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Nonlinear-Dynamical-System Approach to
Magnetization Dynamics in Ferromagnets

Giorgio Bertotti
INRIM - Istituto Nazionale di Ricerca Metrologica
Strada delle Cacce, 91, 10135 Torino, Italy

The space-time magnetization dynamics in ferromagnetic systems is governed by the
Landau-Lifshitz-Gilbert (LLG) equation coupled with Maxwell equations. Numerical
solutions of the LLG equation are routinely used i the development of magnetic-
recording and spintronics devices. If one limits the analysis to nanomagnets with
spatially uniform magnetization, though, a wealth of interesting features can be revealed
by recognizing the fact that a LLG system 1s nothing but a nonlinear dynamical system
evolving on the surface of the umit sphere [1]. The dynamical-system perspective
reveals basic aspects of the magnetization dynamics which are topological in nature and
for this reason are particularly general and robust. On the other hand, the full
comprehension of spatially uniform magnetization dynamics 1s an essential first step
before moving to the numerical study of complex spatially non-uniform configurations.
The general form of dynamic equation consistent with the spherical character of the
phase space will be derived and discussed. It will be shown that this general equation
contains as particular cases a number of situations of applicative interest, like
precessional magnetization dynamics leading to fast (picosecond-scale) magnetization
reversal: microwave-field-assisted magnetization dynamics; spin-transfer-driven
magnetization dynamics in the presence of spin-polarized electron currents. For this last
case, the conditions leading to the appearance of limit cycles will be discussed, as well
as the bifurcation conditions leading to abrupt transitions from fixed-point to limit-cycle
solutions and vice versa. This case 1s of particular applicative interest i view of the
development of current-controlled oscillators and microwave generators of nanometric
dimensions.

[1] G. Bertott1, I. D. Mayergoyz, and C. Serpico, in The Science of Hysteresis, Volume
II: Physical Modeling, Micromagnetics, and Magnetization Dynamics, G. Bertotti and L
D. Mayergoyz, Editors (Elsevier, Oxford, 2006).
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Global energetic solutions for finite-strain plasticity with
gradient regularization

Alexander Mielke

Finite-strain plasticity is based on the multiplicative decomposition of the strain tensor
Vi = [y P into an elastic part Iy and a plastic part P. The former is used for calculating
the stored elastic energy, whereas the latter is driven by a plastic flow rule.

We reformulate the flow rule as an internal force balance (Biot’s equation) using a
dissipation potential R, i.e., the flow rule is associative and obeys the principle of maximal
dissipation. From the dissipation potential we construct a dissipation distance D), which
allows us to define time-incremental minimization problems that perfectly respect the
underlying matrix-group structure. In particular, we emphasize the fact that Vo = F
lies in the general linear group GLT(RY) = { A € R¥“| det A > 0} and the plastic tensor
P in another Lie group, usually P € SL(R?) = { A € R | det P =1 }.

We reformulate the evolutionary boundary-value problem in terms of the energetic
formulation that consists of a purely static global stability condition (S) and a total
energy balance (E). We denote by ¢ = (¢, P.p) : @ — R¥<SL(R%) xR™ the state of the
system, where ¢ is the deformation, P the plastic tensor and p plastic hardening variables.
The energy stored is £(. ) and the dissipation distance D between two states g and @ is
given by integrating D over §). Then, triple q : [0,T] — Q is called an energetic solulion
for the rate indpendent system (Q. &, D) if for all t € [0, T] conditions (S) and (E) hold:

(S) E(t.q(t) < E(t.@) +D(q(t).q) for all G < Q.
(E) &(t.q(t)) + Dissp(q. [0.t]) = £(0,¢(0)) + fg’ D:E(s, q(s)) ds.

This energetic formulation has the major advantage that it avoids time-derivatives ol the
desired solutions and it avoids derivatives of the energy and dissipation potentials. Hence,
energetic solutions are rather weak and allow for jumps in time. We show that solutions
of the time-incremental problems exist and that, after choosing a suitable subsequence,
we have convergence to an energetic solution if the timestep goes to 0.

The mathematical analysis relies strongly on a gradient regularization, which provides
the desired compactness and thus prevents formation of microstructures. However, the
formulation is so general that it includes isotropic situations as well as crystal plasticity
with latent hardening.

[1] G. Francfort and A. Mielke. Existence results for a class of rate-independent material models with
nonconvex elastic energies. J. reine angew. Math., 595:55 91, 2006.

[2] E. Giirses, A. Mainik, Ch. Miehe, and A. Mielke. Analytical and numerical methods for finite-strain
elastoplasticity. In Multifield Problems in Solid and Fluid Mechanics. volume 28 of Lect. Notes Applied
Comput. Mech., Springer 2006; pp 443 481.

[3] A. Mainik and A. Mielke. Global existence for rate-independent gradient plasticity at finite strain.
J. Nonlinear Science. 2008, Submitted. WIAS preprint 1299,

[4] A. Mielke. Existence of minimizers in incremental elasto plasticity with finite strains. SIAM J. Math.
Analysis, 36:384 404, 2004.

[5] A. Mielke and S. Miiller. Lower semicontinuity and existence of minimizers for a functional in elasto
plasticity. ZAMM Z. angew. Math. Mech.. 86:233 250. 2006.
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L. Truskinovsky
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Free boundary problems in partially saturated porous media

Michela Eleuteri
(% % % %' # S

We deal with the filtration of liquid in a partially saturated porous medium in the one-dimensional case. We
assume a given constitutive relation between saturation and pressure; the analyse both the cases with and without
gravity. Under different kinds of boundary conditions, we analyse the occurrence of free boundary problems and
formulate the correspondent mathematical models for which we look for well-posedness results. If time is left, we
assume a constitutive relation with hysteresis between saturation and pressure and analyse under which kinds of
boundary conditions we have the occurrence of free boundary problems.
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On the tolerance modelling of functionally graded materials (FGM)
with the locally-periodic microstructure

CzesAaw WO NIAK

Technical University of 6d, Department of Structural Mechanics
al. Politechniki 6, 90-924, 4d Poland
e-mail: czeslaw.wozniak@p.lodz.pl

A tolerance modelling of composites with the periodic or locallygpkér microstructure can be regarded,
from the physical point of view, as a certain generalizatiom@ftell-known homogenization approach.
This generalization leads to the macroscopic (averaged)dupldtions with coefficients depending on
the microstructure length, cf. [1]. So far, the tolerance modelMm@g based on some heuristic
assumptions related to the decomposition of microscopic fields flikeeimperature and displacement
fields) into the averaged and fluctuation parts.

The aim of this contribution is to outline a formalized approach toalleeance modelling of FGM
with the locally-periodic microstructure. To this end the new defms of slowly-varying and locally-
periodic functions as well as the new definition of toleranceaaieg are proposed. The crucial role in
the modelling formalism plays the fundamental micro-macro decatiggoemma. This lemma makes it
possible to represent a microscopic field under consideration gvéiaged part and by the extra
macroscopic fields which are referred to as the fluctuatioplitudes. The averaged microscopic field
together with the fluctuation amplitudes are slowly-varying flenst representing new basic macroscopic
unknowns.

Governing macroscopic equations for those unknowns are derived fromrtbiplprof stationary
action after the tolerance averaging of the pertinent mioppsd.agrange function. It is shown that by
neglecting in the governing macroscopic equations terms dependirte anidrostructure length, the
obtained results coincide with those derived from the homogenization approach.

1. Wo NIAK Cz., WIERzBICKI E., Averaging techniques in thermomechanics of composite solids.
Tolerance averaging versus homogenizatioWydawnictwo Politechniki Czstochowskiej,
Cz stochowa, 2000.

Takao Yoshinaga
(% % %! J#%&% ' # 0

We analytically examine instabilities and breakup processes of a compound liquid jet which consists of a core and
a surrounding annular phase. By applying long wave approximations to both phases, we obtain reduced nonlinear
evolution equations for large deformation of the jet. The equations are found to be more refined than the past ones
based on the Stokes approximation in the sense that both inertial terms in the momentum equations and velocity
shear between the phases are taken into consideration. When the jet is doubly infinite, numerical analysis of the
equations shows that breakup appears through a periodic sealing-off of the annular part, whose profiles are largely
affected by the surface tension and density ratios as well as velocity shear between the phases. On the other hand,
for the semi-infinite jet the analysis shows that the breakup appears near the nozzle exit and its profile strongly
depends upon the input wave profile for small Weber number. For larger Weber number, however, the breakup
appears more and more downstream and its profiles hardly depends upon the input waves, which may result from
the absolute instability in the linear regime. In addition, sufficient increase of the viscosity in both phases cause the
breakup by ballooning of the annular sheet.
This talk reports on a joint work with Michiko Maeda, from the same department as the author.
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This contribution reports on a joint work with B. Michalak and death wiheat conduction in
infinite hollow cylinder with apparent properties smoothly varyitang the radial direction. The aim of
this contribution is the analysis stationary and nonstationary thesasfer in the two-phase hollow
cylinder with a deterministic microstructure. This microstoetis periodic along the angular axis and
has slowly varying effective (macroscopic) properties in #uaf direction. Since apparent properties in
the radial direction can characterize a smooth passage fronomp®icent material to the other, thus we
deal here with a special class of the functionally graded materials, EiG8uresh, Mortensen (1998).
The exact equation of Fourier heat transfer comprise highly-atsegland non-continuous coefficients.
A formulation of macroscopic models of composite conductors with andi@istic microheterogeneous
structure can be based on the non-uniform homogenization cf. Jikov H294).( However, the
homogenization technique leads to the model equations independent ofcthstnnéture size on the
overall response of the FGM-conductor. The proposed modeling procedbesed on the tolerance
averaging technique of the Fourier heat conduction equation, cfnistéo Wierzbicki (2000), and
general approach to the description of longitudinally graded schtifedia can be found in [Michalak at
al. 2007]. This model takes into account the effect of microstructmeeos the overall heat transfer
behaviour.

The obtained averaged model equations will be applied to analysi®atg and non-stationary problem
of heat transfer in the circular microheterogeneous hollow airsince the proposed model equations
have smooth and slowly varying functional coefficients then in m@stscsolutions to specific problems
of the heat transfer in conductor under consideration have to be obtainechwsiegcal methods. . In
this contribution we shall use finite difference method to derive the solution of agteragke! equations.
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This presentation reports on a joint work with Jaros aw Jédrysiak. The objectaafnsioterations
IS a two-component composite made of conductors, which are non-periodis#diyuted in the form of
micro-laminas along the thickness of the layer. It is assutm&dthe macroscopic properties of this
laminated composite vary continuously across laminas. This kind ofriataites calledfunctionally
graded material§FGM), cf. [8].

In order to describe the behaviour of FGM-type composites sortfeodsecan be used, which
were proposed and discussed in [8]. Between these methods, we havetit; tiese based otine
asymptotic homogenizatiggroposed for periodic composites and structures, [2]. For analysirgeéte
transfer problems it can be also used the method proposed in the fndnudwnodels with micro-local
parameters[4]. Unfortunately, the above models usually negtbeeteffect of microstructure sipa the
overall behaviour of laminates. Another way to solve the problerthdshigher-order theoryfor
functionally graded materials presented in [1].

It is possible to considethe effect of microstructure sidgy usingthe tolerance averaging
technique presented for periodic composites in [10]. In the last yis@rsnodified tolerance averaging
techniquewas applied for problems of FGM-type structures, e. g. elastodgsa[7, 9] and heat
conduction in [5, 3 and 6]. This approach leads from equations of thosessueith functional, highly-
oscillating, locally-periodic and non-continuous coefficients to gstesn of differential equations with
slowly-varying coefficients, describintpe effect of microstructure siza: the overall behaviour of the
composite with a microstructure. The aim of the paper is to cammsults of one-direction heat
conduction in the FGMtype laminate across laminas calculatethéyolerance modgl[3], andthe
higher-order theoryproposed in [1].
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The dynamic modeling and analysis of certain functinally graded plates

Artur Wirowski
Department of Structural Mechanics, Technical University of 6d

This presentation reports on a joint work with B. Michalak. The stibfean analysis are thin plates with
apparent properties smoothly varying along the preferred idinecthe aim of this contribution is to
formulate and investigate an averaged model describing themitynaehaviour of a plate with
inhomogeneous microstructure which is periodic along a certain dimeetnd have slowly varying
effective properties in the perpendicular direction. Sincectie properties of this composite plate are
graded in space then we deal with special class of the duadii graded materials, FGM, cf. Suresh,
Mortensen (1998).

The exact equations describing of the dynamics behaviour of thept&®t comprise highly-oscillating
and non-continuous coefficients. The modeling problem is how to descitbeheterogeneous plate by
certain averaged equations with functional but smooth and slowlyngacgefficients. For the above
problem we can apply homogenization technique for equations with non-ulyifarscillating
coefficients, cf. Jikov at al.(1994). However, the averaged model obtaynesing this method neglects
the effect of the microstructure size on the overall respondedf&M-plate. The proposed approach is
based on the tolerance averaging of equations of motion for thirc glledes and is a generalization of
the tolerance averaging technique for composites with periodiostiacture, cf. Waniak, Wierzbicki
(2000).

The aim of this contribution is two-fold. First, to formulate a nonygstptic model of the FGM-plate
under consideration. This model takes into account the effect ofitnestnucture size on the dynamic
behaviour of the FGM-plate. Second, to investigate a free-vibrationepnoiol the framework of non-
asymptotic model.

The obtained averaged model equations will be applied to analysee-ailiration problem for the
annular plates. Since the proposed model equations have smooth and slowhg Y¥anctional
coefficients solution to eigenvalues problem for circular platdsbei obtained using finite difference
method.
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