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Free boundary problems in partially saturated porous media 
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    We deal with the filtration of liquid in a partially saturated porous medium in the one-dimensional case. We 
assume a given constitutive relation between saturation and pressure; the analyse both the cases with and without 
gravity. Under different kinds of boundary conditions, we analyse the occurrence of free boundary problems and 
formulate the correspondent mathematical models for which we look for well-posedness results. If time is left, we 
assume a constitutive relation with hysteresis between saturation and pressure and analyse under which kinds of 
boundary conditions we have the occurrence of free boundary problems.  
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On the tolerance modelling of functionally graded materials (FGM) 
with the locally-periodic microstructure 
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Technical University of 	ód� , Department of Structural Mechanics 
al. Politechniki 6, 90-924, 	ód� , Poland 

e-mail: czeslaw.wozniak@p.lodz.pl 

A tolerance modelling of composites with the periodic or locally-periodic microstructure can be regarded, 
from the physical point of view, as a certain generalization of the well-known homogenization approach. 
This generalization leads to the macroscopic (averaged) field equations with coefficients depending on 
the microstructure length, cf. [1]. So far, the tolerance modelling was based on some heuristic 
assumptions related to the decomposition of microscopic fields (like the temperature and displacement 
fields) into the averaged and fluctuation parts. 

The aim of this contribution is to outline a formalized approach to the tolerance modelling of FGM 
with the locally-periodic microstructure. To this end the new definitions of slowly-varying and locally-
periodic functions as well as the new definition of tolerance averaging are proposed. The crucial role in 
the modelling formalism plays the fundamental micro-macro decomposition lemma. This lemma makes it 
possible to represent a microscopic field under consideration by its averaged part and by the extra 
macroscopic fields which are referred to as the fluctuation amplitudes. The averaged microscopic field 
together with the fluctuation amplitudes are slowly-varying functions representing new basic macroscopic 
unknowns. 

Governing macroscopic equations for those unknowns are derived from the principle of stationary 
action after the tolerance averaging of the pertinent microscopic Lagrange function. It is shown that by 
neglecting in the governing macroscopic equations terms depending on the microstructure length, the 
obtained results coincide with those derived from the homogenization approach. 
 
1. WO

�

NIAK CZ., WIERZBICKI E., Averaging techniques in thermomechanics of composite solids.     
Tolerance averaging versus homogenization, Wydawnictwo Politechniki Cz� stochowskiej, 
Cz� stochowa, 2000. 
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 We analytically examine instabilities and breakup processes of a compound liquid jet which consists of a core and 
a surrounding annular phase. By applying long wave approximations to both phases, we obtain reduced nonlinear 
evolution equations for large deformation of the jet. The equations are found to be more refined than the past ones 
based on the Stokes approximation in the sense that both inertial terms in the momentum equations and velocity 
shear between the phases are taken into consideration. When the jet is doubly infinite, numerical analysis of the 
equations shows that breakup appears through a periodic sealing-off of the annular part, whose profiles are largely 
affected by the surface tension and density ratios as well as velocity shear between the phases. On the other hand, 
for the semi-infinite jet the analysis shows that the breakup appears near the nozzle exit and its profile strongly 
depends upon the input wave profile for small Weber number. For larger Weber number, however, the breakup 
appears more and more downstream and its profiles hardly depends upon the input waves, which may result from 
the absolute instability in the linear regime. In addition, sufficient increase of the viscosity in both phases cause the 
breakup by ballooning of the annular sheet. 
   This talk reports on a joint work with  Michiko Maeda, from the same department as the author. 
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 This contribution reports on a joint work with B. Michalak and deals with a heat conduction in 
infinite hollow cylinder with apparent properties smoothly varying along the radial direction. The aim of 
this contribution is the analysis stationary and nonstationary heat transfer in the two-phase hollow 
cylinder with a deterministic microstructure. This microstructure is periodic along the angular axis and 
has slowly varying effective (macroscopic) properties in the radial direction. Since apparent properties in 
the radial direction can characterize a smooth passage from one component material to the other, thus we 
deal here with a  special class of the functionally graded materials, FGM, cf. Suresh, Mortensen (1998). 
The exact equation of Fourier heat transfer comprise highly-oscillating and non-continuous coefficients. 
A formulation of macroscopic models of composite conductors with a deterministic microheterogeneous 
structure can be based on the non-uniform homogenization cf. Jikov at al.(1994). However, the 
homogenization technique leads to the model equations independent of the microstructure size on the 
overall response of the FGM-conductor. The proposed modeling procedure is based on the tolerance 
averaging technique of  the Fourier heat conduction equation, cf. Wo� niak, Wierzbicki (2000), and 
general approach to the description of longitudinally graded stratified media can be found in [Michalak at 
al. 2007]. This model takes into account the effect of microstructure size on the overall heat transfer 
behaviour. 
The obtained averaged model equations will be applied to analysis stationary and non-stationary problem 
of heat transfer in the circular microheterogeneous hollow cylinder. Since the proposed model equations 
have smooth and slowly varying functional coefficients then in most cases solutions to specific problems 
of the heat transfer in conductor under consideration have to be obtained using numerical methods. . In 
this contribution we shall use finite difference method to derive the solution of averaged model equations.  
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This presentation reports on a joint work with Jaros
aw Jêdrysiak. The object of our considerations 

is a two-component composite made of conductors, which are non-periodically distributed in the form of 
micro-laminas along the thickness of the layer. It is assumed that the macroscopic properties of this 
laminated composite vary continuously across laminas. This kind of materials is called functionally 
graded materials (FGM), cf. [8]. 

In order to describe the behaviour of FGM-type composites some methods can be used, which 
were proposed and discussed in [8]. Between these methods, we have to mention those based on the 
asymptotic homogenization proposed for periodic composites and structures, [2]. For analysing the heat 
transfer problems it can be also used the method proposed in the framework of models with micro-local 
parameters, [4]. Unfortunately, the above models usually neglect the effect of microstructure size on the 
overall behaviour of laminates. Another way to solve the problem is the higher-order theory for 
functionally graded materials presented in [1]. 

It is possible to consider the effect of microstructure size by using the tolerance averaging 
technique, presented for periodic composites in [10]. In the last years the modified tolerance averaging 
technique was applied for problems of FGM-type structures, e. g. elastodynamics [7, 9] and heat 
conduction in [5, 3 and 6]. This approach leads from equations of those structures with functional, highly-
oscillating, locally-periodic and non-continuous coefficients to the system of differential equations with 
slowly-varying coefficients, describing the effect of microstructure size on the overall behaviour of the 
composite with a microstructure. The aim of the paper is to compare results of one-direction heat 
conduction in the FGMtype laminate across laminas calculated by the tolerance model, [3], and the 
higher-order theory, proposed in [1]. 
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The dynamic modeling and analysis of certain functionally graded plates 
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This presentation reports on a joint work with B. Michalak. The subject of an analysis are thin plates with 
apparent properties smoothly varying along the preferred direction. The aim of this contribution is to 
formulate and investigate an averaged model describing the dynamic behaviour of a plate with 
inhomogeneous microstructure which is periodic along a certain direction and have slowly varying 
effective properties in the perpendicular direction. Since effective properties of this composite plate are 
graded in space then we deal with special class of the functionally graded materials, FGM, cf. Suresh, 
Mortensen (1998). 
The exact equations describing of the dynamics behaviour of the FGM-plates comprise highly-oscillating 
and non-continuous coefficients. The modeling problem is how to describe microheterogeneous plate by 
certain averaged equations with functional but smooth and slowly varying coefficients. For the above 
problem we can apply homogenization technique for equations with non-uniformly oscillating 
coefficients, cf. Jikov at al.(1994). However, the averaged model obtained by using this method neglects 
the effect of the microstructure size on the overall response of the FGM-plate. The proposed approach is 
based on the tolerance averaging of equations of motion for thin elastic plates and is a generalization of 
the tolerance averaging technique for composites with periodic microstructure, cf. Wo� niak, Wierzbicki 
(2000). 
The aim of this contribution is two-fold. First, to formulate a non-asymptotic model of the FGM-plate 
under consideration. This model takes into account the effect of the microstructure size on the dynamic 
behaviour of the FGM-plate. Second, to investigate a free-vibration problem in the framework of non-
asymptotic model.  
The obtained averaged model equations will be applied to analysis a free-vibration problem for the 
annular plates. Since the proposed model equations have smooth and slowly varying functional 
coefficients solution to eigenvalues problem for circular plates will be obtained using finite difference 
method. 
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