v
When Bou g WEI(R) or p ¢ M (R), we simply set J(p) := +o0.

U
It turns out that J is a lower semicontinuous functional with respect to weak convergence of measures
in #(R) (see Theorem 3.4).

Definition 2.3 (Wasserstein solutions to (1.DDE)). We say that p € C°([0, +00); #2(R, m)) is a Wasser-
stein solution of problem (1.DDE) if, denoting by p; the measure p at the time ¢,

pr € M5 (R) for L -ae. t >0, (2.9a)

2
ud:c+/|v’|2dpl if Bouc WLNR). (2.8)
R

T
/ I(pr) dt < +oo  for every 0 < Ty < Ty < 400, (2.9b)
To

and

“+o0 “+o0
/ / (— D + 8xg0V/> dpy dt +/ / 9pp 0uB(us)dzdt =0 Ve € C2((0, +00) x R),  (2.9¢)
0 R 0 R

where u; is the generalized continuous density of p; for #'-a.e. t > 0.

Remark 2.4 (Convergence in .#(R,m)). #3(R,m) is a complete metric space endowed with the so
called L?-Wasserstein distance Wa(+,). More details on this distance will be given in the next section;
let us just recall that a sequence p,, converges to p in .#o(R, m) as n T o0 iff

lp(2)]
1+ 22

lim [ p(z)don(z) = / o(x)dp(x) for every ¢ € C°(R) with sup < 400. (2.10)
R T

nT+4+oo R
Remark 2.5 (The role of the generalized continuous density). By neglecting condition (2.9a) one can
easily construct evolutions of purely singular measures which solve (2.9¢) and are not influenced at all
by the diffusion term. We take a finite number of C! curves z; : [0, +00) = R, i =1,---, N, which solve
the differential equation &,(t) = —V’(z;(¢)) in [0, +00), and we set

N
pri= > by, 05 >0 (2.11)
j=1

In this case p§ = 0 for every ¢ > 0, which implies S(u;) = 0 and (2.9¢) contains just the pure transport
contribution given by the first integral. On the other hand, by taking a smooth approximating family
p° — po in AL(R,m), we can see that (2.11) is not the limit of the corresponding solution pf as e | 0
(see Theorem 2.6).



Energy functional and Fisher dissipation. In order to understand both the role of the generalized
Fisher dissipation and the consequences of (2.9b), let us recall the definition (1.E) of the so-called internal
energy density F : [0, +00) — R by the relation

+o00 r +oo ﬁ’(s)
E(r) :=-p% —|—/ (1-=)3'(s)ds = —pB(r) — r/ ——=ds. (2.12)
T S T S
It is simple to check that E is a convex nonpositive function satisfying
E(r) .
EeC? E(0) = =3 E> = lim E(r)= -8 2.1
€ CP(0,+%0), BO)=0. lim U = §0) € [0.+0) lim B0) =5, (213)
and
/ 1 ! e /8/(8)
B'(r)y=rE"(r), E'(r)=- S ds < 0, Vr € (0, 4+00). (2.14)
We associate the integral functional
E(p) == / E(u(z))dz whenever p=u?'+p*tc #,(R), (2.15)
R
to the energy density E, the potential energy
V)= [ Via)aola) (216)
to the potential V', and the energy functional F : .#Z (R) — (—o0, +oc]
F(p) = E(p) + V(p)- (2.17)
Formal computations show that F and J satisfy the energy dissipation identity along solutions to (1.DDE)
ty
to

2.2 Existence, stability, and approximation results.

Recall that A € R is a lower bound for the second derivative of V', see (1.V'). Let us set

t e
Ex(t) ::/ M ds = { s EA£0, (2.19)
0

t if A=0.

Theorem 2.6 (Existence, uniqueness, stability, and comparison). For every py € #Mo(R, m) there exists
a unique Wasserstein solution p; to (1L.DDE) according to Definition 2.3. This solution satisfies the
reqularization estimate

o) + 2 9(0) < mv(0) + S malo) for every 1>, (2.20)

the energy dissipation identity (2.18), and the dissipation inequality
I(pe) < I(py)e 220D Wt >t > 0. (2.21)

The map S¢ : Mo(R,m) — Mo(R,m) defined by Si¢(po) = pr is a semigroup of continuous maps in
Mo (R, m) satisfying the stability property

W (St(p0), St(10)) < e Wa(po, mo)- (2.22)
If moreover py < no then S¢(po) < St(no) for every t > 0.



Remark 2.7 (Singularities). Recalling the definition (2.8) of J, the regularization estimate (2.20) shows
that the solution given by Theorem 2.6 satisfies p; € .5 (R, m) for every t > 0.

In the case when V' is Lipschitz, the stability property (2.22) and a simple regularization of the
initial datum show that Wasserstein solutions are the limit of locally bounded solutions satisfying (2.2).
Another way to see that Definition 2.3 provides the right notion of solution involves a classical viscous
regularization of (1.DDE) combined with a suitable regularization of the potential V. Given a small
parameter € > 0 let us consider the perturbed nonlinear functions

BE(r) == B(r)+er, rel0,400), (2.23)

and a family V¢ of smooth and Lipschitz potentials such that

Ve(x) < V(x)+ Alz|? A< (VE)"(x) <supV”  for every x € R, (2.24a)
R

(VE)(h) — V™ ase |0 uniformly on compact sets of R, h=0,1,2, (2.24b)
. VE(z) . .

lim inf >0 uniformly with respect to e. (2.24¢)

|z]— 00 ‘LL‘|2
For every p§ € .#>(R, m) we consider the problem
Op” — 0,(0:8°(w) + (VF)p°) =0, in (0,400) x R; p°(0,-) = p§, inR, (2.25)

the associated energy functional

E(p)—i—s/ulogudm if p=u?! < £t
R
+00 if pt £0

£°(p) = VE(p) = /R Ve(x)dp, F°=E°+VE, (2.26)

and the corresponding Fisher-dissipation

I (p) == / 9:6°(u) + (VY 2u dz if p=ut, §°(u) e WH(R). (2.27)
R
As usual 5 (p) = 4oo if u g WHI(R) or p & L.

U loc

Theorem 2.8 (Convergence of viscous regularizations). For every p§ = u§.L* € Mo(R,m) with uf €
CL(R), there exists a unique smooth solution p* = u*L1 € C°([0,+00); #o(R,m)) of problem (2.25)
satisfying J¢(p°) € Li,.(0,+00). Moreover (2.20), (2.21), and (2.18) hold with F,J replaced by F*,I¢,
respectively.

If p§ — po in A2(R,m) and sup, F¢(p°) < +oo, then pi converges in M2(R,m) to the unique
Wasserstein solution p; of problem (1.DDE) as e | 0 for every t > 0. Moreover ui — u; uniformly on
compact sets of D(uy) for every t > 0.

The proofs of Theorems 2.6 and 2.8 take advantage of the theory of gradient flows of convex functionals
with respect to the Wasserstein distance [2] and will be given in Section 4.1.

Remark 2.9 (Non smooth potentials). Theorems 2.6 and 2.8 are still true in the case when V is a
general A-convex function, i.e. the condition (1.V') on the lower bound on V" (which we assumed for the
sake of simplicity) is replaced by

2

A
x—V(z)— PR is convex in R. (2.28)



(2.28) implies that V is differentiable .#!-almost everywhere, so that the first occurence of V' in the
definition (2.8) of J still makes sense as it is integrated with respect to £*. The second integral term in
(2.8) should be replaced by

/R 07V ()] dp* () (2.29)

where 9°V (x) denotes the element of minimal norm in the (non empty) Frechet subdifferential OV of V.

2.3 Propagation of singularities.

In this section we want to study the evolution of the singular part p;- of the Wasserstein solution p; to
(1.DDE). By Remark 2.7 we know that p; = u,.Z* + pi- € #5(R) for every ¢ > 0, so that the support
of pj coincides with the set where the (continuous representative of the) density u; takes the value +oo.
We thus call

J(ug) ;=R\ D(us) = {z € R: u(x) = +o0} and we will show that the evolution of J(u;) follows the
flow generated by —V".

Let us first introduce the evolution semigroup X on R generated by —V’, thus satisfying

%Xt(ac) = —V'(X¢(x)), Xo(x)==x forevery z € R. (2.30)

Since V' is of class C! and, by (1.V),
(V'(z) = V'(y))(x —y) > Nz —y|* for every z,y € R,
X; is a family of diffeomorphisms mapping R onto the open set R; := X;(R). We set
Jo =X (J(u)), Dy:=X¢(D(uo)), t=>0, (2.31)

and we notice that J; = R; \ D; is a closed subset of R;, since D, is open.
If o € #,(R), the push-forward (X;)4o through X; is the Borel measure defined by

(X¢)go(A) == o(X;'(A)) for each Borel set A C R.

Theorem 2.10 (Propagation of singularities). If py € #5(R) and p; = w,.L* + pi- € MS(R) is the
unique Wasserstein solution of (1.DDE), then

Ao — 0z (pit V') <0 in the sense of distributions, ltilr(r)l ot <py weakly in Ay (R). (2.32)

In particular
J(w) C I, pit < (Xe)gpo, for everyt >0, (2.33)

so that for every Borel set A C R
P (A) < py (X7H(A)). (2.34)
In particular pi- is concentrated in X¢(J(uo)) and uy is finite in X¢(D(ug)).

The proof of Theorem 2.10 will be carried out in Section 4.2.
The case when pé = Zjvzl O[jaxj with z; < 22 < --- < zy and o ; > 0 is of particular interest. In

this case, from Theorem 2.10 we deduce that p; = u;. 2! + pi with
N
=000y (1) = Xalxy), (2.35)
j=1

where ¢; : [0, +00) — [0, +00) is nonincreasing.
Theorem 2.10 can be equivalently formulated in terms of the density u; of the regular part of p;:



Corollary 2.11 (The regular part is a supersolution). If p; = us. L' + pi- € M$(R) is a Wasserstein
solution to (1.DDE) then u; is a supersolution of (1.DDE), i.e.

O — Oy (arﬁ(u) + vV’ u) >0 in the sense of distributions in (0,+00) x R. (2.36)

2.4 Minimizers of the energy functional and critical mass.

In this section we will assume that the potential V' satisfies the coercivity condition

lim V(z) =400 and weset Vi := mﬂénV, Q:={zeR:V(2) = Viin}, (2.coer)

|z =00

and we study the minimizers of the functional F, which are particular steady states of equation (1.DDE).
The structure of the minimizers of ¥ is governed by two critical constants and two functions, with their
inverses. The first function is r — —FE’(r): it is a decreasing homeomorphism between (0,4o0c) and the
interval (0,9), which can be characterized by the constant

+ oo /
0:=— lim E'(z)= / mdS € (0, +o0].
r—0t 0 S

Notice that 0 is finite if and only if s — ['(s)/s is integrable in a right neighborhood of 0. We can thus
consider the pseudo-inverse function H : (0, +00) — [0, 400) defined by

H(v) = {(E’)— (—v) ifve(0,2)

0 if 9 < +o0 and v € [0, +00)

which is decreasing in the interval (0,9).
The second function is

Mg (v) = /RH(V(Q:) —v)dz, v < Viin.

In order to avoid a degenerate situation, we will assume that V satisfies the integrability condition
H(V(x) — Vipin) dz < 400,  for some bounded open neighborhood Q of Q. (2.int)
R\Q
(2.int) yields Mg(v) < 400 for every v < Vpin so that Mg is an increasing homeomorphism between

(Vinin — 0, Vinin) and the interval (0, m.), where the critical mass m. is defined by

me = Th‘pa Mgr(v) = / H(V(z) — Vipin) dz € (0, 400]. (2.37)
v min R

If M~1:(0,m) = (Vinin — 0, Vinin) denotes the inverse map of M, we eventually set

b {MRl(m) ifm<m

) (2.38)
Vinin ifm>mg.

Theorem 2.12 (Characterization of minimizers). If V satisfies (2.coer) then F attains its minimum on
My (R,m). If V also satisfies (2.int) then a measure p € M+ (R, m) is a minimizer of F if and only if it
belongs to ///_‘f_ (R, m) and its decomposition pmin = UminL L + PrJﬁin satisfies

tmin(2) = H(V(2) = 0),  prin(R\Q) =0,  pgin(Q) = (m —me)™. (2.39)
Pmin belongs to #Mo(R, m) if V satisfies the condition (stronger than (2.int))

/ 2P H(V(2z) — Vipin) dz < +00,  for some bounded open neighborhood Q of Q. (2.40)
R\Q
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Remark 2.13.

e In the case when m < m,, the minimizer pmin = Umin-Z" is unique and prtin =0. If m < m¢, Umin
is bounded, whereas if m = mc, umin(x) = 400 for every x € Q. Last, if m > m, the minimizer has
a nontrivial singular part and it is unique only when @ is a singleton.

e As already pointed out, the existence of the critical mass m. < +o0o depends on the behavior of the
B(r) for large values of r and on the local behaviour of V' near Q.

e If 0 < 400 then the support of puin is compact and it is contained in the sublevel of V {z € R :
V(z) <v+0}.

e If @ is an interval (in particular if V' is convex) then the minimizer of F is unique. This property is
always true when m, = +00; when m. < 400, the fact that @ is a closed interval and (2.37) show
that @ is a singleton.

2.5 Stationary solutions

In this section we will study the stationary Wasserstein solutions of (1.DDE), i.e. constant measures
p € Mo(R) which solve (1.DDE). As a starting point, we observe that steady states can be characterized
as measures with vanishing Fisher dissipation.

Theorem 2.14. A measure p € Mo(R,m) is a stationary Wasserstein solution of (1.DDE) iff p €
AE(R,m) and I(p) = 0.

Of course, any minimizer p of F in .#5(R, m) satisfies I(p) = 0 and it is a stationary solution, but in
general one can expect that other stationary solutions exist. Their structure depends in a crucial way on
0; the simplest case is when 9 = +o00.

Theorem 2.15 (Characterization of stationary measures I). Let us suppose that V satisfies (2.coer) and
(2.int). If 0 = 400 then for every p € M+ (R, m)

Ip)=0 < pisaminimizer for F in A+ (R, m). (2.41)
In particular, a measure p € M>(R, m) is a stationary solution if and only if it is a minimizer of &F.
The case when 0 < +00 is more complicated and requires some preliminary definition.

Definition 2.16. Let us suppose that 0 < +o0o. We say that a bounded open interval I = (a,b) C R is
an admissible local sublevel of V if

V(a) =V (b), v;:=V(a)—0<V(z)<V(a) foreveryz € (a,b), (2.42)

and .
My = / H(V(QL’) — U]) dr < +cc. (243)

We set Qr :={z € I : V(z) =min; V}.
Notice that @); is not empty iff

oy =V(a)—0= mlinV. (2.44)

If Qr is empty, i.e. by < min; V, then condition (2.43) is always satisfied.
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If uw: R — [0, +00] is a continuous map, we set

Qy(u) :={z € R:u(z) >0},

2.45
# (u) :=the collection of all the connected components of Q4 (u). (2.45)

Theorem 2.17 (Characterization of stationary measures II). Let us suppose that V satisfies (2.coer)
and (2.int). Ifd < +o00 a measure p = uL + p+ € A (R, m) satisfies J(p) = 0 if and only if it satisfies
the following three conditions:

1. All the connected components in & (u) of the open set Q4 (u) are admissible local sublevels of V
according to Definition 2.16.

2.
u|, = H(V(z)—v5) for every I € .9 (u). (2.46)
3. If Q(u) := Ulef(u) Qr
p* is concentrated on Q(u), and m = Z M + pt(R). (2.47)
Ie ¥ (u)

Corollary 2.18. IfV satisfies (2.coer), (2.int), and
the set Q of (2.coer) is an interval [q—,q+], V' >0 in (qs,+00), and V' <0 in (—o0,q_),  (2.48)

((2.48) is always satisfied if V' is convex), then (2.41) holds and there exists a unique stationary measure
in Mo(R, m) which coincides with the unique minimizer of F in .M2(R, m).

Remark 2.19. It is possible to prove a converse form of Corollary 2.18: if 9 < +00 and for every value
of m > 0 there exists a unique steady state in .#(R, m) then V satisfies (2.48).

Example 2.20. Let us choose 3(r) = arctanr, so that E(r) = rlog ( ) —arctanr and E'(r) =

r
V1472

T e~V
log | —= ). Notice that 0 = 400. One can compute explicitly H(v) = ————, for v > 0. If the
g( TLTQ) p plicitly H(v) T
= ||
e

otential is V(x) = |z|®, with « > 1, the critical mass is defined by m. = [ ——— dx. It follows
that m; < +o0 if and only if a < 2.
We find that

ol +o

V1 — e—2[x[*+20
If a > 2, for every value of the mass m, the unique minimum point, which is also the unique stationary
solution, can not have a singular part, and it is bounded and positive. The same situation occurs when
a < 2and m < me. If @ < 2and m = mg, then the unique stationary state is infinite at * = 0 but
without a singular part, whereas for m > m. the singular part is péin = (m —m.)dp.

Umin(T) = (2.49)

Example 2.21. Let us choose §(r) = 11% Then E(r) = —rarctan(1/r) and F'(r) =
In this case 0 = 7.

Let us observe that E’(r) has the same behavior of r — —1/r3 as r — +o00. Therefore H(v) has the
same behavior of v — v~/ for v — 0. Considering again the potential V(x) = |z|®, with a > 1, it
follows that m. < +oo if and only if a < 3.

14,2 —arctan(1/r).
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The support of the unique stationary state is {z € R : || < (0 +7/2)"/*} and it is compact for every
value of m and a.

Finally we show a measure p € .5 (R, m) satistying J(p) = 0 which is not of the form (2.39).

To this aim we consider the double well potential V(z) = m(x — 1)?(z 4+ 1)2. Let m > m.. Defining
u(z) = H(V(z)) for z > 0 and u(xz) = 0 for z < 0, we observe that u is continuous on R with values
in [0,400] and [ u(z)dz = mc/2. Consequently, the measure p = u.Z' + (m — m./2)d; belongs to
A (R, m), satisfies J(p) = 0 but is not of the form (2.39).

We can construct a similar example when V' has a local minimum greater than V;,. For instance
we can consider a potential V defined by V(z) = 2n(z +1)? + 1 for z < —1/2, V(z) = 27r(z — 1)?
for x > 1/2 and suitably defined in [—1/2,1/2] in order to satisfy the condition V(z) > /2 and the
A-convexity assumption. Then the support of pmin is contained in [-3/2,—1/2] U [1/2,3/2]. Let us
define u(x) = H(V(z) — 1) for x < 0 and u(x) = 0 for x > 0, and p = u.?! + (m — m.)d_1, where
me == me — f_OOO H(V(x))dz. Then p € #5(R,m), J(p) = 0 but p is not of the form (2.39) and it is not
a minimizer of F.

Remark 2.22. We point out that the case 0 = +oo reveals some analogies with a diffusion which is
linear near to 0. In this case we have the immediate strict positivity of the solution also starting from
compactly supported initial data.

On the contrary, the case 0 < 400 corresponds to a slow diffusion near to 0. In this case, starting
from compactly supported initial data the solution could remain compactly supported for all time and it
may happen that as ¢ — +oo the solution converges to a steady state which is not a global minimum of

F.

Remark 2.23 (Examples of singular solutions). Let p := u.Z' + pt € .#§(R, m) be a steady state of
(1.DDE) with pt # 0: e.g., one can consider the case when m. < +o0 and take a minimizer of F with
m > m.. If po = 0% + pt € A5(R,m) with @ > u then the comparison principle shows that the
Wasserstein solution p; of (1.DDE) with initial datum gy is singular and its singular part is p* for every
t>0.

2.6 Asymptotic behaviour

Let us first considering the case of a convex potential V. Here we can apply the general results about
the asymptotic behavior for displacement convex functionals (see [2]).

Moreover, as we observed in Remark 2.13, the specific form of the functional F yields that it has only
one minimizer ppi, in each class 4§ (R, m) which is also the unique steady state by Theorem 2.15 and
Corollary 2.18: the study of the asymptotic behaviour is therefore greatly simplified.

Theorem 2.24 (Asymptotic behavior I: the convex case). Let us assume that the potential V is convex
(i.e. (1.V') is satisfied with A = 0) and satisfies (2.coer) and (2.40), and let pmin be the unique minimizer
of F in Mo(R,m). If p is a Wasserstein solution to (1.DDE) in (R, m) then p; weakly converges to
Pmin as T — +00 in the duality with continuous and bounded functions. Moreover, for every t € (0, +00)

VVQ2 (va pmin) VV22 (p07 pmin)
—= T 7 ] < =7
2% ) (pt) — t2

If the potential V also satisfies (1.V) with A > 0, then for every t > 0 we have the exponential
estimates

F(pt) = F(pmin) < (2.50)

Wa(pt, pmin) < € M Wa(po, pmin) (2.51)

F(pe) = F(pmin) < e (F(po) = Flomin)),  Ipw) < o=t W2 (po, pmin)

- (2.52)
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The last result concerns more general potentials V: a simple characterization of the asymptotic
behaviour of a Wasserstein solution is possible only when there exists a unique steady state for (1.DDE)
(which therefore coincides with the minimizer of F): this is the case when d = +o00 and V satisfies (2.coer)
and (2.40), or when d < 400 and V satisfies the conditions of Corollary 2.18.

Theorem 2.25 (Asymptotic behavior II). Let us suppose that V satisfies (2.coer) and (2.int) and let us
assume that there exists a unique steady state p € A+ (R, m) with I(p) = 0 (p is also the unique minimizer
of Fin M+ (R,m)). If p is a Wasserstein solution to (1.DDE) in #2(R, m) then

pr — p  weakly as t — 400, t%im I(pt) = 0. (2.53)
“+o0

In particular the continuous density us converges to @ uniformly on the compact sets of D(@); if moreover
the support of pg is compact and m < m., then there exists a finite time T > 0 such that p, < £ for
everyt > T.

3 Wasserstein distance and differential calculus

In this Section we recall the definition and the main properties of the Wasserstein distance and differential
calculus in Wasserstein spaces (we refer the interested reader to [14], [15], [2] for more details). Also, the
subdifferential of the energy functional F will be characterized and discussed.

3.1 Transport of measures, Wasserstein distance, and differential calculus.

If p € #,(R*m) and r : R? — R" is a Borel map, the push-forward of p through 7 is the measure
pw=ryp€ My(R" m) defined by

w(A) := p(r~'(A)) for every Borel subset A C R". (3.1)

It can also be characterized by the change-of-variable formula

[ et dut) = [ otr(@)dpta), (32)
RA Rd
for every bounded or nonnegative Borel function ¢ : R" — R.
According to this definition, the marginals p* € ., (R,m), i = 1,2, of p € .#, (R x R, m) can be defined
by p* = (7')4p, where 7i(z!,2%) = 2' is the projection on the i-th component in R x R. In this case
we say that p is a coupling between p', p? and we denote by T'(p!, p?) the (weakly) closed convex subset
of ., (R x R, m) consisting of such couplings. We recall that a sequence of measures p, € .#,(R% m)
weakly converges to p € A4 (R, m) if limy, 4o [pa ©(¥) dpn(y) = [za ©(y) dp(y) for every continuous,
bounded function ¢ € Cy,(RY).

For every couple of measures p', p? € .#>(R,m) the L?-Wasserstein distance is defined by

W3 (p', p?) := min { /

. |zt — 2?2 dp(zt,2?) : p € I‘(p17p2)}. (3.3)
X

The space #5(R, m) endowed with the distance W5 is a complete separable metric space and the topology
induced by the Wasserstein distance is stronger than the narrow topology: in fact a sequence p,, converges
to p in Ao(R, m) iff (2.10) holds (see e.g. [14]).

There exists a unique optimal coupling p,, realizing the minimum in (3.3): it admits a nice rep-
resentation in terms of the cumulative distribution functions M,: of pt, p? and of their pseudo-inverses

Y.
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Let us first recall their definitions in the case of o € #4 (R, m)
M, (z) :==0o((—00,2]) z€R; Y, (w) := inf {x eER: M,(z) > w}, w € (0, m). (3.4)

Notice that M, is a right-continuous and nondecreasing map from R to [0,m]; if we denote by Ay =

Z 1| (0m) the restriction of the Lebesgue measure to the interval (0,m), it is possible to show that
(Ypi)#)‘m = pi’ (Ypl;sz)#Am = popt (35)
so that "
2
W3 (', p%) :/0 Y1 (w) = Yo (w)| " dw = [[Vpr = Ve[ (0, m)- (3.6)

The map p — Y, provides an isometry between .#5(R,m) and the cone of nondecreasing function in
L?(0, m).

Displacement interpolation and displacement convexity. Let p°, p! € .#5(R, m). Their displace-
ment interpolation is the path p? € .#>(R,m) with 9 € [0, 1], defined by

p” = ((1-9)Y,0 + ) yAm = (L= 9)7' +97%) (3.7)

#popt'
The curve ¥ + p” is the unique (minimal, constant speed) geodesic connecting p° to p' in .# (R, m)
and it corresponds to the segment connecting Y,0 to Y1 in L?(0,m).
We say that a functional G : #(R, m) — (—o0, +0o0] is displacement A-convex if for every p°, p! in
its proper domain we have

5(67) < (1= 0)9(5") +95(p") — 391~ )WE (6", o). (3.8)

In the one-dimensional case, the displacement convexity of the internal functional € is equivalent to the
convexity of the energy density F and it coincides with convexity along generalized geodesics (see [2,
Definition 9.2.4]).

Proposition 3.1 (Displacement \-convexity and lower semicontinuity of F). JF is lower semicontinuous
with respect to the Wasserstein distance in #o(R,m) and displacement A-convex. Moreover F satisfies
the following coercivity property

inf {9’(,0) 1p € Mar(R,m), / |z|? dp(z) < C’} > —o0 for every C > 0. (3.9)
R

Proof. Since E is convex and sublinear, by [5] it follows that € is lower semicontinuous with respect to
the narrow convergence. In the one-dimensional case the convexity of F is equivalent to the displacement
convexity. The functional p — [, V() dp(z) is displacement A-convex if and only if V is A-convex; it is
also lower semicontinuous with respect to convergence in .#5 (R, m) since V' is continuous and quadratically
bounded from below. O

Definition 3.2 (Subdifferential and slope). Let G : .#5(R, m) — (—o0, +00] be a displacement A-convex
and lower semcontinuous functional, let p® € .#(R, m) with G(p°) < +oo and & € L?(p"). We say that &
belongs to the Ws-subdifferential of G at the point p°, and we write & € 9G(p), if for every p' € .#>(R, m)
the optimal coupling p,,; between p° and p' satisfies

S(p") —S(p°) = / (E(af)(y —x)+ %\y - x\Z) dpops (2, 9)- (3.10)

RxR
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95(pY) is a closed convex (and possibly empty) subset of L?(p°). When 9G(p") is not empty we denote
by 8°G(p") € L%(p°) its (unique) element of minimal L?(p°)-norm.
The (metric) slope of G is defined as

(S =) _ <(9<p0) - 5(0)"

35|(p°) = lims
991(5°) = Timsup T

A +
—_—— = + fWQ(p,pO)) . (3.11)
Walp.p—0  Walp,p°) P#P 2

For general displacement A-convex functionals, one has

105](p) < 18°S(P)llL2(p)- (3.12)

When the functional G satisfies the regularity condition
1051(0°) < +0 = P’ <2, (3.13)
then the metric slope (3.11) can be equivalently characterized by
99[2(4°) += min { /R €P " - € € a5(0") . (3.14)
where |95](p°) = +o0 iff 9G(p°) is empty. In this case [0G|(p°) = [|0°G(p°)|L2(p0)-

3.2 Slope and Fisher dissipation in the super-linear case.

Let us consider the perturbed family of energy densities E¢(r) := E(r) 4 erlogr associated to the energy
functionals

F(p) := / Ef(u(z))dx —|—/ Ve(x)dp(x) if p=uLt; F(p) =+oo if p &K L (3.15)
i R
Notice that (rE<)"(r) = 3'(r) + e = (5°)'(r), where 8¢ is defined in (2.23). Since E* has a super-linear

growth, the slope |0F¢| can be explicitly characterized [2, Theorem 10.4.13] and it coincides with the
square root of the associated Fisher-dissipation

I=(p) ::/R 0a5°(w)

2
ZET L (v wde ifp=ut, we WUNR). (3.16)
As usual 5°(p) = 400 if u € WEH(R) or even p & £*. Thus we have

U loc

052 (p) = T°(p) (3.17)
and the minimal subdifferential £&° = 9°F¢(p) € L?(p) is characterized as
Ep=0,06°(u)L +p (V) if p=ug € D(F). (3.18)
The following compactness and lower semicontinuity property will play a crucial role in the sequel.

Theorem 3.3. If p° = u® L' € D(J.), € > 0, with us(x) > 0 for all x € R, is a family of measures
satisfying
p° = p weakly in ML (R,m) ase |0, limsupI®(p®) < 400, (3.19)
el0

then we have
p=uL+pt e D) C MR, m),
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Ip) < lixp inf (p°), (3.20)

u® converges to u uniformly on compact sets of D(u). (3.21)

Moreover, if € = 0°F¢(p°) as in (3.18), we have

E°p° = &p=0,8w) L +V'p, in the duality with CO(R). (3.22)
Finally, if f :]0,400) — R is a continuous function such that Hn & = foo € R, then
rT+oo T
fu®) LY = f(u) L + foopt  in the duality with CO(R). (3.23)

Proof. Since J°(p°) = / |€°2dp®, by (3.19) (see [2, Theorem 5.4.4]) there exists & € L?(p) such that
R

£€p° — &p, in the duality with C2(R), (3.24)
and
/ |€]2dp < liminf/ 1€ 2dp°.
R cl0 Jr
From (3.19) and (2.24b) it follows that
(VYus L —V'p  in the duality with C2(R). (3.25)

Since by (3.18)
0o (uf).L"t = € LY — (Vo) us L1, (3.26)

(3.24) and (3.25) imply that
0o (uf).L — €p—V'p  in the duality with CO(R).

Let us now prove that p € .Z5 (R, m), B(u) € Wlicl (R) and 9,8(u) =&p—V'p.
We introduce the functions

G(r) = /OT ﬁ:};) ds, G*(r) = G(r) + 2e/r.

Since u € W' (R), u®(z) > 0 and G is locally Lipschitz in (0, +00), we have

loc
0,G% (ue) = 20 ) (3.27)

Vue
Let I = (a,b) be an arbitrary bounded interval of R. Since 5/(07) < +o0o we have that G*(r) < M/r,
for some M > 0. Therefore

sup/ |GF (u)]? dz < +o0. (3.28)
I

g

By (3.26) and (3.19) we have

/ 0 (0 (u))

2
NoH do = /|£E — (VY ]Pufde < 2/|£E|2u5dx+2/|(VE)’\2u5d:v (3.29)
u I I I
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so that
2

(5" () dor < +o0. (3.30)

su

5>%) /1 vV uf
By (3.28), (3.30) and (3.27), we infer that the family {G®(u®)}c>0 is bounded in H} _(R). Thus, for
every sequence £; — 0 we can extract a sub-sequence, still denoted by {¢;}, such that G, (u.,) converges
weakly in H! (R), and uniformly on the compact sets of R, to some continuous function g € H} (R).
Since

1

sup/ |0,(3°(u®))|dz = sup/ |€5 — (V®)|u® dz < sup \/6(/ €5 — (V) |Puf dw) ’ < 400, (3.31)
€ I € I € I

and {/°(u®)}e>o is bounded in L (R), the family {3°(u)}.>0 is bounded in L°°(I). Therefore the family
{eu® = B°(uf) — B(uf)}eso is bounded in L°(I). Since 0 < G*(uf) — G(uf) = 2/eveus, we conclude
that G(u.;) converges uniformly on the compact sets of R to g, as j — +o00. The inequality

—+o0 /
OSGSGOO:/ ﬂ\/(?
0

together with the previous observations, gives 0 < g < G. Since G is increasing and G, < +00, we

can define the function
mm:{G (9(x)) if g(x) < G,

ds,

+00 if g(v) = Goo

which turns out to be continuous on the open set D(u) := {z € R : g(z) < G} Since G(uc;) — g
uniformly on the compact sets of R, we have that u., = G7'(G(us,)) — u on the compact sets of
D(u) and wuc;(x) — oo for every x € R\ D(u). By Fatou’s Lemma we obtain that « € L'(R) and
LR\ D(u)) = 0. For every ¢ € CO(D(u)), using (3.19) we have

im_ [ v@)dne, = [ w@)dp= [ vl

Thus
o) = uLt  and  pr\p@w) = P (3.32)

This shows that p € .5 (R, m). Moreover, we deduce that the whole family u® converges to u uniformly
on compact sets of D(u), as € | 0.

For any bounded interval I = (a, b), we have proved that {3°(u%)}.~0 is bounded in W11(I). Then, by
BV compactness (see e.g. [1]) there exists h € BV}, (R) such that, up to subsequences as before, 8¢ (u®) —
hin L (R) and Z*-a.e. and 9,6°(u®)L — 9,h in duality with CY(R). Since 0 < 8°(u®) — B(uf) = eu®
and euf(r) — 0 pointwise in D(u), we have that S(u®) — h, #'-a.e. On the other hand, by the
continuity of 3, B(uf) — B(u) £ -a.e. Hence h = 3(u). Moreover, by using (3.26), it is easy to see that
9.0(u).L" = €p — V'p. The last identity and (3.32) yield B(u) € BVioe(R) N W, (D(w)).

Finally, we prove that 8(u) € Wé’cl(R) and 9;(B(u)) = 0.(8(u))|p(w)- Since D(u) is open, we can

write
D(u) = U (an,bn)
neN

where the intervals are pairwise disjoint; recalling that S(u(a,)) = 8(u(b,)) = 6°°, we have for every
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¢ € C(R)

bn
!/ d _ ! d ! d — E ! d oo /d

-3 (= [ cotsmpar s (o)~ oo [ cas

\D ()

bn,
=—/D(U)C6x(ﬁ(U))dw+zn:B / ¢ dot /R\D(u)cdx

an

- —/ ¢ 0,(B(w)) dz + ﬁoo/ Cde=— [ ¢O.(B(w))da.
D(u) R

D(u)

We eventually prove (3.23). By possibly substituting f(r) with f(r) — for it is not restrictive to
assume fo, = 0, i.e.
lirjl fr) =0 or, equivalently, Vo >03M,: |f(r)|<M,+nr foreveryr>0. (3.33)
r——4oo 7
Property (3.33) easily shows that the family {f(u®)}cs0 is equi-integrable in R: for every § > 0 and
choosing 7 := §/2m, every Borel set A with measure £1(A) < §/2M,, satisfies

/ [f(uf(z))|da < / (Mn + nus(x)) do < M, Z*(A) +nm < for every € > 0. (3.34)
A A

The previous equi-integrability estimate and the tightness of p® given by (3.19) show that the family
f(u®) is weakly compact in L*(R). On the other hand, f(u) — f(u) locally uniformly in D(u). Since
LR\ D(u)) = 0 it follows that f(u) is also the weak limit of f(u®) in L!(R).

O

By a similar and even simpler argument it is possible to prove the following lower semi continuity
result for the Fisher dissipation J with respect to weak convergence. Lower semicontinuity with respect
to Wasserstein convergence will follow by (3.5) and the representation (3.11) of the metric slope for a
displacement A-convex functional [2, Corollary 2.4.10].

Theorem 3.4 (Lower semi continuity of J). If p,, = u, L+ p;- € D(J) is a sequence of measures weakly
convergent to a measure p and satisfying

limsup J(pn) < 400, (3.35)
n—-+0oo
then we have
p=uL 4+ pt e DO) C AR, m),  I(p) < lim inf J(pn)- (3.36)
Moreover
up converges to u uniformly on compact sets of D(u). (3.37)

3.3 Characterization of the Wasserstein subdifferential of F

Theorem 3.5 (Characterization of 0F). Let p = uLt +pt € Mo(R, m) with F(p) < +o0 and & € L*(p).
& =0°F(p) (and, in particular, 0F(p) is not empty) if and only if

peMERm), I(p) <400, €p=0,B(u)L +V'p. (3.38)
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In this case

0570) = [ 1€P dp =100 (3.39)

Proof. Let us first suppose that p, € satisfy (3.38) and let us prove that & € 9F(p), i.e. (3.10) holds with

pY := p; in particular, recalling (3.12), this also shows that

0F (s / €2 dp = 3(p) < +00. (3.40)

It is not restrictive to assume A\ = 0. By a standard regularization and stability of the optimal
couplings with respect to weak convergence, we can also suppose that p! = u! Z! with u! € C'(R)
supported in the bounded interval [a,b] with u'(z) > 0 for every x € (a,b). In this case M, € C?*(R),
the monotone rearrangement map Y, € C°([0, m]) satisfies ¥,1(0) = a, Y,1(m) = b and its restriction to
(0,m) is of class C2. We set

{ r(z) =Y, (My(2)), v°(z) == (1 — )z + Ir(z)

for every z,y € R, ¥ € [0, 1], 3.41
s) Vo (M), %) =y + (1—D)sy) oo BV ER DT G4

and we observe that r0|D () is C'. We introduce the sets

D:=D(u), Ds:={xeD(u):u(z)>0}, D:=R\D, G:=7(D)=r(Ds), G:=(a,b)\G, (3.42)

and we have

(Poplos = (3 X T (02Y) = (87 x )WL), (pupe)]y, = (8" X D)p (W' 2] ) (34
P ooy = T#WLY) 27 ooy = S (W L), (3.44)
u? (r? (2))(r?) (z) = u(z), u’(s%(y))(s?) (y) = ul(y) for every z €D, y € (a,b). (3.45)
Since (s°)’(y) = 0 for every y € G
_ u(z) / u'(y)
e<p0)_/D>E(MM)(1—19+m (a:))da:—&—/GE(T)ﬁdy. (3.46)

Therefore, owing to the convexity of the maps ¥ +— &(p”) and s +— sE(a/s) for every a > 0,

400> (") = £lp) > i (8") — £(0)) = = [ Bu)(r’ = 1)do = 5721 (G).
Let us now choose two sequences z;, — —o0, 2,7 — +o0in D, let (a, , b, ). Let (a;, b)) be the connected
component of D containing z, and z,j respectively, and let I7 := (a},b}), n € Ay C N be the (at most
countable) connected components of D N (b,;,aZ'). We consider a continuous function ¢y, : R — [0,1]
satisfying

Ur(x) =0in R\ [z, 2], vw(z)=1ifa e [S(z +b;). 5z +a)], ’(/Jk| " is concave. (3.47)

[z 52 ]
For sufficiently big k& we have ¢ =1 on (a,b). Then

Blu(@))(r(x) — )y (2) = Bu(z)) (Yr(r(@)) — vi(@))

3.48
> B(u(x))(1 — ¢g(x)) >0 for every x € [z,;,z,j]; ( )
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—B*2(G) = lim Z1G N (r(by),r(a))- (3.49)
Moreover

k1400

—/Dﬁ(u)(r’—l dz = lim —/ﬁ (r' — 1) ¢y (z) dz (3.50)

and
_/Dg(u)w — 1) () dz > / 0o (w) (r(z) — ) (x) do + / 0,8 (w) (r(x) — )y (x) do
+ ) / 9. B(u —z)dz

neA

T [(r(a;:) —af) = (b)) = bp) = D2 (b)) — r(ap) - (5 — ap))]

neAy

/ BaB(u) (r () — 2)x () da + B L1G N (r (b7 ), #(a})),

where we used the fact that £ ((b, ,a/)\ D) = 0.
Combining all these estimates we get

+o00 > E(ph) — E(p) > hmsup/ 0.0(u — )p(x) do (3.51)

kT+o0

On the other hand

00> [V a'o) = [ Vierd@) = [ (V) = V(@) dpuulan)
>

V'(@)(y — ) dpopy (2, y) > limsup V(@) (y — 2)¢n(z) dpop (2, )
RxR kT4+oo JRxR

Summing up the two contributions we have

F(o) — F(p) > limsup | E@)(y — )bu(z) dpeyy(a,y) = / €~ 2) Ao a.9).

k7400 JRxR

Let us now show that if |0F|(p) < +oo then there exists & € L?(p) satisfying (3.38) (thus in particular
& € 0F(p)) with

Ip) = / €2 dp < |0512(p): (3.52)

recalling (3.40), this shows that £ = 0°F(p).
We apply the forthcoming Lemma 3.6 and the general approximation result [2, Lemma 10.3.16] to
find a family p. converging to p in .#5(R, m) and £° € F°(p.) such that

lim [0 |%(p°) = lim J°(p°) :lim/ €517 dp® = |0F*(p). (3.53)
e|0 €l0 el0 Jr

Theorem 3.3 then yields (3.52) and (3.38). O
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3.4 T'-convergence of 3¢ to F

The following lemma shows that the family of functionals F¢ converges to F in a kind of I" convergence
way (with different convergence in the liminf and the lim sup inequalities).

Lemma 3.6. Ase | 0 the family of functionals F¢ converge to F according to the following two properties:
(i) For every family {p°} C Mo(R,m) such that p* — p, as e | 0, in duality with CY(R), and
My = limsup ma(p°) < +o0, (3.54)
el0

one has
liml%nfffe(pa) > F(p).
I

(ii) For every p € #>(R, m) there exists a family of measures {p°} C Mo(R, m) such that Wa(p®, p) — 0
ase | 0 and

lim sup F*(p°) < F(p).
el0

Proof. (i) The “liminf” inequality for the potential energy V¢ (p) := / V¢ dp under weak convergence
R

and (3.54) follows from (2.24c) and (2.24b), since for every § > 0 there exist R > §~! and g9 > 0 such
that

VE(x) > —dlz|* forevery x € R\ [-R,R], V¢(z)>V(x)—d forevery xz € [-2R,2R], 0<¢ < &;
for every 0 < € < g9 and every smooth function
X:R—[0,1] with X(z) =1if || <1 and X(z) =0 if |z| > 2 (3.55)

we have
/Va X(z/R) dpf +/ve (1= x(x/R)) dpf >/ (Vi) —6)x(a/R)a 5/|m|2dp

so that

lign_é(r)lfva(pe) > / X(z/R)V (z)dp(x) — 6(m + My).
R

Since R > 6! and the previous inequality is valid for arbitrary é > 0, passing to the limit as § — 0 we

obtain
liminf V¢(p%) > V(p). (3.56)

£—

Let us now prove the “liminf” inequality for £°: recalling the usual decomposition p* = us.Z*! + (p°)*,
thanks to the definition of ¢ we get

E(p*) =E(p°) + 5/ u®logu®dx > E(p°) + 5/ u®logu®dz.
R {

O<us<1}

By Cauchy-Schwarz inequality and (3.54) we obtain

1 1
2 €loo2 uf B
< limsup (/(1 + |z|)2uf dx) </ Lgug dx) < +o0.
0 R {0<us <1} (1+ [])
(3.57)

lim sup ‘ / u® log u® do
€l0 {0<us<1}
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Hence

lim inf £°(p®) > liminf &(p®),
€l0 €l0

and (i) follows by the lower semicontinuity of & with respect to the weak convergence.
(ii) Let p = u?t + pt € (R, m) with F(p) < +oo (the case F(p) = +oo is trivial). Defining
¢ :=m/p([=1/e,1/e]), and h® := c*X[_1/c,1/c], We set

pf = hSp = hFu?t + hept.

Since limg|g h®(x) = 1 pointwise, for every function W : R — R such that / |[W(x)|dp(x) < 400, the
R

dominated convergence theorem shows that
lim | W(z)dp®(z) :lim(/W(x)hE( Yu() dx+/W Yhe () dp ( /W Ydp(z).  (3.58)
el0 R €l0 R

In particular, choosing W = ¢ as in (2.10) we obtain that Wa(p®, p) — 0 so that for every § > 0 there
exists R > 0 such that

i [ (o1~ x(a/R) d" = [ [o*(1 = X(a/R) dp < 5 (3.59)

for every function X as in (3.55). On the other hand, (2.24b) yields €9 > 0 such that Ve(z) < V(z) + 4§
if |z| < 2R and therefore

VE(p°) < / Ve(@)x(a/R) dp" + / (V@) + Al2l?) (1 = x(2/R)) dp
< /RV(I’) dp5+5m+A/R|x|2(1—X(x/R))dpE. (3.60)

Using (3.58) with W =V, passing to the limit as € | 0 in (3.60), we obtain

limsup V¥ (p®) < V(p) +6(m + A). (3.61)
€l0

Since § > 0 is arbitrary we conclude

lim sup V¢ (p®) < V(p). (3.62)
el0

On the other hand, since E < 0 is continuous, by Fatou’s Lemma we have

Jimm sup /R B(u (z))dz < /R B(u(z))dz. (3.63)

el0

Denoting by ;""" (R, m) the set of nonnegative measures with compact support and total mass m, we
have just proved that

Vo & Mo(Bom) N D) (o7} C AT Rm) s Walpip) -0, HmT(F) =T(p). (3.64)

A standard diagonal argument for T'-convergence shows that (ii) can be reduced to prove

Vpe #P(R,m), FH{p*} C A4P(R,m) : Wa(p®,p) — 0, limlsoup Fe(p°) < F(p). (3.65)
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Let p = u? + p+ € """ (R, m); denoting by k* = e 'k(-/¢) a standard family of symmetric and
nonnegative mollifiers with support [—, €], we set u®(x) = (k®*p)(x) = [ k(z—y) dp(y) and p* = u°.L".
By definition of convolution and Fubini’s theorem we have

/V )dp® (x /V /ks x —y)dp(y da:—/ / Vy+ez)k(z)dzdp(y).
supp(p 1,1]

By the continuity of V', and the dominated convergence theorem

lim V / V(z)dp(z (3.66)
el0

Recalling that F is decreasing and applying Jensen’s inequality to the probability measure k¢ (x—y).£1(y)
and the convex function E we get

E(u%x))=E(/Rk€<x—y>dp<y>)SE(/ u(y)K (2 — y) dy) /E DES(z — ) dy.

Integrating with respect to x and using Fubini’s theorem we obtain

/ B(u (z)) do < / B(u(z)) da. (3.67)
R R
Finally, since k¢ < 1/¢ and u®(z) < ¢~!'m, we have
m
5/ u®logu® dzr < melog pt (3.68)
R
Since Wa(p®, p) — 0, (3.66), (3.67) and (3.68) yield (3.65). O

4 Proofs of the main Theorems

4.1 Subdifferential characterization of the gradient flow of ¥ and existence
result.

Proof of Theorem 2.6. The proof of Theorem 2.6 is based on the general results about the generation of
gradient flows for displacement A-convex functionals in .#%(R, m) established in [2] (notice that all the
theory in [2] can be applied to the space .#5(R, m) and not only to the space .#5(R, 1) considered in [2]).

By Proposition 3.1 the functional F is displacement A-convex (in dimension 1 generalized geodesics
[2, Definition 9.2.2] coincide with the displacement interpolations (3.7)) and we can apply the general
theory summarized in Theorem 11.2.1 [2].

Since D(F) = {p € (R, m) : F(p) < +o0} is dense in .#5(R, m), the evolution is well defined starting
from an arbitrary element of .#5(R, m). Therefore, by [2, Theorem 11.2.1], for every py € #5(R, m) there
exists a unique curve p belonging to C°([0, +00); .#>(R,m)) such that p, € D(J) C D(F) for every t > 0
and

atpt -+ 8 (pt 'Ut) = 0 in @I(R X (0, +OO)), (41)
=—-0°F for Z'-a.e. t € (0,400), 4.2)

t1
Fpto) — F(pr) / /|'Ut| pe(x 0<ty<t, (4.3)
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Moreover the map pg — S¢(po) := p¢ defines a continuous semigroup satisfying the A-contraction property
(2.22). From [2, Theorem 2.4.15] the map t — e*!|0F|2(p;) is non-increasing, and then (2.21) holds. The
regularization estimate (2.20) (which implies (2.9b)) still follows by Theorem 11.2.1 and by [12] in the
case A # 0. From (4.2) and Theorem 3.5 we have (2.9a). (4.1), (4.2), and (3.38) yields (2.9¢c). The
comparison result follows from Theorem 2.8 and the corresponding property for solution of the viscous
regularization. 0

Proof of Theorem 2.8. The part concerning existence of solutions to problem (2.25) for a measure ini-
tial datum, is similar to the part concerning existence for problem (1.DDE), taking into account the
characterization of the subdifferential of F¢ (3.18).

The stability with respect to the convergence in .#5(R, m) follows from Lemma 3.6 and Theorem
11.2.1 of [2]. The uniform convergence follows from Theorem 3.3 (3.21). O
4.2 Localized entropy estimates and propagation of singularities

Let us consider

a smooth convex function ¢ : [0,4+00) — R with ¢(0) = 0, (4.4a)

and let us set (recall that 8°(r) = B(r) + er)

n(r) == (r) — p(r), () == / "B () s, () = ) + e(r) = / (B ()0 (5) ds. (4.4D)

Theorem 4.1. If u® is a smooth bounded solution to (2.25) and ¥, n,~° satisfy (4.4a) and (4.4b), then
Y(uf) is a classical solution to

Ot (u®) — 0 (027" (u”) + ¥ (u)(VFE)') < m(u”)(VF)". (4.5)

In particular, for every nonnegative ¢ € C2(R x [0,T)) it holds

T
/ Y (2, T))pla, T) de + / / B(F)( — 0+ D, b(VY) dadt
R 0 R

(4.6)
T
- / / (v (u®) 02 + n(u)p(VE)") dzdt < / P(u®(z,0))p(x,0) d.
o Jr R
Proof. By straightforward computations we obtain that
O — D (D" (u) () (VEY') = mu)(VE)” — (5)' () () (D).
Since 1 is convex and 3¢ is increasing, (3°) (u®)y" (u®)(d,u)? > 0. This implies (4.5). O

We will now prove the a priori estimate (2.2).

Corollary 4.2. Let us assume that (2.1) holds and that py = uo-L" has a bounded density. Then (2.2)
holds.

Proof. By Theorem 2.8 it is sufficient to show (2.2) for the (bounded and integrable) solutions p® = u®.#*!
of (2.25) with initial datum pg. Let us apply (4.6) with ¢(r) = P, p > 2, and ¢(z) = X(x/n), where X
satisfies (3.55). Since (V=)’ is bounded and (V¢)” < ¢, it is not difficult to pass to the limit as n — +oo,
getting

/Rug(x,T)pdxg /Rug(x) dz+c(p—1) /OT/RuE(x,t)pdmdt.
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From Gronwall’s Lemma it follows that

/ u®(z, TP dx < ec(p_l)T/ uf(z) dz, for all T > 0.
R R

Letting p T +o00 we get estimate (2.2) for p°. O

The following corollary of Theorem 4.1 is a preliminary step for the proof of Theorem 2.10 on the
propagation of the singularities.

Corollary 4.3. Let 1,n,v be as in (4.4a) and (4.4b), with lim,14. ¥/ (1) = Y., € (0,400). If p =
u?t + pt is the measure-valued solution to (1.DDE) and 1(p) := 1 (u).L* + . pt, we have

O(p) — 0 (V(p)V') < 2(v(u)) +n(w)V"  in the sense of distributions. (4.7)

Proof. Tt is sufficient to pass to the limit in (4.6), recalling (3.23) and applying the dominated convergence
theorem with the estimate [1(r)] < [[1'[| oo ((0,4-00)) 7

Notice that
lim M: lim (1//(1")—

r—-—4oo T r—-+00

=0

wv»
and
(r)

lim 7 = lim }(ﬁ(r)@l/(r) — B(0)y'(0) — /OT B(s)y" (s) ds) =0,

r—4oo0 71 r——4oo 71

since lim, 1400 B(r) = foo < +00 and we estimate the integral as follows

]‘ " 12 ﬁOO / /
0< 1 [ a6 ds < B2 (6 - ().

O

Proof of Theorem 2.10. Let us fix a nonnegative function ¢ € C°(R) with compact support in [0, 1] and
integral equal to 1. We set (i(r) == ((r — k), Zi(r) := [; Ce(s)ds, ¥i(r) = [y Zi(s)ds. It is immediate
to check that )y, satisfies the assumptions of Corollary 4.3. Moreover, the corresponding functions ~x(r)
and 7y (r) are uniformly bounded by Cr and converge to 0 pointwise as k — +o00. Passing to the limit in

Obi(p) — 0u (Vi (p)V') < 02(ve(w) + ni(w)V”  in the sense of distributions (4.8)

as k 1 +oo we obtain (2.32). Now, set iy = (X¢)zpg. It is well known that p solves dypy — 0, (V') = 0.
Then the family of measures o; = p;- — iy satisfies 901 — 9, (0:V') < 0 with ¢ < 0. By a simple variant
of Proposition 8.1.7 of [2] we deduce that oy < 0 for every ¢t > 0. Therefore for every Borel set A C R,
pi(A) < pg (X7 '(A)). Choosing A = Dy, the inclusion J(u;) C J; follows. O

4.3 Minimizers, stationary solutions, and asymptotic properties

Proof of Theorem 2.12. Let us first show that every measure pupin = Umin-2Z" + pﬁ;ﬁn satisfying (2.39) is
a minimizer for F.

Notice that by construction pmin € Z§ (R, m).

Let p = u.?' + pt be an arbitrary measure in .Z, (R,m). If A = {z € R: V(z) —v < 2} and
B =R\ A denotes its complement,

i () = HV(z)—v) ifxeA,
0 if z € B.
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Since

/ v ifve (010)7
E'(H(v)) = {_a if v € [0, +00),

and FE is convex, we get

€(p) = E(pmin) = /]R (E(u(m)) - E(umin($>)) dz > /RE"(umin(a?))(u(x) - “min(x)) dz

- /A (0 V(@) (u() — tin(@)) dz — 0 | u(z) de.

B

Moreover, since V(z) — v > 0 for every « € B,
T(6) = T (pmin) = £(0) = Elpmin) + [ Vo= [ V i
> [ 0= Vi) () = tmn(@) do+ [ (V@) - 0pu(o) do
+ /A V() (u(2) — umin(x)) dz + /R Vdpt — /RVdprfﬁn
> /Rn(u(x) — Umin()) dz + /R Vdpt — /R Vdpt. .

Hence, owing to the identity

P(R) = pmin(R), so that /udx—/umin dx:/dpiin—/dpl,
R R R R

and recalling that pl. is concentrated in @), we obtain

5(0) =~ Flomin) > [ o(ule) = wmn(0) do+ [ Vgt~ [ Vg,

— [ —wyapt— [V o) dp, = - [ (V- w)dp, —0.
R R i
This shows that F(p) > F(pmin) for every p € A4, (R, m).

We prove now that every minimizer p = u.Z' + pt € 4 (R, m) of F in .4, (R, m) satisfies (2.39).
We consider another minimizer ppi, given by (2.39) so that equalities hold in all the previous inequalities
and in particular we have

0= 5(0) = Fpuin) = [ (V=0 dp*.
It follows that pt is concentrated on @ and pt = 0 when m < m. (recall that V(z) — v > 0 and
equality holds if and only if b = Vi, and ¢ € Q). If w # wm, then, by the strict convexity of E,
F((1 = 0)p + Opmin) < F(pmin) for every 8 € (0,1). Taking the continuity of u into account, it follows
that u(r) = umin(z) for every x € R. Consequently p*(R) = p£. (R) and we conclude.

O

Proof of Theorem 2.14. Tt follows easily by [2, Theorem 11.1.3], which shows in particular that p is a
stationary solution of the Wasserstein gradient flow of a displacement A-convex functional F iff |0F|(p) =
0. We can then invoke Theorem 3.5. O

The proof of Theorems 2.15 and 2.17 is based on the following lemma:
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Lemma 4.4. Let p = u?" + p* € 45 (R) be a measure satisfying J(p) = 0, and let us consider the open
set Q4 (u) :== {x e R:u(x) >0}. If I is a connected component of QU (u) then

E'(u(x)) +V(x)=cs for every x € I. (4.9)
Proof. Let us first show that the function E’ o u belongs to Wl (€24 (u)) with

loc
2, (8 0)
u

0y (E'ou) = in Q4 (u). (4.10)

We can simply write B/ ou = Lo (30ou) where L :== E' o 37! and Bou € I/Vl}m1 (R). The function L

belongs to C1(0,3°) and can be extended to 3°° by continuity setting L(3°°) = 0; it is easy to check
that this extension belongs to C*(0, 3], since

E" —1
°f lim L'(r) = 0.

) — -
L(T)_ Igloﬁfl _ﬁfl’ rtBee

(4.10) then follows by the chain rule for the composition of a C* with a Sobolev function.
If I is a connected component of 4 (u), we have

0= awﬁ((ugx)) + V(@) = 0(E'(u(2)) + V(z)) inl, (4.11)
u(z
so that there exists a constant ¢; such that (4.9) holds. O

Proof of Theorem 2.15. We have to prove only the “right” implication =.
A simple argument by contradictions shows that Q4 (u) = R: otherwise, if the interval I = (a,b) is a
connected component of €4 (u) and one of its extremes, say a, is finite, we should have

limu(z) =0, —0=1limE (u(zx))=cr—V(a)> —cc.

zla zla
Since Q4 (u) = R Lemma 4.4 yields V(z) > ¢y for every z € R and u(x) = H(V(z) — ¢). Since
p € A (R, m) we conclude that (2.39) holds and p is a minimizer of F by Theorem 2.12. O

Proof of Theorem 2.17. Let p = uZ" + p+ € .#$ (R, m) with J(p) = 0 and let I = (a,b) be a connected
component of the open set Q4 (u). Since the range of the function r — —FE’(r) for r € (0,+o0] is the
bounded interval (0,0] and lim;|— V() = +00 we deduce from Lemma 4.4 that I is bounded.

It follows that u(a) = u(b) = 0 and therefore lim, |, E'(u(z)) = limgqp E' (u(x)) = =0, ¢ = V(a) -0 =
V(b)—0. We thus obtain (2.42) and the representation (2.46), which also yields (2.43) since u is integrable
in R. Since for every z € I u(z) = +o0 iff V() = V(a) — 0, i.e. z € Qr, we obtain (2.47).

Conversely, if p = u.Z! + p*+ € A (R, m) satisfies the three conditions of Theorem 2.17, we imme-
diately have that J(p) = 0. In fact, the first integral of the definition of J in (2.8) vanishes by (4.9) and
(4.10); the second integral, corresponding to the singular part of p vanishes since p* is concentrated on
Q(u) and V' vanishes in each point of @, which is a local minimizer of V. O

Proof of Corollary 2.18. Remark 2.13 shows that the minimizer of ¥ is unique. We have just to check
the case when 0 < +00. By the assumption on the first derivative of V' is immediate to check that the
set Q4 (u) contains just one connected component I = (a,b) with a < ¢g— < g < b. Theorem 2.12 shows
that p is a minimizer of F. O
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Proof of Theorem 2.25. We use the dissipation identity (2.18) to obtain the inequality

t1
/ I(pe) dt = F(pry) — Flpt,) < Fpr,) — F(p) < +o00  for every 0 < tg < t1 < +00.
to

Passing to the limit as t; T +o0o we get J(p;) € L' (to, +0), so that

+oo  n
Z/ I(ps) dt < +o0. (4.12)
n=2Jn—1
Since by (2.21) I(p;) > e~ I(p,) if t € (n — 1,n) we obtain 3.5 I(p,) < +oo; in particular
lTi—Igl J(pn) =0 and a further application of (2.21) yields t%l_iI_n I(pt) = 0. (4.13)

Since F(p) < Fpy,) for every t > tg, by (2.coer) we infer that {p;}i>¢, is tight; by Theorem 3.4 any
weak limit point po, of p; as t T +oo satisfies J(poo) = 0 and therefore po, = p. It follows that p, — p
weakly as t T +o0.

Theorem 3.4 yields the uniform convergence of u; to @ on compact sets of D(@) as t — +00. When
m < me, p has a bounded density and therefore for every compact subset K C R there exists a time
T > 0 such that p; is bounded on K for every ¢t > T. Choosing as K := {z € R : V(z) < ¢} for a
constant ¢ sufficiently big so that K contains the support of pg-, Theorem 2.10 shows that the support of
pi- is contained in K for every t > 0 and therefore pi- = 0 for t > T. O
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