2D MOTION WITH LARGE DEFORMATIONS

ELENA BONETTI, PIERLUIGI COLLI, AND MICHEL FREMOND

ABSTRACT. We study the motion of a solid with large deformations. The solid may be
loaded on its surface by needles, rods, beams, plates, ... It turns out that it is wise to
choose a third gradient theory for the body. The stretch matrix of the polar decompo-
sition has to be symmetric. This is an internal constraint which introduces a reaction
stress in the Piola-Kirchhoff-Boussinesq stress. By use of a Galerkin approximation,
combined with suitable a priori estimates and a passage to the limit, we prove that there
exists a motion which solves a variational formulation of the complete equations of me-
chanics, at least locally in time. This motion may be interrupted by crushing resulting
in a discontinuity of velocity with respect to time, i.e., an internal collision.
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1. INTRODUCTION

Lagrangian mechanics produces predictive theories of the motion of continuous media.
For rigid solids which do not interact or interact smoothly, the equations and their so-
lutions are given within the analytical mechanics theories, see [9]. For rigid solids which
interact, for instance which collide, equations are complemented by the collision theory [6].

For deformable solids (see [2, 4, 10, 12]), the Lagrangian theory is not achieved. We
give a mechanical description of the motion together with a mathematical analysis of the
related equations. In particular, we investigate the motion of a deformable solid assuming
the solid is fixed on a part of its boundary and that there are neither self-collision nor
self-contact and neither collisions nor contact with obstacles. Indeed, in the case when self
collisions or collisions with obstacles are included, the equations should result from the
coupling of this theory with the collision theory, while smooth self-contact and smooth
contact with an obstacle need a slight sophistication of the present theory.

In this paper, as a first step and for the sake of simplicity, we consider 2D problems and
choose the value of all the mechanical constants but one equal to 1. Hence, the motion of
a 2D solid is investigated during a finite time interval (0,77). At time ¢ = 0, the solid is
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assumed to be located in a smooth domain D,. The motion is described by the function
(a,t) — ®(a,t) € R* (a,t) € D, x [0,T],
a = ®(a,0),
where time 7" > 0 is given.

The paper is organized as follows. Some properties of 2 x 2 matrices are recalled in
Section 2 for the reader convenience. The mechanical theory is fully developed from
Section 3 to Section 7.

The equations of motion result from the principle of virtual power. We point out that
surface loads can be applied to the solid by needles, wires and curvilinear beams. Thus,
in order to account for these loads, it is wise to have a third gradient power of the interior
forces: this is introduced and detailed in Section 3.

We are considering the two classical equations of motion of mechanics: the linear mo-
mentum equation and the angular momentum and look for two unknowns. Indeed, in
addition to the function ®, a reaction ensuring an internal constraint is introduced when
defining the constitutive laws. The kinematic relationships relate function ® to the quan-
tities which describe the deformations, that is, the stretch matrix W and the rotation
matrix R, see Section 4.

The constitutive laws are deduced in Section 5 from schematic and simple free energy
and pseudo-potential of dissipation, which account for all the mechanical properties. One
of these properties is the symmetry of the stretch matrix which is an internal constraint.
Reaction stress A to this internal constraint is the other unknown of the problem, as
specified in Section 6.

The usual indetermination on reaction A is solved by the equations of motion (resulting
from the kinematic relationships and the constitutive laws). In particular, the angular
momentum equation of motion leads to the reaction matrix A: referring to Section 7, let
us point out that, in dimension 2, this equation has a simple structure. The equations are
solved within a suitable variational framework. More precisely, we show that that there
exists a motion satisfying a weak version of the resulting nonlinear PDE system, at least
locally in time, i.e., in some time interval (0, T), with 0 < T < T.

Our main result is shown by applying a Galerkin discretization scheme, combined with
suitable a priori estimates and passage to the limit: the proof is given in Section 8.

The fact that the existence result is local in time is justified by the possibility of the
motion to be interrupted by crushing which is caused by discontinuity of velocity (with
respect to time), i.e. an internal collision: this is explained in Section 9. These results
have been previously announced in [3].

2. PROPERTIES OF 2 X 2 MATRICES

For the sake of clarity, we summarize in this section some useful results concerning
properties of 2 x 2 matrices. Let M be the linear space of 2 x 2 matrices, endowed with
scalar product

A:B= AijBij = tr (ABT)

The subspaces S C M of the symmetric matrices and A C M of the antisymmetric ma-
trices are orthogonal. In M, for 0 < a < 1 (whose physical meaning will be specified in
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Section 5) , we introduce the sets

Mo={FeM, detF>a®, VuFTF+2detF >20}, (1)
Co={Be M | trB>2a, detB > a’}. (2)

The set C, is the set of matrices with the sum of their eigenvalues larger than 20 and the
product of their eigenvalues larger than «. The interior set C, is defined by

trB > 2o, detB > o

and Co’a NS is an open set of S. The meaning and the role of M, and C, will be clear in
the following. Note that I € C, (I being the identity matrix). Moreover, we have

I1>y>a = C,C(C,, Ied,.
Now, let us recall some properties of 2 x 2 matrices.

Proposition 1. Let F € M, such that detF > 0, then there exist a unique matrix
W € S and a unique direct orthogonal matriz R, such that F = RW.

The proof is detailed, e.g. in [7], and refers to a fairly classical result. In particular, let
us recall that a direct orthogonal matrix satisfies

ReM, detR=1, RRT =1

Hence, we investigate functions
F - W(F), F— R(F),

as well as
1 1

det W(F)" tr W(F)’

F —trW(F), detW(F),
defined in M,.

Proposition 2. Functions F — W(F), F — W (F), F — R(F), and
1 1
det W(F)" trW(F)’
are C* on M,. Moreover, if F : D, x (0,T) — M, satisfies |F(a,t)] = |[W(a,t)| < ¢
(i.e., the norm of F is uniformly bounded), all the derivatives of the previous functions

F—-trW(F), detW(F),

with respect to F are globally bounded, i.e., uniformly bounded with respect to (a,t) €
D, x (0,7).

Proof. The set M,, is open in M. We have
det W = detF, trW = \/tr FTF + 2detF. (3)

Functions
1 1

det W(F)" tr W(F)
are C'° functions of F from M, into R. Moreover, we have with the Hamilton-Cayley
theorem

F —trW(F), detW(F),

1

W= —FTF + det(F)I}, 4
\/trFTF—i-QdetF{ ()1} ()
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which is a C*° functions of F from M, into S ﬂé’a. We have also

1
= W)I - W
(W)= W}, 9
which is also a C*° functions of F from M, into §. Note that
R=FW,

is also a C'*° functions of F from M, into M. If the norm of F in M is bounded, the
computation of the derivatives of W and R with respect to the Fj, show that they are
globally bounded with respect to a and ¢, i.e., uniformly bounded with respect to a and ¢:
"W
OF*k

(F(a,t)| <ec.

3. THE MODEL AND THE PRINCIPLE OF VIRTUAL POWER

3.1. The Unknowns. The unknowns of the problem are the position function ®(a,t) €
R? and a reaction matrix A(a,t) € A, which activates to guarantee the symmetry of
stretch matrix W(a,t) € S. This matrix is introduced as a reaction to an internal
constraint. This reaction yields its value to be given by the equations of motion and not
by the constitutive laws. Thus we are going to have two unknowns and two equations.

3.2. Which Gradient Theory? The 2D solid can be loaded on its surface by curvilinear
beams. The velocities of the beams are equal to the traces on the solid surface of the
solid body velocities. Principle of virtual power for beams requires the second order space
derivatives on the surface. Thus it is convenient to have a third gradient body theory
which insures that the trace of the second gradient is defined on the surface of the solid.
Note also that the 2D solid may also be loaded by needles. The velocity of the tip of
the needle is equal to the trace of the body velocity. The trace of the zero gradient is of
course defined on the surface of the solid if the trace of the second gradient is defined.
We have the same property for the trace of the first gradient for loads applied by wires.

3.3. The Third Gradient Theory. Power of the interior forces involves third order
space derivatives introducing a new interior force Z, which is a stress taking into account
the effects of the spatial variation of the Laplacian of the velocity

—/ {H:gradV—kZ:gradAV}da%—/
Da

1{1\/125\2—/\,1:f\la}da,
D, 2 ’
with

7 : grad AV = Zzé‘/z 336 -
Here IT is the Piola-Kirchhoff-Boussinesq stress tensor, M represents the momentum, and
A is the momentum flux vector. The virtual velocities V and virtual angular velocities Q

are independent. Quantity
grad AV = grad (div (grad V))

quantifies the variation of the Laplacian of the velocity of deformation AV with respect
to space. One may say it quantifies the diffusion of the velocity of deformation. The dual
quantity is a stress (represented by the matrix Z;s) the physical meaning of which is given
by the boundary conditions and the equation of motion.
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Note that
IT:gradV and Z:grad AV

are bilinear forms in M x M and
%M : ﬁ, %Aa : ﬁ,a
are bilinear forms in A x A and in A%?x.A%. We denote by
AN:G=A,:G,,
the scalar product in A?x A%

3.4. The Linear Momentum Equation. It results from integration by parts. We have

—/ {H : grad V+Z: grad AV} da = — {IL;aVia + ZisVi s } da
Da D,
= ILio.o Vi + Zis ppsVi da
Do,
— I1,,N,V;dl" — / ZisV; gs Npdl' + / Zis3VisNgdl' — / Zis 33V Nsdl'
8D, 9D 9D 9D

= / {divII + div (AZ)} - V da
- o 0 - 07 - -
- IIN - Vdr —/ Z: —(grad V)dI' —i—/ — :grad VdI' —/ (AZ)N - Vdr,
D, op,  ON o, ON D

where N is the normal vector to the boundary. This formula gives the physical meaning
of AZ, which is a stress defined in the volume with a trace (AZ)N on the boundary,
which is a classical force which equilibrates with classical force TIN , the exterior force.
Quantity 0Z/ON is a surface stress which equilibrates an exterior stress. Quantity Z
is a double stress which works with the normal variation of the velocity of deformation
d(grad V) /ON. The equation of motion follows:

% = divII + div (AZ) + f, in D,,
where Ad
dt

is the actual velocity. It is combined with suitable initial and boundary conditions.

3.4.1. The Initial Conditions. The initial velocity is null

®(a,0)=a, U(a,0)=—/(a,0)=0.
dt
3.4.2. The Boundary Conditions. Let 'y, I'; be a partition of 0D,. The solid is clamped
on part Iy to an immobile support; on the other part I'; no surface force is applied and
there is no surface deformation.

On I'y. We have

. . P .
® =0, grad® =0, a—Ngradd) =0.
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On I';. We have
grad ® = 0.

All the exterior forces are assumed to be null except the body force f

3.5. The Angular Momentum Equation. It is
divA+M =0, in D,,

combined with suitable boundary condition.

3.5.1. The Boundary Condition. On 0D,, we have
Q =0,

where €2 is the actual angular velocity.

4. KINEMATIC RELATIONSHIPS

They relate the stretch matrix W and rotation matrix R to the gradient matrix F of the
kinematically admissible position . A kinematically admissible position is differentiable
and det F > 0, with F = grad ®. This condition is a local impenetrability condition. Let
us recall that we have assumed there are no self-collision neither self-contact during the
motion which may produce a non local interpenetration. Thus the non local impenetra-
bility condition is satisfied, see [7, 8].

We have

Proposition 3. If position ® is kinematically admissible, there are unique matrices W
and R which satisfy relationships (grad ® = F)

W2=F'F, R=FW
Proof. See Proposition 1. O

In the sequel, the constitutive laws imply that the kinematically admissible positions
® are such that matrices W(F) € C,

W?2 =FI'F, Wel,, (6)
R=FW (7)
Let us recall our notation
a-RR", R-® w_W p_ 9 _ 4
dt dt dt
Note that we have
R'grad ® = W + R’ QF. 8)

Remark 4. We may denote

W = VFTF.
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5. FREE ENERGY AND PSEUDO-POTENTIAL OF DISSIPATION

The opposite of the actual power of the internal forces, using internal constraint (8)
— — 1
{H cgradU + Z gradAU} — 5{1\/[ Q=N QL)

:RTH:WJr%(HFT—FHT—M) :Q+%A::gradQ+Z:gradA[7,
is the sum of bilinear forms. In particular, bilinear form
RTII: W,
is a bilinear form on M x M because IT and RTTI are elements of M. Thus the symmetry
of stretch matrix W or of its velocity W, is an internal constraint and has to be accounted

for. We use the free energy to satisfy this internal constraint. No such internal constraint
appears in the other three bilinear forms,

1 1 -
3 (HFT —FI’ — M) 1 Q, §A cgrad Q. Z:grad AU

which are bilinear forms on A x A, on A? x A? and on M x M, without any constraint
on 2 and on grad AU.

The state variables quantify the deformation properties of the material. We choose
the stretch matrix W, an objective spatial variation of the rotation matrix, that is
(grad R)RT, and the third gradient deformation grad A®. The quantities which describe
the evolution of the material are the stretch matrix velocity W and the gradient of the
angular velocity grad €2. All these quantities measure the mechanical influence of a mate-
rial point on its neighbourhood. We derive the constitutive laws from the free energy and
the pseudo-potential of dissipation which account for the whole physical properties, in
particular for the internal constraint. The schematic and simple free energy we choose is

W(B, grad Ad, [larad R|) = 1 B~ 1]

2
)

+ % ngadACTD”Q + \if(B) + Is(B) + %ngadﬁ‘

where ® is a position function, B is a matrix of M, R is a matrix of M, and
2 2112 A A
|B||"=B:B, |[grad A®||" = ©;055P; ass-

The function Is is the indicator function of subspace & of M, [11], [5]. The schematic
and simple pseudo-potential of dissipation we choose is

D(B, grad Q) = % HBH2 + ngradﬁHQ.

Let us note, it is also possible to have Is(B) in the pseudo-potential of dissipation, in
order to have matrix W symmetric.

5.1. The Function \i/(B) Approximation of the Indicator Function of C,. Quan-
tity \il(B) in the free energy accounts for the resistance of the material to flattening or
to crushing. It makes impossible all the principal stretches of matrix W to be small at
the same time, i.e., all the principal stretches cannot be lower than o > 0. Parameter «

quantifies this resistance to flattening. Function \i/(B) is a smooth approximation from
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the interior of the indicator function of the set C,, in M. Let I%*(z) be a decreasing non
negative smooth approximation of the indicator function of [, 00) from the interior, i.e.,
such that [9°(z) = oo if # < o? (for instance, 1/(z — o?) for z > a?). Let I'(x) be a
decreasing non negative smooth approximation of the indicator function of [2«a, 00) from
the interior, i.e., such that such I'"(z) = oo if z < 2a. Then function ¥ may be defined by

1% (det B) + I"(tr B),  if B e C,, ©)

UM —[0,00], @(B)::{OO B

Note that we may split free energy into two parts
U (B, grad Ad, | grad ﬁHQ) — U(B, grad Ad, | grad ﬁHQ) + Is(B),
where
U (B, grad AD, |

grad R") = 2 [B T + 1 [larad AG|[" + ¥(B) + | |arad R

is a smooth function in C,.

The following result holds.

Proposition 5. If the functions 19°%(z) and I**(z) are C* functions for x > o and for
x > 2a«, then free energy F — UW(W(F)) : M, — R is a C* function of F. Matriz W
d¥

commutes with matriz S5 (W)

AW A
B =B
If W e CO'7 with 1 > v > «a and |W(a,t)| < ¢, all the derivatives with respect to F of
42 (W) are globally bounded. Function U satisfies \if(I) < 00, and

B
U(W)<oo & WeC,.

W (W)W.

Remark 6. We may choose function U such that W(I) = 0.

Proof. We have

ddet B _p dtrB
B = cof B =det(B)B™", B = I
We get
AU ddet ddet B dIt dtr B
22 (W) = det W W tr W \"Y
BWY) = fias W) g W+ o g (r W)= 5=(W)

d]’tr
dtr B

dIdet .
= (ddetB(detW)) (det W)W ™" + (

which commutes with W. We have

det W = detF, ttW = /tr FTF + 2detF.

(tr W)) I, (10)

Due to Proposition 2, these functions are C'*™° function of F in M,. Because d{i—?:t(x) is a

is a C* function of z if z > 7% > o? and ddl—;(x) is a ' function of z if x > 2y > 2¢q,

%(det W(a,t)) and %(tr W(a,t)) are C* functions of F. They are bounded in R

because [W| < ¢. It results that %(W) is a C*° function of F in CO’V and its derivatives
with respect to F are globally bounded. 0
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6. THE CLAUSIUS-DUHEM INEQUALITY AND THE CONSTITUTIVE LAWS

The Clausius-Duhem inequality is

%(W,gradACD, |grad R||*) < {H . gradU + 7 - gradAﬁ} _ % (M:Q—-Ay: Q).

It involves actual quantities. Thus these quantities satisfy the kinematic relationships.
By using internal constraint (8) which give

grad U=RW + QF,

we get the equivalent inequality

dw
%(W, grad A®,

gRTH;W+HFT:Q+z:gradAz7—%{M:Q—Aa:Q,a}+z:gradAﬁ

gradR||2)

1 1 .
:RTH:W+§(HFT—FHT—M) $ Q4 S A gradQ+ Z: grad AU.

We have
A\
E(W,grad AD, ngad R||2)
dW 2 .
= %(W,graqu), grad R||") + 0Zs(W): W
dv . . dR)R”
= {(W —-I)+ @(W) —|—A} : W + grad A® :: grad AU + (grad R)R” : grad Q,
with A € 0Z5(W) = A. As matrix W is symmetric, we find out that
T dv i, L T T
0<<R H—(W—I)—d—B(W)+A :W+§(HF —FII' - M) : Q
1 -
—|—§ (A — (grad R)RT) : gradQ + (Z — grad A®) :: grad AU,
where

((gradR)R") .. = Ri50Rg;.

ijo

The pseudo-potential of dissipation we have chosen assumes dissipation with respect to
stretch velocity W and the spatial variation of the angular velocity 2. Then, we obtain

e the constitutive laws

IT=R(S+A), S8, AcA, (11)
AW .
S = (W—I)+d—B(W)+W, A € 0Zs(W)=A. (12)
Note that the constitutive law for stress A
A € 0Is(W) (13)

means that matrix A is antisymmetric. Stress A ensures that the stretch matrix
W is symmetric. This reaction matrix is an important quantity of the theory.
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Position ® and reaction matrix A are the main unknowns of the problem. We
have

A:W =0,

because W is symmetric and A is antisymmetric. As expected, reaction A is a
workless reaction, un vincolo perfetto in Italian. Constitutive law (13) does not give
more information besides the antisymmetry of A. As usual, the indetermination
on workless reaction A is solved by the equations of motion. Stress S is symmetric.
Stress d¥ /dB is the impenetrability reaction which intervenes to avoid flattening
of the material. Stress W is dissipative. The constitutive law (12) implies that
W e C, because function W(B) is differentiable for B = W.

e [t is impossible to have dissipation with respect to the angular velocity € which
is non objective. Then constitutive law for M is the usual relationship

M = IIF" — FII’; (14)
e the constitutive law for momentum flux A
A = (grad R)R" 4 grad Q, (15)

is dissipative, dissipation resulting from grad €2;
e the constitutive law for Z

Z = grad AO, (16)
is non dissipative.

Remark 7. It is easy to verify that the constitutive laws are objective, as it follows for
instance from results of [1]. The dissipated power

. . 1
O§W:W+§grad9::gradﬂ,

which intervenes in the entropy balance

0s - 1
72 di - -
+ div @ 7

. . 1 -
T {W:W+§grad9::gradQ—gradT~Q},

is an objective scalar (s the entropy, T the temperature and Cj = (Q.) the entropy fluzx
vector, are objective quantities behaving like scalars). There is no dissipation with respect
to Q@ and grad AU which are not objective. In case we assume that 2, the rotation with
respect to the support Iy, is a quantity which describes the deformation of the system
made of the solid and the immobile obstacle, matrixz £ becomes objective.

The constitutive laws are such that

. . 1
W:W+§gradﬂ o grad

A .1
_ 7 _ . o . - T _ T _ .
—{RH (W —1) dB(W)+A}.W+2(HF FII' — M) : Q
1 —
+§ (A — (grad R)RT) : gradQ + (Z — grad A®) :: grad AU,

which is non negative, proving that the Clausius-Duhem inequality is satisfied.
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7. THE EQUATIONS

For the sake of clarity, we make precise the PDE system resulting from the model,
using kinematic relationships, the equations of motion and the constitutive laws plus the
boundary and initial conditions. We look for ¢ and A solving the following equations

d?>d . . P
—E = divIT 4 div (AZ) + f, in D,,

div ((grad R)RT) + AQ + R {AW + WA + WW — WW)} R =0, in D,,

with boundary conditions

. . o .
® =0, grad® =0, N (grad <I>> =0, on I,

grad ® = 0 and no exterior force is applied, on Iy,

in the time interval (0,7"), and initial conditions
dd

®(a,0) = —(a,0) =0

(0.0)=a, “(0,0)=0,

where
F =grad®, W =+VF’F, R=FW !
IT=R(S+A),
oW

S=(W-I)+W+ S5(W), A €dIs(W),

Z = grad A®,
Q=RR'".
Note that the initial and boundary conditions for ® give the initial condition for R,
R(a,0) =1, and a Dirichlet boundary condition R =TI on 9D, see Proposition 10.

Remark 8. Let us point out that we may replace W by W(®) = VFTF and R by
R(®) = FW " in the previous equations. Thus, we actually get two equations for the two
unknowns, position ® and antisymmetric reaction matrix A.

7.1. The 2D Equations. In dimension 2, the direct orthogonal matrix R is defined by
an angle 0,

—sinf cosf (17)

R(0) = [

and the antisymmetric matrix A may be specified with the help of a function z:

A:z[o 1]

cosf sind }

-1 0

Thus, choosing ® (from which one finds 6 thanks to (17) and the definition of F) and
function z as unknowns, we are allowed to recover the following equivalent angular mo-
mentum system

A+ NG + z(wy1 + wag) + (W11 — Wae)wig + Wiz(woe — wyy) = 0, in Dy, (18)
0 =0, on dD,. (19)
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Note that the properties of free energy W(W) ensure that (cf. Proposition 5) matrix W
commutes with matrix OV /0W.

7.2. Properties of Angular Momentum Equation. Let us comment that equation
(18) actually leads to the reaction A, once 6 is determined by grad ®. Indeed, due to the
fact that, by definition of C,, (w11 +waea) = tr W > 2q;, it easily follows that equation (18)
has a unique solution z in R as it is stated by the following proposition.

Proposition 9. If W € C,, is known and suﬁiczently smooth, system (18) —(19) gives a
unique z (and thus A) depending on R, Q, W and W (i.e., 0, 0, W and W ).

We can also prove that

Proposition 10. Boundary condition 2= 0 on 0D,, which is equivalent to R =1, is
satisfied if
grad® =0, on 0D,.

Proof. If grad® = 0, we have grad ® = I because grad® = grada = I at time t = 0.
Then, we have that

R = grad PW ! + grad @%W‘l =0,

owing to

w=2Lvrrr=1_
dt dt

which also gives

d
—W =0
dt
It results that
Q=RR' =0.
Relationship €2 = 0 or R =0 is equivalent to R =1 due to the initial condition. U

Let us note that the boundary condition for the angular momentum equation results
from the boundary conditions for the linear momentum.

7.3. Variational Formulation of the Equations and Existence of a Solution.
Actually, we are not able to solve directly the PDE system we have summarized at the
beginning of this section, due to a lack of regularity of the solutions. Thus, we introduce
a weak version as it is stated in the following. However, let us point out that our weak
formulation may be read as a mechanical duality between forces and velocities. To this
aim, let us define the space of the virtual velocities

-

V(T) = {@’6 L*(0,T; H*(D,)) : ‘fl—f € L*(0,T; L*(D,)),

0
F =0, grad g =0, (grad ) =0, on Iy, grad@ =0, on Fl},

ON

and the spaces of the virtual angular velocities

Vo(T) = {Q € L2(0,T; H(D,)): Qe A Q=0, on apa} ,



2D MOTION WITH LARGE DEFORMATIONS 13

or
Vo(T) = {¢€ L*(0,T; H(D,)) : £=0, on 9D, },
with
for every Q € V,,(T) there is a unique & € V,(T)

0 1
-1 0

For the sake of simplicity, we are using the same symbol X for a Banach space and
any power of it. We use the notation ((-, -)) for the duality pairing between V(T) and
1% ( ), while the duality between V,,(T") and V,(T") and their dual spaces is realized by
fo , - )dt, where (-, -) is the usual duality pairing between the Hilbert space Hj(D,)
and its dual space. Finally, note that, as usual, L?(D,) is identified with its dual space.
The variational formulation of our problem is the following.

Problem (P). We look for the pair (®, z) fulfilling

such that = & {

] , and viceversa.

® € L=(0,T; H*(D,)) N H*(0,T; H'(D,)) N WhH>(0,T; L*(D,)), (20)
d*d ) )

7 €V(T),  zeVUT), (21)

®(a,0) =a %(a, 0)=0, a€D,, (22)

a) € V(T), and for all g e V(T),

O .
dtg’(p // { -1 +W+W(W)}:gradapdad7'

+/ —(A,R" grad @ — (grad 3)"R) dr
0

T T
+/ / grad A® : grad Agdadr = / f-@dadr, (23)
0 Jp, o Jp,

and such that there exists a function 6 with
0eV,(T), 0(a,0)=0, aeD, andforall &eV.(T),

/OT/D {grad 0+06)- gradf} dadr = /OT (2, (w11 + wy)E) dT

T
+/ / ((u')n — u')22)w12 + w12(w22 — wu))fda dT, (24)
0 JDa
where W is specified by (9), and
W = VFTF, F =grad®, RW =F, (25)
0 1 cosf sind
A:Z{—l O}’ R:{—Sinﬁ COSQ] (26)

Remark 11. Concerning the variational equalities (23) and (24), we point out that, due
to the resulting regularities of R, W and 3, £, actually RT grad @ — (grad @)TR. belongs
to Vi and (wyy + weo) is in V,. As A is antisymmetric, it turns out that
R” grad @ — (grad §)TR.

A:RTgrad g = A : 5

(27)
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Note also that in mechanical parlance the above duality pairings may be understood as
integrals.

By use of a suitable Galerkin approximation combined with a priori estimates — passage
to the limit techniques (see the next section for details), we can prove the following local
in time existence result.

Theorem 12. Assuming that f belongs to L>(0,T; L*(D,)), there erists T with0 < T <
T, such that the Problem (P) admits a solution in (0,T). Moreover, the estimates

”(I)||L°°(0,T;H3(Da))ﬂH1(0 T;HY(Dg))NW 1,2 (0,1 L2(Dy)) s

H dt? V’(T)
<c

HWHLOO (0,7;H2(D,))NH(0,T;L2(Dy)) = &
H‘Ij( )”LOOOTLl(Da)) G

HQHLoo(o,T;HQ(Da))mHl(O,T;Hl(Da)) =6

HRHLoo(o T:H2(D,))NH(0,T;H (Dy)) =c

2l iy + 1ALy, @y < €

hold for some positive constant ¢ depending on T' and on the data of the problem.

8. PROOF OF THE EXISTENCE RESULT

In this section we give some details on the proof of the existence (and stability) result
stated by Theorem 12. The outline of the proof is the following. We first apply a Galerkin
approximation of our system, proving the existence of a solution for the finite dimensional
approximated problem, at each discretized step, depending on a parameter n. Then, we
perform some a priori estimates on the solutions, independently of the parameter n. We
prove, in particular, that there is a time interval (0, T ) with 0 < T < T, in which, for each
step n, there exists a solution to the discrete problem. Finally, we pass to the limit by
use of weak(star)-strong compactness results and, after the identification of the limits for
nonlinear terms in the system, we prove that the limit problem admits a (weak) solution,
at least locally in time.

8.1. The Galerkin Approximation. Let
®,(a,t) = z;(t)u;(a) +a, 0<i<2n+1,
with @; € V and where V is the space of the velocities
o
ON

V= {gﬁe H3*D,): =0, gradg) =0, on Iy, gradg =0, on (’91)} (28)

The @;(a) (actually belonging to C3(D,)), 0<i<2n+1, span the linear space VaC V.
Note that V - V for n < m and that UneNV is dense in V. We choose

ﬁzk(a):[w(éa)}’ Uon41(a) = {wké)}, 0<k<n.
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where ¢, € C3(D,) are known. For z(t) = (;(t))o<i<ons1 We define @, (a, z(t)) = ®,(a, t)

and observe that the quantity Hén(a, T)— JHHB(D , 1s a norm of z in R>+2 We have

. A

b, (a,t) = z;(t)i(a) =: Dp(a, ),

and observe that ||(i>n(a, x')HLQ(D) is a norm of 4 in R?**2. We aim to approximate

matrices F,(a,t) and W, (a,t) as well. We have
grad @, (a,t) = F,(a,t) = I + z;(t)grad @;(a) =: F,(a, z(t)).

Hence, we infer that

R, (a,t) = R(F,(a,t)) = R(F,(a,2(t)) = Ra(a, z(t)),

and let
W, (a,t) = W, (a,z(t)).

Before introducing the discrete problem, we state some results on the approximation
of functions. For the sake of simplicity, we do not report technical details of the proofs.

The following proposition defines a set CO’Z approximating C,NS.

Proposition 13. Condition W, (a,z) € Co NS is equivalent to = € C™, where C™ is an
open set of R*"*2 which contains vector x = 0.

Now, let us comment on the functions W, (a, z), R, (a, 2) approximating W(F), R(F).
Due to Proposition 2 and the fact that matrix F is a linear function of vector x depending
on a we can prove the following result.

Proposition 14. If ||<i>n(a, x) — a“H3(D y S ¢ and z € C", functions © — Ry (a,z) and

T — Wn(a,x) are C* functions of x. All the derivatives with respect to x are globally
bounded. In particular x — Ry, (a,x) and x — W, (a,x) are, uniformly with respect to a,
Lipschitz functions of x.

O (q,7,) and Vs (q, 7, 7) that

Finally, we state properties concerning the functions
approximate R(F,F) and W (F, F).

Proposition 15. If H('l:)n(a,x <e, @, € L®(0,T,: L*(D,)), i.e.,

) = 6“H3(Da)

Hfi)n(a,j: <c and x € CZ,

Mz,

functions x, & — 8&” (a,2,%2) = Ry(a,t) and z,& — 3‘;7" (a,2,%) = Wy(a,t) are C

Junctions of x,&. All the derivatives with respect to x,& are uniformly bounded with
respect to a and x,t. In particular x,t — 83” (a,z,%) and z,& — a‘gt’" (a,z,&) are,

uniformly with respect to a, Lipschitz functions of x, .

Now, let us approximate function z as follows.

Proposition 16. If Hfi)n(a,x <e, @, € L®(0,T,; L*(D,)), i.e.,

) = 6“H3(Da)

H(i)n(a,:t)HLQ(Da) <c¢ and z€C",
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2, ) [ Yo }
1

(ot (@, ) + wazs(a, 1) { (div ((grad R,)RY)) (a.1) + (div (grad R,R])) (0. 1))

+ R,(a,1) <Wn(a, HW,(a,t)— W (a, 1YW, (a, t)) R (a, t)} (29)

the relationship

defines a function
eanim) | ° o).

Note that Z is a C* function of x and x. All the deriwatives with respect to x and x
are uniformly bounded with respect to a, x and &. In particular, Z(a,x,%) is a Lipschitz
function of x and & (uniformly with respect to to a).

To deal with the approximating function %(Wn(a, x)) of %(W) we exploit the fol-
lowing result.

Proposition 17. If ||<i>n(a, x) — 6||H3(D < candzx € C’? with v > «, the function

A~ A ~ ) o

L (W) = 22(W,,) is a C™ function of? €~Cl;” . All the derivatives with respect to
are globally bounded. In particular, x — %(Wn(a, x)) 1is, uniformly with respect to a, a
Lipschitz function of x.

Analogously, we aim to approximate grad A®.

Proposition 18. If H(’I:Dn(a, x <candzx € ég, the function

) — 6HH3(DG)
r — grad Ad, (a,x)= (zrgrad At (a))

18, uniformly with respect to a, a linear Lipschitz function of x.

Now, we are in the position of introducing the finite dimensional approximated problem
as follows (it is written in a suitable variational formulation and Z depends on x and ).

Vi, 0<i<2n+1, /—

e AW, . o0 -

dt A%

+ grad A®,, : grad Aw; da = f - da, (30)
Da
combined with (29). Note that (30) leads to
2(0) = 0, #(0) = 0, (31)

where M is the mass matrix,
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and
‘ - - dW, 00 -~ 0 1], .
Gi(x)t + Gy(z) = /a (Rn{(W,{1 -I)+ I + W(Wn) + zp { 10 } } : grad u;

+grad Ad,, : grad Aﬁi> da.
Recall that we assume .
f e L>0,T; L*(D,)). (32)
Let vectors v € R¥*2 ¢ € R**2 and define ®,(v) = v'@, (@) + @, O,(0) = o'd:(a).
The set
F

{('U,TA}) c (R2n+2)2 . Hq)n(i)) — C_]:HH3(DG) < 1,

W, (,(v) € C,, || @n(0)

) < 02} , (33)
with 1 > v > «, is an open set which contains (0, 0).

Remark 19. Let us recall that we have chosen the norms v — HCD”(U and

) = JHHB(DQ)
0 — H(I)n(@)”m(m) in R?"*2 because they are going to be useful when dealing with the a

priori estimates.

We observe that the function (v,9) — G1(v)0 + G2(v), is a Lipschitz function.

As a consequence of the above argument, the differential equation (31) has a solution
in time interval [0,7},], with 0 < 7T,, < T', which satisfies

[@0(t) = @l s o,y <1 NEa®)] 12 g,y <20 Wald@t) € C.

Time T,, depends on ¢y, ¢o, n and 7.

8.2. The a Priori Estimates. We perform suitable a priori estimates on the approxi-
mated problem given by (29), (30) (written in terms of z, and ®,,), actually not depending
on n. We point out that, for the moments, the existence of a solution for the discrete
problem is given, for each n, in (0,7},). Now, we test (29) by (w11 + wn22)6,)/2, and (30)
(written for z, and ®,) by ®,, and integrate over (0,¢). We add the two relationships.
Some terms cancel and we can integrate by parts in time and get

3 [ #0ds [ L IwW.0-1 00,00 dot [ 1900

+1/ ngadA@n(t)”Qda

2 Jp,

1 t .

+§/D ||grad0”(t>H2da+/0 || grad 0n||%2(Da)dT

_/OtD f-(i)ndadTJr/ U(I) da. (34)

Remark 20. Note that
grad A®,, = Agrad @, = (,,), 155 = (Pn); 534 -

Thus A(grad ®,,) is bounded in L°°(0,T,; L*(D,)). With boundary condition grad ®, =1
on 0D, we deduce that grad ®,, is bounded in L>(0,T,; H*(D,)).
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Remark 21. Relationship (84) is the integral with respect to time of the principle of
virtual power where the velocities are the actual ones.

We directly get the following estimates

[P [lw .00 0,7 22(Da)) Lo (01313 (D0)) < €
IWallmio,1:02(00)) < €5
1 (W)l 0120 (a)) < €
16l 110,117 (D)) < €

Moreover, with the a priori estimates and the above propositions (see, in particular,
Proposition 2), it results that

1®nll 0,151 (D)) < €4
16n | o< (013352 (D)) < €
Wl oo .52 00y < 6
IRl 0,2 120011 010 L (00)) < -
Indeed, these a priori estimates follows by the fact that once ®,, is bounded, as W,, and
R, are smooth functions of grad ®,,, they are bounded, too.

Actually, the bounds do not depend on n, but (for the moment) they may depend on
T,,. However, we will show in a while that we can find some uniform bounds on a interval
(0,T) for the solutions, with 7" independent of n. Hence, we are allowed to write

R Aén + A0, B (Wn11 — Wn2a)Wn12 + Wnio(Wn2a — Wpi1)
" (Wn11 + Wpa2) (Wn11 + Wpa2) ’
where
1 1
< —mM < —.
(Wp11 + Wpa2) 200

Let us test the previous equality by & € V,, by inferring that

t t
/ / zp&dadr = / / (grad 0, + grad 0,) - grad & da dt
o Jo, 0o Ja, (Wn11 + Wha2)

i /t/ (wnll - wn22)wn12 + wle(wn22 - wnll)fd(l dT
0JD, (Wn11 + Wno2) ’

where

£ _ grad & B grad (wp11 + Wpa2)
(Wn11 + Wpa2) (Wn11 + wa2) (Wn11 + Wpa2)? '

grad

Moreover, in view of (wn11 + wn2a) > 2a, as the term grad (w,11 + wyg2) is bounded in
L>(0,T,; H'(D,)), we have

§

e | RO

) < CH§||L2(0,T,L;H1(DQ))'
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We also have

/t/ (11 — Wna2)Wnio + Wpia(Wnoe — wnn)fda dr
0 o

(Wn11 + Wpa2)

- /t/ |thn11 — Wnaa| [Wn2| + [z [wn22 — wan &| dadr
= JoJo, 200

< c||wy |,

||L°°(0,Tn;L°°(Qa)) HLQ(O,Tn;LQ(Qa)) KHLQ(O,Tn;Hl(Qa)) S CH£HL2(O,Tn;H1(Qa))'

Since (grad § + grad 6) is bounded in L?, we deduce that

t
‘// z,& da dr
0JD,

so that z, is bounded in V.(T},), and A,, in V! (T}).

< C||§HL2(0,Tn;Hl(Da))’

Now, let us point out that the a priori estimates on ®,, and <i>n show that 7T,, does not
depend on ¢; and ¢y (see (33)) provided they are taken large enough. We let W satisfy

A

U(I) = 0. Then, from (34) it follows that
1 . t oo

—/ @i(t)dag/ f-®,dadr,

2 Jp, 0D,

which gives, along with (32) and the Gronwall lemma,

H(i)”<t)HL2(Da) < ct.

With this estimate, from (34) we infer

t
%HA(grad@n(t))}ﬁz(D)dag// fr®,dadr < ct?.
a o Jo.

We know that
grad ®,(t) =1, on 0D,

and therefore
|F,.(a,t) —I| = |grad ®,(a,t) — 1|

< cHA(grad D, (t )= cHA(grad D, (1) < ct.

))HLQ(Da - I)Hm(pu)

Then, for t < t; we have
l+ct>|Fy(a,t)| >1—ct>d>0,
|det F, (a,t) — detI| = |det F, (a,t) — 1| < c|Fp(a,t) — 1| < ct,
because the derivatives of det F with respect to F are bounded. Thus, for t < t, < t; we
see that
det F(a,t) = det W, (a,t) > 1 —ct > ~+* > o’
As a consequence, for t < t, we have det F > ~? and
trW = VtrFTF + 2det F, [tr W —trI| = [tr W — 2| < ¢|F,(a,t) — I| < ct,

due to the boundedness of the derivatives of tr W with respect to F (note that tr FF > 0).
Then, we obtain

trW >2—ct>2y>2a for 0<t<ty<ty<ty

and for ¢ < t3 = T we have z,(t) € Cl;‘ Thus, there is a solution to the approximated

problem (31) up to time T which is independent of n, ¢; and cs.
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Proposition 22. If assumption (32) is satisfied, there exists T > 0 such that the approz-
imated problems (31) have solutions up to the time T

Remark 23. As fort < ty there holds
tr'W = \/trFTF+2detF > v2detF > \/57,

it 1s clear that to ensure the property tr W > 2a we may need to have t < t3 < 5.

8.3. Convergence Results. Using well-known weak, weak™®, and strong compactness
result on the interval (0,7), we get the following convergence results, holding at least for
subsequences,

®, —* @ in WH(0,T; L*(D,)) N H'(0,T; H'(D,)) N L>®(0,T; H*(D,)),
®, — @ in C([0,7]; H*(D,)),
6, —* 0 in H'(0,T; H'(D,)) N L>®(0,T; H*(Q)),
0, — 0 in C([0,T]; H(D,)),
R, —* R in L®(0,T; H*(Q,)) N H*(0,T; H(Q,)),
R, — R in C°([0,T]; H'(D,)),
W, —* W in H'(0,7; L*(D,)) N L=(0,T; H*(Q,)),
W, — W in C°([0,T]; H' (D)),
A, — A inV (1)

Note that if ¢ € V, then we infer that R grad @ — (grad @)" R, € V,, or that the
non-null element of this antisymmetric matrix is an element of V,, because

R grad @ — (grad gB)T R, =0, on dD,.

Thus, as R,, converges strongly in C°([0, T], HY(D,)) and, on the other hand, A,, converges
weakly in V!, (T'), the integral

t 1 t
/ R,A, : grad Gdadr = 5/ (A, Rl grad @ — (grad @)" R, )dr
0JD, 0

converges t00.

Now, we introduce a definition of the limit process.

Definition 24. We say that the exterior force is not extreme or does not tend to crush
the solid if V(W) is globally bounded, i.e., if there exists ¢ > 0 such that

V(a,t), ¥(W(a,t)<c
We show below that we can select a motion, as long as this assumption is satisfied.

Proposition 25. Assume that the exterior force fsatisﬁes (32); then there exists T>0
such that the exterior force is not extreme in the time interval [0, T}.

Proof. From Proposition 22, we have that

det W(a,t) >~v*>a? trW(a,t) > 2y > 2a.
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Then, it follows that

A

U(W(a,t)) = I9°(det W(a, t)) + I (tr W (a, t)) < I9%(y?) + I'"(2y) = c.

t

Note that assumption (32) is satisfied by any practical loading which does not crush
too much the solid.

Proposition 26. For all (a,t) fulfilling (W (a,t)) < ¢ and |[W(a,t)| < ¢, there hold

ov
RnW(W )a, )| <

A

¢ for some constant ¢ > 0. (35)

Proof. It U(W (a,t)) < ¢, there exist y such that trW,, > 2y > 2a and det W,, > 72 > a2
Then (35) follows from formula (10) and the fact that W, (a,t) is bounded. D

A

The property (35) is satisfied in the time interval [0, 7] as we have that
trW,, > 2y > 2a, detW, >+>>a’ and |W(a,t)| <c

Thanks to relationship (35) and using the approximated linear momentum equation of
motion, we get for ¢, € L*(0,T;V,)

nlLIEO/ / dt2 - Gpdadr
N .
// —I+W+W(W)}.grad¢pdad7
+ / —(A,R" grad @, — grad 3 @ TR)dr
0

T T
—/ / grad A : gradAgBPdadT—l—/ JF'QdeadT = (B, &p)),
0 o 0 JD,

where B is the element of the dual space of V(T') defined by
o ,
//a —I+W+W(W)}.grad¢dad7
+/ —(A,R" grad 3 — grad g’ R)dr
0

T T
—/ / grad A® : grad Agda dr +/ f-Jdadr.
0 Jo, 0 Jo,

This result is not sufficient for the convergence of d?®,,/dt* because we cannot, exchange
the limits n — oo and p — oo with lim, ., §, = @#. We couple this result with the
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convergence for d®,,/dt and point out that 7 = &, + (F — @,). We have

nh_{glo// dt2 SBdadT:JLr{)lo// dt2' Gp + (= Fp)) dadr
= ((B, @p)) — lim {// : sDp)daah'}

# Jim { [ D) (D) - G

n—oo

and, with the a priori estimates on d®,,/dt,

_Jingo{// . *>M}

// d® d(3 )dad7_<<(j (&= &p)))

and
Ay an iy L e dd L.
/Da dt (T) : (QO(T) - QOP(T)) dCL S HW”LW(O,T;L%DQ)) ’SO - SOP Y
where C belongs to the dual space of V(T'). Then, we infer that
T 2
. d ®TL — — — —
i [ e Gdadr - (g <@ - Gl
n—oo Jo Jp,

for all p, whence

=0,

nlijgo// - Gdadr — ((B,@)

and 4 df;" — B, weakly in the dual space of V(T'). Then d?®,,/dt* is bounded in the dual

space of V(T') and ®,, converges strongly in C([0, T]; L*(D,)).

Thus, we are now in the position of passing to the limit in (23), (24) (written for n)
and solve Problem (P). Of course, the kinematic relationship grad = RW is satisfied.

Remark 27. Due to regqularities we have obtained, and by a comparison in (23), the term

()

is linear and bounded with respect to @ varying in L*(0, T f)), where V is defined in (28).
Then, by using a density argument in (23), it is not difficult to check that

|

d*®
dt?

L2(0,150) —
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and that the variational in equality (23) can be equivalently rewritten as

9,(657(3(t),g5>9+/ R{(W—I)—FW—F;—‘\;(W)}(t):grad Fda

+(A(t),RT(t) grad @ — (grad @) R(t)) +/ grad A®(t) : grad Agda

a

= ft)-@da  forall eV, forae te(0,T) (36)
Da

9. WHAT OCcCcURS WHEN TiME T < T'. A MECHANICAL REMARK

After time T, there may be at some time ¢, a null measure set, for instance a curve,
where

R—=(W)(a,1)

dU .
pr— m p—
| B o, W(W)(a,t) = oo,

together with
/ U(W)da < c.

On this curve, it happens that
W(a,t) € 0C,.
and the velocity
W (a, 1)
cannot be continuous with respect to time because W (a,t) has to remain in C,. Thus
there is a time discontinuity of the velocities ® and () satisfying

R’ grad [QD] = [W} +RT[Q]F,

owing to relationship (8) (the brackets denote the time discontinuities). A collision occurs.
The predictive theory we have chosen does not take into account collisions. Thus, it is a
mechanical phenomenon which makes impossible to have a solution, i.e., a smooth motion,
after time 7.

Let us stress that before time T the deformations may be large up to —(1 — 7). This
means negative elongation up to —99,999..%, which is enough for many practical prob-
lems. We may say that if the exterior forces are not extreme, we can predict the motion
of a solid with large deformations. In any case, we predict the motion when it begins and
before a possible flattening or crushing, for instance when you crush fresh pasta between
two fingers.
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